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Abstract. This paper proposes a uni®ed state-space formulation for parameter estimation of exponential-af®ne

term structure models. The proposed method uses an approximate linear Kalman ®lter which only requires

specifying the conditional mean and variance of the system in an approximate sense. The method allows for

measurement errors in the observed yields to maturity, and can simultaneously deal with many yields on bonds

with different maturities. An empirical analysis of two special cases of this general class of model is carried out:
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1992). Our test results indicate a strong rejection of these two cases. A Monte Carlo study indicates that the

procedure is reliable for moderate sample sizes.
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Introduction

The term structure of interest rates describes the relationship between the yield on a

default-free debt security and its maturity. Given the high correlation among bond yields

of different maturities, many theoretical models attempt to use a small number of factors to

explain these joint movements. The typical macro-econometric approach is to specify a

time-series model for the short-term interest rate and then employ the expectation

hypothesis to derive a structural time series model for bond yields of different maturities.

Examples of this approach, such as Hamilton (1987) and Hall, Anderson and Granger

(1992), are abundant in the literature.

A different modelling approach, popular in the ®nance literature and pioneered by

Vasicek (1977) and Dothan (1978), starts out by assuming a diffusion process for the

instantaneous spot interest rate. Arbitrage arguments are then used to facilitate the

derivation of a bond pricing formula. According to these models, the bond price is a

function of the unobserved instantaneous spot interest rate and the model's parameters. A

more general approach is to assume a set of unobserved state variables and proceed to

derive the bond price as a function of these state variables by arbitrage and/or equilibrium

arguments. Cox, Ingersoll and Ross (1985) (hereafter CIR), Richard (1978), Longstaff and

Schwartz (1992) and Chen and Scott (1992) are some examples. Recently, Duf®e and Kan

(1996) have provided a characterization for the class of exponential-af®ne term structure



models, which contains most of the aforementioned term structure models as special cases.

Among the existing term structure models, Vasicek (1977) and CIR (1985) have gained

prominence in the literature of derivative contract pricing; for example, CIR (1985),

Jamshidian (1989), Rabinovitch (1989), Hull and White (1990) and Duan, Moreau and

Sealey (1995).

The empirical research focussing on some particular models of the exponential-af®ne

family is extensive. The existent literature can be loosely classi®ed into four categories.

The ®rst approach uses proxies for the unobserved factors; for example, Marsh and

Rosenfeld (1983), Chan et al. (1992) and Daves and Ehrhardt (1993). The second approach

uses a cross-sectional restriction implied by a term structure model to yield a reduced-form

model. Examples of this approach are Brown and Dybvig (1986), Titman and Torous

(1989), and De Munnik and Schotman (1994). The third category, such as Gibbons and

Ramaswamy (1993), involves the derivation of conditional moment restrictions and the

application of the generalized method of moments for estimation. The fourth category is

the application of the transformed data maximum likelihood method proposed in Duan

(1994). Particular cases of this approach are found in Pearson and Sun (1994) and Chen

and Scott (1993a). The method proposed in this paper can be regarded as a generalization

of the transformed data method. The transformed data method uses a term structure model

to de®ne a one-to-one data transformation from the unobserved state variables to the

observed bond yields. This method breaks down when the number of yield series is greater

than the number of state variables, unless one is willing to impose ad hoc restrictions on

the structure of the measurement errors.

The purpose of this study is to develop a uni®ed framework in which all exponential-

af®ne term structure models can be estimated with the simultaneous use of many bond

yield series. We utilize a result of Duf®e and Kan (1996) which establishes the suf®cient

and necessary conditions for the obtention of an exponential-af®ne term structure model.

These conditions simply require the drift and variance functions of the underlying

diffusion process to be af®ne in state variables. In this paper, we establish that the

conditional mean and variance function of the state variables, over any discrete-time

interval, must also be af®ne in state variables. This result for the discrete-time interval

makes it possible to use the Kalman ®lter and the prediction-error decomposition to obtain

an approximate quasi-maximum likelihood solution to the estimation problem for the

entire class of exponential af®ne term structure models.

Special cases of our approach exist in the literature. To our knowledge, Pennacchi

(1991) is the ®rst study that uses a state-space formulation for estimating a term structure

model of Gaussian nature. Chen and Scott (1993b) and Lund (1994) also propose the use

of a Kalman ®lter-based method to estimate term structure model. When our method is

applied to a Gaussian model, if measurement errors are also normally distributed, our

method becomes a maximum likelihood estimation. If the model is non-Gaussian as in

CIR (1985) case, the method yields an approximate quasi-likelihood function. In that case,

the method can be used directly to obtain the parameter estimates or indirectly as a score

generator for the ef®cient method of moment procedure proposed in Gallant and Tauchen

(1996).

The proposed method is implemented for two special cases of the exponential af®ne

family. The ®rst case, the Gaussian case, examines the Vasicek (1977) model in which the
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unobserved factor follows a Ornstein Uhlenbeck process. The second case examines two

non-Gaussian models: the CIR (1985) and Chen and Scott (1992) models where the

unobserved factors follow a square-root process. The empirical study is carried out using

monthly data for the period from April, 1964 to December, 1997 consisting of yields on

the U.S. Treasury debt securities with maturities: 3, 6, 12 and 60 months. For the Vasicek

(1977) and CIR (1985) models, the parameter estimates in most cases are statistically

signi®cant. Using an approximate robust Lagrange multiplier test, we ®nd that all three

models are strongly rejected.

To examine the statistical properties of the proposed method, a Monte Carlo study is

carried out. The simulation study suggests that the method is reasonably reliable even for a

sample size as small as 150.

A state-space formulation for the exponential-af®ne term structure models

Vasicek (1977) and CIR (1985) bond pricing models have been widely used in the

term structure literature. Both models involve specifying a stochastic process for the

unobserved instantaneous spot interest rate. While Vasicek speci®es a continuous

time Ornstein-Uhlenbeck process, CIR use a mean-reverting square root process.

Multi-factor generalizations of the CIR model have been proposed by Chen and

Scott (1992) and Longstaff and Schwartz (1992). Recently Duf®e and Kan (1996)

have provided a characterization for the class of exponential-af®ne term structure

model which contains, amongst others, the aforementioned models as special

cases.

The exponential-af®ne term structure model is a class of models in which the yields to

maturity are af®ne functions in some abstract state variable vector Xt, which is assumed to

obey the following dynamic:

dXt � U�Xt;C�dt� S�Xt;C�dWt; �1�

where Wt is a n61 vector of independent Wiener processes; C denotes a p61 vector

containing the model parameters; U� ? � and S� ? � are n61 and n6n functions regular

enough so that equation (1) has a unique solution. The bond pricing formula for this class

of model can be generically expressed as:

Dt�Xt;C; t� � A�C; t�eÿB�C;t�Xt ; �2�

where Dt�Xt;C; t� is the price at time t of a default-free discount bond with time to

maturity t; A�C; t� is a scalar function and B�C; t� is a 16n vector function. The

instantaneous interest rate is, as usual, de®ned as

rt�Xt;C� � ÿ lim
t?0

ln Dt�Xt;C; t�
t

: �3�

ESTIMATING AND TESTING EXPONENTIAL-AFFINE TERM STRUCTURE MODELS 113



Duf®e and Kan (1996) have shown that D� ? � is generically exponential-af®ne, i.e. in the

form of equation (2), if and only if U� ? �, S� ? �S� ? �0 and rt� ? � are af®ne in Xt. Moreover

A� ? � and B� ? � in equation (2) can be obtained as the solutions to some ordinary

differential equations (see Appendix A).

Let Rt�Xt;C; t� denote the time-t continuously compounded yield on a zero-coupon

bond of maturity t. The yield-to-maturity of this bond is given by:

Rt�Xt;C; t� � ÿ
1

t
ln�Dt�Xt;C; t��: �4�

To deal with the estimation problem, it is reasonable to assume that the yields for different

maturities are observed with errors of unknown magnitudes. Using the bond pricing

formula in (2), the yield to maturity can be written, after the addition of a measurement

error, as:

Rt�Xt;C; t� � ÿ
1

t
ln�A�C; t�� � 1

t
B�C; t�Xt � et; �5�

where et is assumed to be a normally distributed error term with zero mean and standard

deviation se.

Given that N bonds with different maturities are observed, the N corresponding yields

can be stacked to obtain the following representation:

Rt�Xt;C; t1�
Rt�Xt;C; t2�

..

.

Rt�Xt;C; tN�

26664
37775 �

ÿ ln�A�C; t1��=t1

ÿ ln�A�C; t2��=t2

..

.

ÿ ln�A�C; tN��=tN

26664
37775�

�1=t1�B�C; t1�
�1=t2�B�C; t2�

..

.

�1=tN�B�C; tN�

26664
37775Xt �

et;1

et;2

..

.

et;N

26664
37775:
�6�

In terms of the state-space model, this equation is referred to as the measurement equation.

To obtain the transition equation for the state-space model, we need to derive

expressions for the conditional mean and variance of the unobserved state variables

process over a discrete time interval of length h. De®ne m�Xt;C; h�:E�Xt�hjXt� and

F�Xt;C; h�:Var�Xt�hjXt�. The transition equation over a discrete time interval, with

length equal to h units of time, can be written as:

Xt�1 � m�Xt;C; h� � F�Xt;C; h�1=2Zt�1 �7�

where Zt�1 is a n61 vector of zero mean and unit variance error terms with F�Xt;C; h�1=2

denoting the Cholesky decomposition of F�Xt;C; h�. For the special cases where S� ? � is

not a function of Xt, the transition distribution of Xt�h conditional on Xt will be Gaussian.

For the other cases, this transition distribution will not be Gaussian. Our proposed method

does not rely on a complete characterization of the transition distribution. We instead use a

partial characterization focusing on the af®ne form of the ®rst two moments of the
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transition distribution. This enables us to obtain an exact likelihood function for the

Gaussian model and an approximate one for the non-Gaussian one.

For a Gaussian state-space model, the Kalman ®lter provides an optimal solution to

prediction, updating and evaluating the likelihood function. The Kalman ®lter recursion is

a set of equations which allows an estimator to be updated once a new observation

becomes available. The Kalman ®lter ®rst forms an optimal predictor of the unobserved

state variable vector given its previously estimated value. This prediction is obtained using

the distribution of the unobserved state variables, conditional on the previous estimated

values. These estimates for the unobserved state variables are then updated using the

information provided by the observed variables. Prediction errors, obtained as a by-

product of the Kalman ®lter, can then be used to evaluate the likelihood function.

When the state-space model is non-Gaussian, the Kalman ®lter can still be applied to

obtain approximate ®rst and second moments of the model and the resulting ®lter is quasi-

optimal. The use of this quasi-optimal ®lter yields an approximate quasi-likelihood

function with which parameter estimation can be carried out.

Given that U� ? � and S� ? �S� ? �0 are af®ne functions of Xt;m�Xt;C; h� and F�Xt;C; h�
must be af®ne in Xt (see Appendix B). Let ft be the information set generated by the

observations up to and including time t. That is, ft is a ®ltration generated by

fRs�Xs;C; t1�; . . . ;Rs�Xs;C; tN�; for s � tg. The conditional mean and variance are

functions of the lagged unobserved state variables. This implies that m�Xt;C; h� and

F�Xt;C; h� are not measurable with respect to ft. However, their expected values

conditional on ft can easily be expressed. De®ne Pt�1jt:Var�Xt�1jft� and

Pt:Var�Xtjft�. Because m� ? � is af®ne in Xt we have:

m�X̂t;C; h� � a�C; h� � b�C; h�X̂t; �8�

where a� ? � and b� ? � are n61 and n6n matrices and X̂t:E�Xtjft�. To implement the

quasi-optimal Kalman ®lter, one must derive a relationship between Pt�1jt and Pt. By the

law of iterated expectations and recognizing that F�Xt;C; h� is af®ne in Xt and

Cov�Xt;F�Xt;C; h�1=2Zt�1jft� � 0 one can derive:

Pt�1jt � b�C; h�Ptb�C; h�0 � F�X̂t;C; h�: �9�

If it were possible to compute X̂t, the conditional mean and variance of the system could

be correctly speci®ed. Using the measurement and transition equations described in (6)

and (7), the standard Kalman ®lter recursion1 could then be used to obtain a prediction-

error decomposition to evaluate the quasi-likelihood function. The estimates obtained with

this quasi-likelihood function would, according to Bollerslev and Wooldridge (1992), be

consistent and asymptotically normal. Unfortunately, the linear Kalman ®lter cannot

produce X̂t; rather it yields �Xt, that is the linear projection of Xt on the linear sub-space

generated by the observed yields. The conditional mean and variance computed with the

estimate �Xt should thus be different from the true conditional mean and variance of the

system. Nevertheless, this approximation can be expected to work well because it is

linearly optimal. This approximation is needed because of the non-Gaussian nature of the
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problem, which can be likened to linearizing a non-linear function in the typical Kalman

®ltering applications.

Since �Xt is computable, we use it to approximate X̂t which yields a quasi-likelihood

function in an approximate sense. We thus de®ne the approximate quasi-likelihood

function as the quasi-likelihood function computed with �Xt (the estimate of the conditional

mean) instead of X̂t (the conditional mean). This approximate quasi-likelihood function is

used as if it were the correct quasi-likelihood function. Since the statistical properties of

this procedure are unknown theoretically, Monte Carlo experiments will be conducted

later to assess the quality of this procedure.

Let

LT�C; R� �
XT

t�1

lt�C; Rt�; �10�

where lt�C; Rt� denotes the quasi-likelihood function at time t obtained from the

approximate prediction-error decomposition with Rt � fRt�Xt;C; t1�; . . . ;Rt�Xt;C; tN�g0
and R � �R1; . . . ;RT�. Following Bollerslev and Wooldridge (1992), it is reasonable to

expect the parameter vector ĈT maximizing LT�C; R� to be approximately consistent and

asymptotically normal. This approximately consistent parameter should have the

following approximate asymptotic distribution:���
T
p
�ĈT ÿC0�*N�0; F̂ÿ1

T ĜTF̂ÿ1
T �; �11�

where

F̂T �
1

T

XT

t�1

ft�ĈT ; Rt�; �12�

ĜT �
1

T

XT

t�1

q ln lt�ĈT ; Rt�0
qC

q ln lt�ĈT ; Rt�
qC

; �13�

with

ft�Ĉ; Rt� �
qm0t
qC

Oÿ1
t

qmt

qC
� 1

2

qO0t
qC
�Oÿ1

t 6Oÿ1
t �

qOt

qC
;

where mt and Ot are the conditional mean and variance functions obtained from the linear

Kalman ®lter and �q ln lt�ĈT ; Rt�=qC�; �qmt=qC� and �qOt=qC� are of dimension

16p; N6p and N26p respectively.

The asymptotic covariance matrix of the quasi-maximum likelihood estimator,

commonly referred to as the robust covariance matrix, is in general not equal to the

inverse of Fisher's information matrix, ÿ limT?? F̂T . For Gaussian exponential-af®ne
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term structure models, the approximate quasi-likelihood function becomes the exact

likelihood function. This then implies that the asymptotic variance is �ÿ limT?? F̂T�ÿ1
or

�limT?? ĜT�ÿ1
, a standard result.

To test the over-identi®cation restrictions imposed by the theoretical model, an

approximate robust Lagrange multiplier test can be constructed. Express the unconstrained

measurement equation as:

Rt�Xt;C; t1�
Rt�Xt;C; t2�

..

.

Rt�Xt;C; tN�

26664
37775 �

ÿ ln�A�C; t1��=t1 � a1

ÿ ln�A�C; t2��=t2 � a2

..

.

ÿ ln�A�C; tN��=tN � aN

26664
37775�

�1=t1�B�C; t1� � b1

�1=t2�B�C; t2� � b2

..

.

�1=tN�B�C; tN� � bN

26664
37775Xt �

et;1

et;2

..

.

et;N

26664
37775

�14�

where a1 to aN are scalar parameters; b1 to bN are parameter vectors of dimension 16n.

This speci®cation for the unconstrained measurement equation is over-parameterized.

First, the exponential-af®ne term structure model contains risk premium parameters that

do not appear in the transition equation. Speci®cally, risk premium parameters appear in

functions A� ? � and/or B� ? � of the measurement equation. These risk premium parameters

complicate the matter because the unconstrained model cannot be expressed solely in

terms of the parameters ai; bi and those in the transition equation. Second, since Xt is an

unobserved process, its location and scale parameters are indeterminate. This speci®cation

under the alternative hypothesis in equation (14) is thus under-identi®ed.

To perform a Lagrange multiplier test of the null hypothesis, H0 : ai � 0; bi � 0 for all

i, one must deal with the over-parameterization problem by appropriately removing some

parameters from the parameter space. More speci®cally, n parameters must be removed to

account for the risk premia, and 1
2

n�n� 1� � n parameters removed for the alternative

model's identi®cation (see Harvey (1990), Section 8.5.1). The question about which

parameters can be removed turns out to be model-speci®c. We thus address this issue when

the speci®c bond pricing models are discussed.

The approximate robust Lagrange multiplier test proceeds as follows. Denote by y the

parameter vector under the alternative, that is let y0 � fC0;f0g where f is a parameter

vector of dimension N�n� 1� ÿ 1
2

n�n� 1� ÿ 2n. The parameter vector C is a subset of

fai; big after removing an appropriate number of parameters. The null hypothesis can be

stated as:

_H0 : f � 0:

A result from White (1982) and Domowitz and White (1982) can be used to construct the

approximate robust LM test statistic as follows:

eLM � Ŝ1TF̂11
T Ĉÿ1

11 F̂11
T Ŝ01T?w2

fN�n�1�ÿ1
2
n�n�1�ÿ2ng; �15�

where F̂11
T is the partitioned inverse corresponding to f; Ĉ � F̂ÿ1

T ĜTF̂ÿ1
T ; and Ĉ11 is the
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submatrix of Ĉ corresponding to f; ŜT � �qLT�y; R�=qy� and Ŝ1T is the subvector of ŜT

corresponding to f.

Empirical results

The data set used in this study consists of four monthly yield series for the U.S. Treasury

debt securities with maturities: 3, 6, 12 and 60 months taken from the Fama-Bliss data ®le.

All interest rates are expressed on an annualized continuously compounded basis. These

data series cover the period from April, 1964 to December, 1997, totalling 405 time series

observations each. Table 1 reports summary statistics for these data series. Many empirical

studies, for example, Hamilton (1988) and Spindt and Tarhan (1987), have found that the

shift in the Federal Reserve monetary policy from October, 1979 to October, 1982, caused

a structural break in the interest rate process. We thus report the results for the entire

sample period as well as for two subperiods: April, 1964 to October, 1979 and October,

1982 to December, 1997.

The basic unit of time in this study is set equal to one year so that the maturities for all

yields are stated in terms of the number of years and the parameter estimates can be

interpreted as annualized values. Since the data frequency is monthly, the length of the

discrete sampling interval, h, equals 1/12. The numerical optimization routine used in this

Table 1. Summary statistics

April 1964 to December 1997

Maturity Mean Std. Dev. Auto.

3 month 0.0656 0.0265 0.9733

6 months 0.0678 0.0264 0.9754

12 months 0.0702 0.0255 0.9737

60 months 0.0758 0.0234 0.9844

April 1964 to October 1979

Maturity Mean Std. Dev. Auto.

3 month 0.0576 0.0173 0.9581

6 months 0.0601 0.0172 0.9640

12 months 0.0621 0.0165 0.9603

60 months 0.0642 0.0139 0.9724

October 1982 to December 1997

Maturity Mean Std. Dev. Auto.

3 month 0.0623 0.0195 0.9879

6 months 0.0642 0.0198 0.9870

12 months 0.0676 0.0202 0.9839

60 months 0.0784 0.0197 0.9829
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study is the quadratic hill-climbing algorithm of Goldfeld, Quandt and Trotter (1966). The

convergence criterion, based on the maximum absolute difference in both parameter and

functional values between two successive iterations, is set to 0.0001. For each model

examined below, the approximate Kalman ®lter recursion is initialized with the stationary

mean and variance of the unobserved state variable(s).

The Gaussian case: Vasicek model

For the Vasicek (1977) model, the unobserved state variable is the instantaneous interest

rate which has the following speci®cation:

drt � k�yÿ rt�dt� sdzt; �16�

where zt is a Wiener process; y is the long-run average of the instantaneous spot interest

rate; k � 0 is the mean-reverting intensity at which the process returns to its long-run

mean; and s40 is the volatility parameter of the process.

In terms of this model, the functional forms for A� ? �;B� ? �; a� ? �; b� ? � and F� ? � are

given by:

A�C; t� � e�g�B�C;t�ÿt�ÿ
s2B2�C;t�

4k �; �17�

B�C; t� � 1

k
�1ÿ eÿkt�; �18�

g � y� sl
k
ÿ s2

2k2
; �19�

a�C; h� � y�1ÿ eÿkh�; �20�
b�C; h� � eÿkh; �21�

F�Xt;C; h� �
s2

2k
�1ÿ eÿ2kh�; �22�

where l is the risk premium parameter. In this model, l40 implies a positive premium for

bond prices.

We assume a diagonal covariance structure for the measurement errors. Its elements are

denoted by s2
e3
;s2

e6
;s2

e12
;s2

e60
. The second column of Tables 2A, B and C, present the

empirical results for the Vasicek model. Parameter estimates are reported along with their

robust standard errors in parentheses. In Table 2A, the results for the entire sample period

are reported. The measurement error of the six month yield to maturity, se6
, is not

signi®cantly different from zero at the usual signi®cance level. All other parameters are

signi®cantly different from zero. For the two sub-periods, reported in Tables 2B and 2C, all

parameters are statistically signi®cant except for l in the ®rst sub-period and se6
in the ®rst

and second sub-periods.

ESTIMATING AND TESTING EXPONENTIAL-AFFINE TERM STRUCTURE MODELS 119



When compared to the full sample estimates, the estimates for the pre-October, 1979

period as well as those for the post-October, 1982 period indicate a smaller instantaneous

volatility, s. This result supports the ®nding in the literature that the shift in the Federal

Reserve monetary policy from October, 1979 to October, 1982 caused a structural break in

the interest rate process.

The Lagrange multiplier test for the restrictions imposed by the Vasicek model on the

coef®cients of the measurement equation is performed using the speci®cation described

earlier. In order to make the factor model identi®ed under the alternative hypothesis, a1

and b1 are removed from the unconstrained parameter space. For the Vasicek model, only

A� ? � are functions of the risk premium parameter l. The parameter a2 can also be

conveniently regarded as an extra parameter and discarded from the unconstrained

parameter space. As a result, the degrees of freedom for our test on four yield series equals

Table 2A. Estimation results for the Vasicek (1977), CIR (1985) and Chen and Scott (1992) models with monthly

observations on 3, 6, 12 and 60 months yield series

April 1964 to December 1997

Model

Parameters Vasicek CIR Chen and Scott

y1 0.0585 0.0613 0.0303

(0.0228) (0.0123) (0.0031)

k1 0.1189 0.2249 1.1627

(0.0159) (0.0457) (0.1508)

s1 0.0214 0.0700 0.1202

(0.0021) (0.0045) (0.0079)

l1 0.3418 ÿ 0.1110 ÿ 0.3139

(0.1190) (0.0454) (0.1222)

y2 Ð Ð 4.83e-8

Ð Ð (0.0000)

k2 Ð Ð 0.0007

Ð Ð (0.0614)

s2 Ð Ð 0.0681

Ð Ð (0.0035)

l2 Ð Ð ÿ 0.0266

Ð Ð (0.0636)

se3
0.0028 0.0028 0.0027

(0.0002) (0.0002) (0.0001)

se6
7.11e-7 1.88e-9 1.99e-7

(0.2485) (7.6255) (0.0985)

se12
0.0030 0.0030 0.0021

(0.0002) (0.0002) (0.0001)

se60
0.0099 0.0099 0.0012

(0.0003) (0.0003) (0.0001)

Chi-square 187.60 201.72 104.20

P-value 0.0000 0.0000 0.0000

df 5 5 5
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®ve. For the whole as well as sub-samples, the null hypothesis is strongly rejected as

indicated at the bottom portion of Tables 2A, B and C.

The non-Gaussian case: Chen and Scott and CIR models

The Chen and Scott (1992) model allows for several independent state variables with the

following dynamic:

dxi;t � ki�yi ÿ xi;t�dt� si
������
xi;t
p

dzi;t; �23�

for i � 1; . . . ; k and zi;t are independent Wiener processes.

Table 2B. Estimation results for the Vasicek (1977), CIR (1985) and Chen and Scott (1992) models with monthly

observations on 3, 6, 12 and 60 months yield series

April 1964 to October 1979

Model

Parameters Vasicek CIR Chen and Scott

y1 0.0675 0.0690 0.0303

(0.0189) (0.0155) (0.0033)

k1 0.1956 0.2279 1.3515

(0.0216) (0.0532) (0.1899)

s1 0.0170 0.0663 0.1165

(0.0015) (0.0046) (0.0086)

l1 0.1581 ÿ 0.0348 ÿ 0.3578

(0.2174) (0.0516) (0.1500)

y2 Ð Ð 2.96e-10

Ð Ð (1.87e-6)

k2 Ð Ð 1.37e-5

Ð Ð (0.0874)

s2 Ð Ð 0.0756

Ð Ð (0.1274)

l2 Ð Ð 0.0403

Ð Ð (0.0513)

se3
0.0028 0.0028 0.0025

(0.0002) (0.0002) (0.0002)

se6
7.21e-7 5.81e-7 2.89e-6

(0.2657) (0.1510) (0.0355)

se12
0.0026 0.0026 0.0020

(0.0002) (0.0001) (0.0001)

se60
0.0074 0.0075 0.0010

(0.0002) (0.0002) (0.0001)

Chi-square 122.95 115.31 148.40

P-value 0.0000 0.0000 0.0000

df 5 5 5
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In this section, the one and two-factor version of their model are analyzed. The one-

factor version of their model correspond to CIR (1985) model, where the unobserved

factor is interpreted as the instantaneous interest rate.

For the two-factor model, the functional forms for A� ? � and B� ? � are given by:

A�C; t� � A1�C; t�A2�C; t�; �24�
B�C; t� � �B1�C; t�;B2�C; t��; �25�

where Ai�C; t� and Bi�C; t� for i � 1 and 2 have the following speci®cation:

Table 2C. Estimation results for the Vasicek (1977), CIR (1985) and Chen and Scott (1992) models with monthly

observations on 3, 6, 12 and 60 months yield series

October 1982 to December 1997

Parameters Model

Vasicek CIR Chen and Scott

y1 0.0665 0.0648 0.0289

(0.0211) (0.0125) (0.0059)

k1 0.0463 0.1644 1.3101

(0.0152) (0.0368) (0.2068)

s1 0.0113 0.0438 0.0718

(0.0008) (0.0029) (0.0079)

l1 0.7060 ÿ 0.1237 ÿ 0.5487

(0.0875) (0.0318) (0.1441)

y2 Ð Ð 2.05e-5

Ð Ð (0.0115)

k2 Ð Ð 1.48e-5

Ð Ð (0.0083)

s2 Ð Ð 0.0689

Ð Ð (0.0425)

l2 Ð Ð ÿ 0.0331

Ð Ð (0.0123)

se3
0.0022 0.0022 0.0017

(0.0002) (0.0002) (0.0001)

se6
2.94e-7 4.85e-7 8.54e-8

(0.2761) (0.2080) (0.1096)

se12
0.0024 0.0024 0.0017

(0.0002) (0.0002) (0.0001)

se60
0.0077 0.0077 0.0013

(0.0003) (0.0003) (0.0001)

Chi-square 94.876 95.559 65.64

P-value 0.0000 0.0000 0.0000

df 5 5 5
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Ai�C; t� �
2gie

��ki�li�gi�t�=2

�ki � li � gi��egit ÿ 1� � 2gi

� �2kiyi=s
2
i

; �26�

Bi�C; t� �
2�egit ÿ 1�

�ki � li � gi��egit ÿ 1� � 2gi

; �27�

with

gi �
���������������������������������
�ki � li�2 � 2s2

i

q
: �28�

The functional forms for a� ? �; b� ? � and F� ? � are given by:

a�C; h� � y1�1ÿ eÿk1h�
y2�1ÿ eÿk2h�

� �
; �29�

b�C; h� � eÿk1h 0

0 eÿk2h

� �
; �30�

F�Xt;C; h� �
F1�x1;t;C; h� 0

0 F2�x2;t;C; h�

" #
; �31�

with

Fi�xt;C; h� � xt

s2
i

ki

�eÿkih ÿ eÿ2kih� � yi

s2
i

2ki

�1ÿ eÿkih�2 �32�

where l1 and l2 are the risk premia parameters. In this model, li50 implies a positive

premium in bond prices for factor i. The CIR (1985) model is a special case of this model,

and is obtained by using the top left elements of the matrices de®ned above.

The estimation results for the CIR (1985) model are reported in the third column of

Tables 2A, B and C. These tables contain parameter estimates along with their

corresponding robust standard errors in parentheses. Except for l in the ®rst sub-sample

and the six month measurement error, all estimates are signi®cantly different from zero at

the 5% level in all samples. In all cases, the unobserved instantaneous interest rate is found

to exhibit mean-reverting behavior, i.e., k40. The magnitudes of the measurement errors

are generally small but signi®cantly different from zero.

Comparing the estimates for the entire sample with the ones for the pre-October, 1979

and post-October, 1982 periods reveals that a smaller volatility scale parameter, s,

prevails for these two subperiods. These results are consistent with the previous ®ndings

that the shift in the Federal Reserve monetary policy from October, 1979 to October, 1982

caused a structural break in the interest rate process. The mean-reverting property of the

interest rate process again prevails for these two subperiods.

The Lagrange multiplier test of the restrictions imposed by the CIR model on the
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coef®cients of the measurement equation is performed using the speci®cation described

earlier. For the CIR model, both A� ? � and B� ? � are functions of the risk premium

parameter l. As with the Vasicek model, we remove a1, a2 and b1 from the unconstrained

parameter space to make the model identi®ed under the alternative speci®cation. As a

result, the degrees of freedom for this test equals ®ve. The null hypothesis is strongly

rejected in the three samples as shown by the P-values from the Chi-square test.

The estimation results for the Chen and Scott (1992) model are reported in the fourth

column of Tables 2A, B and C. These tables contain parameter estimates along with their

corresponding robust standard errors (reported in parentheses). For the entire sample

period, all parameters are signi®cantly different from zero except for k2 and l2 and se6
.

For the ®rst sub-sample, y2; k2;s2; l2 and se6
are not signi®cantly different from zero

whereas y2; k2 s2, and se6
are not signi®cantly different from zero in the second sub

sample.

The most striking feature of these estimates are the small values for y2 and k2. With

these values, we s2
242k2y2, which implies that the second factor can reach zero with a

positive probability (see Cox, et al. 1985). A small value for k2 also suggest that the second

factor is close to being non-stationary. The resulting test statistics might therefore differ

from the approximate asymptotic normal distribution and should be interpreted with care.

The comparison of the estimates from the entire sample with the ones from the pre-

October, 1979 and post-October, 1982 periods still points to a structural instability even

when the two-factor model is used. This result is once again consistent with the previous

®ndings that the shift in the Federal Reserve monetary policy from October, 1979 to

October, 1982 caused a structural break in the interest rate process.

Chen and Scott (1993b) report the estimation results for the Chen and Scott (1992) two-

factor model. Their estimates are consistent with our ®ndings. More speci®cally, the

estimates for the long-run mean and mean reversion parameters of the second factor are

small, suggesting a nearly integrated second factor.

In the Chen and Scott (1992) model, both A� ? � and B� ? � are functions of the risk

premium parameters. To perform the robust Lagrange multiplier test described at the end

of Section 2, bN , which is a 16n vector, can be conveniently removed from the parameter

space to account for the risk premium parameters. To ensure that the factor model under

the alternative speci®cation is identi®ed, a1; a2; b1 and the second entry of b2 are

removed from the unconstrained parameter space. The resulting degrees of freedom for

this Chi-square test also equals ®ve. In all samples the null hypothesis is strongly rejected

as indicated by the P-values from the Chi-square test.

A Monte Carlo analysis

To assess the statistical properties of the proposed method, we conduct Monte Carlo

experiments for the sample size of 150 and 400 time-series observations with the

simultaneous use of 3-, 6-, 12- and 60-month maturities. These sample sizes are chosen

because they roughly correspond to the sub and whole sample size of the data sets

analyzed in the preceding section.

To perform Monte Carlo experiments, the unobserved state variables of a given model
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must ®rst be simulated. For the Vasicek (1977) model the state variable follows an

Ornstein-Uhlenbeck process which can be obtained using the exact conditional

distribution. More formally, denote r�t to be the simulated value of the process at time t.
Using the transition density of this process, r�t is obtained by:

r�t ÿ r�tÿh � y� �r�tÿh ÿ y�eÿkh �
����
f

p
et;

where et is N(0, 1) with r�0 � y and f � �s2=2k��1ÿ eÿ2kh� and h set to 1/12.

For the square-root process in CIR (1985), the exact conditional distribution is also used

to obtain the simulated values. Let xt denote the value of an unobserved state variable

following a square-root process. The conditional distribution function for xt is the non-

central Chi-square, w2�2cxt; 2d � 2; 2w�, with 2d � 2 degrees of freedom and the

parameter of non-centrality, 2w, where

c � 2k
s2�1ÿ eÿkh� ;

d � 2ky
s2
ÿ 1;

w � cxtÿheÿkh:

As discussed in Johnson and Kotz (1970), the non-central Chi-square distribution can be

expressed as a mixture of central Chi-squares with degrees of freedom proportional to

random variates from a Poisson distribution. This property is used to simulate the process.

More precisely, x�t , the simulated value of the process at time t, is obtained by the

following steps:

1. Simulate the degrees of freedom of the central Chi-square using

df � 2d � 2� 2j;

where j is a Poisson random variate2 with mean w � cx�tÿheÿkh. The time interval h is

set to 1/12 and x�0 � y.

2. Let g denote the random variate drawn from the central Chi-square with df degrees of

freedom. This random variate is obtained from a gamma (df/2, 2) random variate3

where df/2 is the shape parameter and 2 is the scale parameter.

3. Compute x�t � g
2c.

Using the simulated time series for either the Ornstein-Uhlenbeck or the square-root

process, equation (5) is then used to compute the simulated yields with independent

normally distributed measurement errors. The Monte Carlo simulation results for

discretely sampled time-series are reported for the Gaussian case Vasicek (1977) and the

non-Gaussian case CIR (1985). The results are obtained using 500 repetitions.

Rows one, two, three and four of Tables 3 and 4 report the true parameter values, the
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medians, the means and the standard deviations of the parameter estimates. The remaining

four rows report the probability that the true parameter lies in the a% con®dence interval.

This probability is referred to as the a% coverage rate. For example, to obtain 95%

coverage rate, ProbfjCi ÿ ĈiT j51:96 s.e.�ĈiT�g is to be computed, where Ci denotes the

i-th parameter of the model and s.e. �ĈiT� represents the estimated standard error for the

i-th parameter estimator. The bottom row of each panel reports the 95% coverage rate for

the over-identi®cation test statistic. This value indicates whether the test is biased or not.

The Monte Carlo simulation results for the Gaussian case (Vasicek (1977) model) are

presented in Table 3A. The true parameter values are taken from the estimates, after

rounding, reported in the empirical section. The estimated values are exceedingly close to

their corresponding true values for all parameters except y. However, the magnitude of the

bias for this parameter is small as a percentage of their corresponding true value. The

coverage rates of the parameters indicate some departure from the asymptotic distribution,

especially when a smaller sample size is used. This departure may be attributed to a small

value for k. As k approaches zero, the unobserved factor and the yield series become non-

stationary.

To investigate further, additional Monte Carlo experiments with 400 observations and

different parameter values are reported in the third panel of Table 3B. The top panel of this

Table 3A. Monte-Carlo experiment results for the maximum likelihood parameter estimator of the Vasicek model

for 3, 6, 12 and 60-month yields (500 replications)

T � 150 observations

y k s l se3
se6

se12
se60

True Value 0.0600 0.1000 0.0200 0.3000 1.0000e-03 1.0000e-03 1.0000e-03 1.0000e-03

Median 0.0620 0.0998 0.0199 0.2877 1.0020e-03 9.9653e-04 9.9418e-04 9.8208e-04

Mean 0.0617 0.1000 0.0199 0.2938 9.9979e-04 9.9927e-04 9.9575e-04 9.8599e-04

Std. dev. 0.0214 0.0032 0.0012 0.1094 7.5826e-05 7.9260e-05 8.0301e-05 7.2084e-05

Cov. rate

25% Cov. rate 0.2754 0.1896 0.2475 0.2595 0.2236 0.2176 0.2515 0.2156

50% Cov. rate 0.4810 0.3912 0.4591 0.4930 0.4631 0.4671 0.4890 0.4351

75% Cov. rate 0.8802 0.6547 0.7006 0.8583 0.7445 0.7146 0.7325 0.7046

95% Cov. rate 1.0000 0.8982 0.9242 1.0000 0.9621 0.9441 0.9341 0.9182

95% cov. rate for Lagrange multiplier test: 0.9321

T � 400 observations

y k s l se3
se6

se12
se60

True Value 0.0600 0.1000 0.0200 0.3000 1.0000e-03 1.0000e-03 1.0000e-03 1.0000e-03

Median 0.0579 0.1001 0.0199 0.3134 1.0008e-03 1.0011e-03 9.9834e-04 9.9306e-04

Mean 0.0587 0.1000 0.0199 0.3082 9.9902e-04 9.9984e-04 9.9942e-04 9.9431e-04

Std. dev. 0.0227 0.0013 0.0007 0.1151 4.9212e-05 5.2000e-05 4.9237e-05 4.2409e-05

Cov. rate

25% Cov. rate 0.2216 0.2096 0.2834 0.2156 0.2754 0.2675 0.2435 0.2255

50% Cov. rate 0.4072 0.4192 0.4890 0.4092 0.4611 0.4591 0.4611 0.4411

75% Cov. rate 0.7345 0.6926 0.7345 0.7405 0.7345 0.6846 0.7265 0.7445

95% Cov. rate 0.9960 0.9381 0.9481 0.9960 0.9601 0.9261 0.9421 0.9521

95% cov. rate for Lagrange multiplier test: 0.8683
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table reports the results for the case of a larger value for k, the mean-reverting parameter.

When k � 0:5, the biases nearly vanish, and the asymptotic distribution becomes a better

approximation to the small sample distribution. The bottom panel of this table reports the

results for the case of a smaller mean-reverting parameter value. When its value is set to

0.01, the coverage rates become similar to those reported in the second panel of Table 3A.

This result suggests that the magnitude of the mean reversion parameter plays an important

role in determining the quality of the estimator when using a ®nite sample size. This result

is not surprising. The mean-reverting parameter k is a transformation of the ®rst order

autoregressive parameter. It is well known in the time-series literature that the standard

asymptotic properties of the estimators do not hold in the presence of a unit root.

The 95% coverage rate of the Lagrange multiplier test indicates a slight departure from

the asymptotic distribution for all Monte Carlo experiments in Table 3. The test appears

more conservative, meaning that the null hypothesis is rejected slightly more than 5% of

the time.

The Monte Carlo simulation results for the non-Gaussian CIR (1985) model are

presented in Table 4A. The true parameter values are taken from the estimates, after

rounding, reported in the preceding empirical section. The estimates are close to their

Table 3B. Monte-Carlo experiment results for the maximum likelihood parameter estimator of the Vasicek model

for 3, 6, 12 and 60-month yields (500 replications)

T � 400 observations

y k s l se3
se6

se12
se60

True Value 0.1000 0.5000 0.0500 1.0000 1.0000e-03 1.0000e-03 1.0000e-03 1.0000e-03

Median 0.0984 0.5001 0.0499 1.0190 1.0027e-03 9.9840e-04 9.9787e-04 9.9347e-04

Mean 0.0990 0.5000 0.0498 1.0144 9.9920e-04 9.9904e-04 9.9861e-04 9.9583e-04

Std. dev. 0.0162 0.0021 0.0016 0.1678 5.6994e-05 5.7883e-05 4.8444e-05 3.6868e-05

Cov. rate

25% Cov. rate 0.2216 0.2275 0.2615 0.2216 0.2395 0.2275 0.2495 0.2255

50% Cov. rate 0.3972 0.4491 0.4850 0.3952 0.4810 0.4631 0.4631 0.4571

75% Cov. rate 0.7066 0.7146 0.7465 0.6906 0.7405 0.6986 0.7385 0.7365

95% Cov. rate 0.9421 0.9281 0.9521 0.9561 0.9521 0.9281 0.9541 0.9481

95% cov. rate for Lagrange multiplier test: 0.9082

T � 400 observations

y k s l se3
se6

se12
se60

True Value 0.1000 0.0100 0.0500 1.0000 1.0000e-03 1.0000e-03 1.0000e-03 1.0000e-03

Median 0.0998 0.0100 0.0500 1.0018 1.0005e-03 1.0012e-03 9.9712e-04 9.9178e-04

Mean 0.0954 0.0100 0.0499 1.0022 9.9905e-04 1.0001e-03 9.9847e-04 9.9360e-04

Std. dev. 0.0961 0.0003 0.0011 0.0263 4.7698e-05 5.0344e-05 4.8951e-05 4.6461e-05

Cov. rate

25% Cov. rate 0.5200 0.1980 0.2300 0.2840 0.2580 0.2540 0.2340 0.2380

50% Cov. rate 0.7140 0.4480 0.4380 0.5540 0.4720 0.4580 0.4640 0.4420

75% Cov. rate 1.0000 0.6920 0.7580 0.8980 0.7360 0.6920 0.7200 0.7360

95% Cov. rate 1.0000 0.9220 0.9600 0.9960 0.9540 0.9280 0.9420 0.9520

95% cov. rate for Lagrange multiplier test: 0.9500
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corresponding true values for all parameters. Parameters estimates for y and k are slightly

biased. However, the magnitude of the bias is small as a percentage of the true parameter

value. Overall, the coverage rates of the parameters indicate that the asymptotic

distribution for the quasi-maximum likelihood estimator is a good approximation for the

small sample distribution. In order to assess the impact of a nearly integrated factor,

additional Monte Carlo experiments with 400 observations and different parameter values

are reported in Table 4B. The top portion of this table reports the results for a larger value

of k. As in the Gaussian case with k � 0:5, the biases nearly vanish, and the approximate

asymptotic distribution becomes a better approximation to the small sample distribution.

The bottom panel of this table reports the results for the same parameter values with the

exception of k, which is now set to 0.01, a value closer to zero. With these parameter

values, the estimates for y and k are biased and their coverage rates are poorly

approximated by the asymptotic distribution.

Again, as with the Gaussian case, the 95% coverage rate of the Lagrange multiplier test

also indicates some departure from the asymptotic distribution in all Monte Carlo

experiments in Table 4A. The test is typically more conservative, meaning that the null

hypothesis is rejected more than 5% of the time.

Table 4A. Monte-Carlo experiment results for the approximate quasi-maximum likelihood parameter estimator

of the CIR model for 3, 6, 12 and 60-month yields (500 replications)

T � 150 observations

y k s l se3
se6

se12
se60

True Value 0.0600 0.2000 0.0700 ÿ 0.1000 1.0000e-03 1.0000e-03 1.0000e-03 1.0000e-03

Median 0.0542 0.2216 0.0700 ÿ 0.1210 9.9898e-04 9.9541e-04 1.0017e-03 9.9748e-04

Mean 0.0559 0.2230 0.0698 ÿ 0.1226 1.0002e-03 1.0003e-03 9.9575e-04 9.8918e-04

Std. dev. 0.0111 0.0412 0.0041 0.0413 8.1982e-05 8.5580e-05 7.9028e-05 7.0259e-05

Cov. rate

25% Cov. rate 0.2140 0.2080 0.2440 0.2260 0.2660 0.2360 0.2440 0.2380

50% Cov. rate 0.3940 0.4020 0.4220 0.3920 0.4560 0.4360 0.4840 0.4540

75% Cov. rate 0.6500 0.7280 0.7160 0.7260 0.7220 0.7020 0.7400 0.7160

95% Cov. rate 0.9800 0.9940 0.9320 0.9920 0.9420 0.9260 0.9380 0.9420

95% cov. rate for Lagrange multiplier test: 0.9140

T � 400 observations

y k s l se3
se6

se12
se60

True Value 0.0600 0.2000 0.0700 ÿ 0.1000 1.0000e-03 1.0000e-03 1.0000e-03 1.0000e-03

Median 0.0579 0.2076 0.0699 ÿ 0.1076 9.9871e-04 9.9569e-04 9.9697e-04 9.9878e-04

Mean 0.0583 0.2121 0.0699 ÿ 0.1120 9.9724e-04 9.9776e-04 1.0003e-03 9.9852e-04

Std. dev. 0.0102 0.0372 0.0025 0.0370 5.0516e-05 5.0244e-05 4.8581e-05 4.1450e-05

Cov. rate

25% Cov. rate 0.2455 0.2375 0.2236 0.2415 0.2655 0.2415 0.2315 0.2615

50% Cov. rate 0.4711 0.4671 0.4391 0.4691 0.4531 0.4431 0.4491 0.4711

75% Cov. rate 0.7026 0.7405 0.7086 0.7285 0.7186 0.7146 0.7166 0.7265

95% Cov. rate 0.9142 0.9860 0.9521 0.9880 0.9441 0.9321 0.9401 0.9561

95% cov. rate for Lagrange multiplier test: 0.9202
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Overall, these results suggest that the approximate quasi-maximum likelihood estimator

in the case of the CIR model and the maximum likelihood estimator in the case of the

Vasicek case tend to behave in a similar fashion. Both estimators are sensitive to a nearly

integrated factor, and the Lagrange multiplier test tends to slightly over-reject the null

hypothesis. The ®nite sample properties of the approximate quasi-maximum likelihood

estimator are, by and large, reasonably described by their asymptotic counterparts.

Conclusion

In this article, a uni®ed state-space formulation is developed for estimating term structure

models of the exponential-af®ne family. The method allows for measurement errors in the

observed yields to maturity, and is therefore useful for simultaneous estimation based on

yields on many bonds with different maturities. The Monte Carlo study indicates that

the proposed method is an adequate procedure. The ®nite sample properties of the

approximate quasi-maximum likelihood estimator are reasonably approximated by the

asymptotic distribution presented in this paper.

Table 4B. Monte-Carlo experiment results for the approximate quasi-maximum likelihood parameter estimator

of the CIR model for 3, 6, 12 and 60-month yields (500 replications)

T � 400 observations

y k s l se3
se6

se12
se60

True Value 0.1000 0.5000 0.0500 ÿ 1.0000 1.0000e-03 1.0000e-03 1.0000e-03 1.0000e-03

Median 0.1005 0.4975 0.0498 ÿ 0.9975 9.9887e-04 1.0003e-03 1.0007e-03 9.9103e-04

Mean 0.1007 0.4978 0.0498 ÿ 0.9977 9.9879e-04 9.9896e-04 9.9723e-04 9.6766e-04

Std. dev. 0.0050 0.0248 0.0017 0.0248 3.8536e-05 3.8484e-05 3.9517e-05 2.4056e-04

Cov. rate

25% Cov. rate 0.2500 0.2380 0.2260 0.2460 0.2160 0.2520 0.2540 0.2600

50% Cov. rate 0.4540 0.4560 0.4460 0.4640 0.4400 0.4800 0.4840 0.4720

75% Cov. rate 0.7340 0.7220 0.7020 0.7200 0.7300 0.7400 0.7600 0.7860

95% Cov. rate 0.9560 0.9520 0.9400 0.9540 0.9420 0.9560 0.9440 0.9680

95% cov. rate for Lagrange multiplier test: 0.9400

T � 400 observations

y k s l se3
se6

se12
se60

True Value 0.1000 0.0100 0.0500 ÿ 1.0000 1.0000e-03 1.0000e-03 1.0000e-03 1.0000e-03

Median 0.0591 0.0168 0.0500 ÿ 1.0063 9.9458e-04 9.9815e-04 9.9381e-04 9.3662e-04

Mean 0.0648 0.0161 0.0500 ÿ 1.0061 9.9469e-04 9.9682e-04 9.9359e-04 1.3205e-03

Std. dev. 0.0160 0.0035 0.0006 0.0035 3.4563e-05 3.7035e-05 3.6774e-05 1.3311e-03

Cov. rate

25% Cov. rate 0.1140 0.1100 0.2340 0.1060 0.2660 0.2160 0.2700 0.5880

50% Cov. rate 0.1520 0.1760 0.4860 0.1660 0.4680 0.4300 0.4800 0.6820

75% Cov. rate 0.2040 0.2580 0.7480 0.2620 0.7300 0.7240 0.7660 0.7940

95% Cov. rate 0.3120 0.6760 0.9520 0.7540 0.9480 0.9460 0.9580 0.9140

95% cov. rate for Lagrange multiplier test: 0.8940
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Since our proposed ®ltering method provides a good approximation result, it is a good

candidate for the score generator in the ef®cient method of moment (EMM) estimation

method proposed in Gallant and Tauchen (1996). The EMM method uses the score of a

density that has an analytic expression to de®ne a GMM criterion. The method does not

require the score generator to nest the structural model, but does require that the auxiliary

model on which the score generator is de®ned closely approximates the target model. Our

®ltering method can thus be used as the score generator if a further re®nement of the

parameter estimates is preferred.

Two special cases of the exponential-af®ne family are used to examine the estimation

method. The empirical results are, in some instances, supportive of the properties typical

of the exponential-af®ne term structure models; for example, the mean-reverting property

of the interest rate process. This, however, does not suggest that the three exponential-

af®ne term structure models analyzed in this paper are good descriptions of the bond yield

behavior. In fact the results from using four different maturities cast doubts as to whether

these models can be applied to yields covering a large maturity spectrum. Using a robust

Lagrange multiplier test, the three exponential af®ne models are strongly rejected. These

results suggest that future research is needed in order to ®nd a better speci®cation within or

beyond the exponential-af®ne family.

Appendix A

Differential equations for A� ? � and B� ? � functions

As shown in Duf®e and Kan (1993), the solutions for the A� ? � and B� ? � functions can be

found by solving the following differential equations:

ÿ qB�C; t�
qt

�b�B�C; t�� � 0; B�C; 0� � 0;

ÿ qA�C; t�
qt

�a�B�C; t�� � 0; A�C; 0� � 0;

with ÿqBi�C; t�=qt�bi�B�C; t�� denoting the coef®cients of Xi;t and

ÿ qA�C; t�=qt�b�B�C; t�� denoting the term not involving Xt in the following equation:

rt�Xt;C� � ÿ
qA�C; t�

qt
ÿ qB�C; t�

qt
Xt � B�C; t�U�Xt;C�

� 1

2

Xn

i�1

Xn

j�1

Bi�C; t�Bj�C; t�Si�Xt;C�Sj�Xt;C�0;

where Si� ? � is the i-th row of matrix S� ? �.
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Appendix B

Theorem. Assume that the n61 vector Xt obeys the following dynamic:

dXt � U�Xt;C�dt� S�Xt;C�dWt:

Suppose that U�Xt;C� and S�Xt;C�S�Xt;C�0 are af®ne functions of Xt so that U�Xt;C�
can be written as G� KXt with G and K being matrices of dimension n61 and n6n. The

mean and variance of Xt�h, conditional on Xt, are af®ne functions of Xt if K is diagonable.

Remark. A matrix is diagonable if all of its eigenvalues are distinct. The assumption of

diagonability does not involve an appreciable loss of generality. Since the eigenvalues of a

matrix are continuous functions of its elements, if the matrix K has multiple eigenvalues, a

slight alteration to any element produces a neighboring system with distinct roots that, for

all practical purposes, is the same as the original system. Therefore the statement of the

theorem is a generic result.

Proof. For notational convenience, let S�Xt;C� � St. The integral representation for Xt�h

can be written as:

Xt�h � Xt �
Z t�h

t

�G� KXs�ds�
Z t�h

t

SsdWs:

Denote the eigenvalue decomposition of K, usually a non-symmetric matrix, by QkQÿ1

where Qÿ1Q � I and k a square diagonal matrix. Pre-multiplying the above equation by

Qÿ1 yields:

Yt�h � Yt �
Z t�h

t

�g� kYs�ds�
Z t�h

t

ssdWs;

where Yt � Qÿ1Xt; g � Qÿ1G, and st � Qÿ1St. Taking conditional expectation gives rise

to:

E�Yt�hjYt� � Yt �
Z t�h

t

�g� kE�YsjYt��ds:

The solution to this integral equation is:

E�Yt�hjYt� � ekhYt ÿ �ekh ÿ I�kÿ1g:

The solution for E�Xt�hjXt� can be recovered from the above solution which is an af®ne

function of Xt.

The conditional variance of Yt can be computed using:
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Var�Yt�hjYt� � E�Yt�hY0t�hjYt� ÿ E�Yt�hjYt�E�Yt�hjYt�0:

The elements of E�Yt�hY0t�hjYt� can be computed as follows. A ��n� 1�n=2�61vector ft is

formed by stacking the individual elements of the upper triangle of Yt�hY0t�h. That is let:

ft �

Y1;tY1;t

Y1;tY2;t

..

.

Y1;tYn;t

Y2;tY2;t

Y2;tY3;t

..

.

Yn;tYn;t

26666666666664

37777777777775
�

f 1;1
t

f 1;2
t

..

.

f 1;n
t

f 2;2
t

f 2;3
t

..

.

f n;n
t

26666666666664

37777777777775
:

Using Ito's lemma on ft yields:

ft�h � ft �
Z t�h

t

qfs
qYs

us �dsds

� �
�
Z t�h

t

ss

qfs
qYs

dWs;

where ut � g� kYt with k being the diagonal matrix de®ned earlier. Moreover,

qft

qYt

�

qf 1;1
t

qY1;t

qf 1;1
t

qY2;t
. . .

qf 1;1
t

qYn;t

..

. ..
. . .

. ..
.

qf n;n
t

qY1;t

qf n;n
t

qY2;t
. . .

qf n;n
t

qYn;t

2666664

3777775;

dt �
1

2

tr�sts
0
t
q2f 1;1

t

qYtqY0t
�

..

.

tr�sts
0
t
q2f n;n

t

qYtqY0t
�

266664
377775;

and

q2f i;j
t

qYtqY0t
�

q2f i;j
t

qY1;tqY1;t
. . .

q2f i;j
t

qY1;tqYn;t

..

. . .
. ..

.

q2f i;j
t

qYn;tqY1;t
. . .

q2f i;j
t

qYn;tqYn;t

266664
377775:

Since ut is af®ne in Yt, we can write:
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qft

qYt

ut � pYt � qft;

where p is a matrix of dimension ��n� 1�n=2�6n and q a diagonal matrix of dimension

��n� 1�n=2�6��n� 1�n=2� given by:

q �

k1;1 � k1;1 0 . . . 0

0 k1;1 � k2;2 . . . 0

..

. ..
. . .

. ..
.

0 0 . . . kn;n � kn;n

26664
37775;

where ki;j is element i; j of matrix k. Since sts
0
t is af®ne in Yt, it follows that:

dt � w� vYt;

where w and v are matrices of dimension ��n� 1�n=2�61 and ��n� 1�n=2�6n,

respectively. The stochastic integral equation can thus be rewritten as:

ft�h � ft �
Z t�h

t

�pYs � qfs � w� vYs�ds�
Z t�h

t

ss

qfs

qYs

dWs:

Taking conditional expectation yields:

E�ft�hjYt� � ft �
Z t�h

t

�zs � qE�fsjYt��ds;

where zs � w� �p� v�E�YsjYt�. Clearly, zs is a function of s and is an af®ne function of

Yt. The solution to this integral equation is

E� ft�hjYt� � eqhft �
Z t�h

t

eq�t�hÿs�zsds:

As this solution shows, the only non-af®ne element, in terms of Yt, for E�Yt�hY0t�hjYt� is

given by

eqhft:

Straightforward computations for E�Yt�hjYt�E�Yt�hjYt�0, shows that the only non-af®ne

element is given by

ekhYtY
0
t e

kh:

The upper triangular elements of this matrix, when properly staked up, are precisely the
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elements of eqhft. Therefore Var�Yt�hjYt� is af®ne in Yt. Converting Yt back to Xt gives rise

to the result that Var�Xt�hjXt� is af®ne in Xt. &
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Notes

1. A complete description of the Kalman ®lter recursion can be found in Harvey (1990).

2. The algorithm used to simulate the Poisson random variate is taken from Devroye (1981).

3. The algorithm used to simulate the gamma random variate is taken from Devroye (1986).
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