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1. Introduction

The term structure of spot interest rates describes, at a given date,
the yields of zero coupon bonds according to their maturities. These
are essential inputs used for many purposes such as pricing derivatives,
valuing investment projects or computing risk measures. Most bonds
that are traded are coupon bearing bonds. Hence, except for short
maturities, spot interest rates are unobserved and must be estimated
from samples of coupon bond prices. Several approaches are available
to perform this task. This paper focuses on the Nelson and Siegel (1987)
and Svensson (1994) approaches for cross-sectional yield estimation
from sample of coupon bonds.'

As mentioned in Sundaram and Das (2010), these approaches
have many advantages. First, spot rate curves estimates obtained
with such methods generate smooth forward curves, unlike the
typical jagged curves obtained with the spline approach proposed
in McCulloch (1971, 1975). Second, at a given date, these methods
can use the information available in all bonds, unlike the boot-
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! In the recent academic literature, dynamic versions of these models have been
recently examined in terms of in-sample fit and forecasting performance with zero-
coupon bond samples. See for example Diebold and Li (2006) or Christensen et al.
(2010). Unlike these papers, we focus here on a very common use of the Nelson-
Siegel-Svensson models which simply fits a cross-section of yields from coupon
bonds at a particular point in time. As reported by the Bank for International
Settlements (2005), several central banks use Nelson-Siegel-Svensson models in this
way to estimate zero-coupon yield curves (Belgium, Finland, France, Germany, Italy,
Norway, Spain and Switzerland). Such an approach is also used frequently in the
academic literature. See for example, Giirkaynak et al. (2007) or Elton et al. (2001).
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strapping approach which uses only a subset of bonds and that is
sensitive to which bonds are used. A third advantage is the finan-
cial interpretation that can be attached to the parameters of these
models. The parameters can be interpreted as the yield on a long-
term zero-coupon bond, the slope, curvature and hump position of
the spot rate term structure. This feature is of interest since princi-
pal components analysis of bond yields typically finds these factors
to be the main drivers of the interest rate term structure.

There are also several drawbacks associated with the use of
Nelson-Siegel-Svensson models. A first problem is the instability
regarding the parameter estimates obtained with cross sections
of coupon bonds. An illustration of this problem is provided in
Fig. 1 which shows time series of parameters obtained from
Giirkaynak et al. (2007) who have estimated the Nelson-Siegel-
Svensson model on daily cross-sections of US coupon bonds.? The
top graph in Fig. 1 presents the estimated short term rate, which is
the sum of two parameters from the Nelson-Siegel-Svensson model.
These estimates are unstable with sudden large downward and up-
ward spikes. Such large movements are incompatible with what we
expect from such a quantity. The bottom graph from this figure
shows the long term rate estimates. Again, these estimates show
much instability. Using monthly cross-section of US coupon bonds,
our study also documents the same problems.

As mentioned in Sundaram and Das (2010), another problem
with the Nelson-Siegel-Svensson modeling approach is the multi-
ple local optima possibility. Because of the nonlinearities in the

2 Their zero-coupon yield curves and parameter estimates are publicly available at
http://www.federalreserve.gov/pubs/feds/2006.
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Fig. 1. Daily parameter estimates for the Svensson model from Giirkaynak et al.
(2007).

parameters, it is not uncommon to find several optimum for a given
cross-section of coupon bonds. Fig. 2 presents the results obtained
from a cross section examined in this paper. Three different opti-
mum are found, each one with a different shape for the term struc-
ture. The usual cure for the multiple optimum problem is to use
several starting points. But with six parameters for the Svensson
model, looking at n starting points involves n® non-linear estima-
tions. Such a numerical search can be quite demanding.

We propose here modifications of the Nelson-Siegel-Svensson
models that attempt to solve these two problems. Our modifica-
tions involve a partial linearization of the models coupled with
the use of prior information for the parameters with a financial
interpretation. The partial linearization reduces the number of
parameters over which a non-linear search must be performed.
This partial linearization also eases the ways with which prior
information about the parameter values can be incorporated in
the estimation procedure. The prior information takes the form
of an expected value and a standard deviation. This information,
even introduced with loose standard deviations, produces stable
estimates that are in line with the financial interpretations of these
parameters.

The paper is organized as follows. In Section 2, we present the
original models and an assessment of the multiplicity of local opti-
ma problem with a US government coupon bond sample. Our lin-
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Fig. 2. Estimated zero-coupon yields from a sample of US government coupon
bonds - Sept. 1990.

earized versions of these models are then described in Section 3.
The approach for introducing prior information is examined in Sec-
tion 4. Section 5 shows the results of simulation studies comparing
the performance of the proposed algorithms. Finally, Section 6
examines estimates of the probability of not having found the glo-
bal optimum. The stability of the parameter estimates obtained
with the different methods is also examined. Section 7 concludes.

2. The Nelson-Siegel-Svensson models

We describe here the Nelson-Siegel (1987) and Svensson
(1994) models and define the notation and concepts that will be
used to introduce our linearized algorithms in the next sections.
An assessment of the multiplicity of solution problem for these
models is also provided here with monthly samples of US govern-
ment bonds.

Nelson-Siegel (1987) specify the spot interest rates as a flexible
functional form given by?:

Y(T;0) = o+ i (T; T) + 76,(T; 1), (M

where T is the maturity expressed in years and 6 = (o, 8,7,7)" is a
vector of unknown constant parameters.  Moreover,
o(T;7) =1 <1 - e*%) and ¢,(T;7) =2 (1 —et) —e = The financial
interpretation of the parameters in 6 can be uncovered by looking
at the behavior of ¢1(T; ) and ¢-(T; t) as T varies. For a fixed posi-
tive value of 7, ¢4(e) tends to one as T — 0 and then gradually de-
creases to zero as T increases. ¢,(e) starts at zero, increases
gradually and then decreases to zero again as T is increased further-
more. It is thus clear that, as the maturity increases to infinity,
y(T; 6) tends to a. As such, o can then be interpreted as the long term
yield. Finally, as the maturity goes to zero, the yield converges to
o+ B. This combination of parameters is thus interpreted as the
short-term rate. This allows  to be interpreted as the slope of the
term structure which corresponds to the difference between the
short-term and the long term rates. The parameter T determines
the position of the hump in the spot rate curve while y controls
the importance of this hump. In a cross section study, Diebold
and Li (2006) found a large correlation between y and what they
called the curvature which they defined as the difference between
the slope of the middle and long term rates and the slope of the
short and middle rates.

Svensson (1994) proposed an extension of the Nelson-Siegel
(1987) model by allowing for an additional hump position in the
spot rate curve with a parameter controlling for the sensitivity to
this hump. For this model, the yields are thus written as:

Y(T;0) = o+ fo1 (T; T) + 792 (T; T) + 0¢5(T; v)

with ¢;(T;v) =%(1 —e%) —e+ and 0= (,f,7,,7,0). This addi-
tional component makes it easier to fit term structure shapes with
more than one local maximum or minimum along the maturity
dimension.

2.1. Parameter estimation: The zero-coupon bond case

When dealing with a sample of zero-coupon bond yields, be-
cause we do not expect a perfect fit, we write the observed yields
as:

yobs(Ti) :y(Ti; 0) + &,

for ie{1,2,...,n} where ¢=(g,...,&)" is a random vector with
expectation E[¢] =0,,; and covariance matrix I, = E[ee'] = d?I,,
where I, is the n x n identity matrix and n is the number of different

3 The formulation found in Diebold and Li (2006) is used here. This formulation is
equivalent to the original Nelson-Siegel (1987) but is easier to interpret.
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maturities observed in the sample. Introducing an error term is justified
since yields to maturity of zero-coupon bonds are usually estimated
from a sample of coupon paying bonds using bootstrapping techniques.
This is usually done at the cost of some approximation errors.

For the case of the Nelson-Siegel model, the unknown parame-
ter vector 0 = (o, §,7,7)" is then chosen to minimize the sum of

squared errors defined as:
n

Qe B,7,7) = D (04 Peby (Tis T) + Yba(Tis T) = Yans(Ti))*.

i=1

Because Q(¢, 8,7,7) might have several local optima, the design of a
robust optimization procedure is important. A naive algorithm
allowing the exploration of the parameter space can be designed
as follows:

1. Construct a four-dimensional hyperbox [b,, b,]x[bs, by]x
[Q.,,B.,] x [b;,b,] defining the acceptable parameter space over
which a search will be performed.

2. Generate W random starting points ® = (A,B,I’,Y) according to
a uniform distribution: if uq, u,, us and u4 are independent uni-
form random variables on the interval [0,1] then
A =by + (by — by)ur,B=by + (by — by)up, I' = b, + (b, — b, )us
and 7" = b; + (b, — b:)us.

3. Evaluate the objective function Q(«, 3,7, 7) for each of the W ran-
dom starting points.

4. Perform » numerical minimizations of Q initialized with the v
best starting points for which the objective function Q is found
to be the smallest in step 3.

We will refer to this procedure as the naive algorithm. In this
setting, W should be relatively large to increase the chances of
reaching the global optimum.

As suggested in Nelson-Siegel (1987) and Diebold and Li (2006),
if 7 is fixed at some specific value 7, Eq. (1) becomes a linear func-
tion of ¢1(T; 7o) and ¢,(T; o) and can be rewritten as:

Yobos = xTo 970 +é,
where 0;, = (0, By, Vr,) | With

1 ¢1(T1;70)  é2(T1; 7o) Yobs(T1)

xfo = and Yobs =

T ¢1(Tu;T0)  $2(Tn; To) Yobs(Tn)

Therefore, the objective function Q. (o, f;,7.) = Q( B,7, 7o),
viewed as a function of three parameters, may be minimized analyt-
ically using a least squares estimator

0y = (xjozglx%)*l (XEE: Vo )

Consequently, the initial objective function Q(«,B,7,t), with four
arguments, may be reduced to a single argument function
q(t) = Q(&, pr, J, 7). Adapting the naive algorithm to the above
modification reduces the problem to a one-dimensional random
grid search with an optimization algorithm searching over t only.

The above naive algorithm can be easily adapted to the Svens-
son (1994) model. The algorithm then becomes a random search
and optimization over six arguments. Again, as for the Nelson-Sie-
gel case, it is possible to reduce the dimension of the problem by
re-expressing the initial objective function. This would reduce
the original problem to a two-dimensional random grid search
with an optimization algorithm searching over 7 and v.

2.2. Parameter estimation: The coupon bond case

Let B(m,c, T) denote the value of a coupon bond with a face value
of 100 dollars where m is the number of remaining coupons, c is

the annual coupon rate and T is the maturity expressed in years.
The Nelson-Siegel bond price can be defined as

m;

B(m;, ¢, Tis0) = > ¢ x P(T};0), (2)
j=1

where P(T;0)=e 7T s the discount factor. The dates

T <...<T™ =T; are the time to maturity (in number of
years) of the coupons and the cash flow of the ith bond at time
T,@ (assuming that the coupons are paid twice a year) is cl@ =
100(3 1jcm, + (1 4+ %)1j_m,)- The indicator function 1, is worth 1 if
condition A is satisfied and zero otherwise. Because we do not ex-
pect a perfect fit between the Nelson-Siegel prices and the observed

ones, we introduce an error term:
Bops(m;, ci, Ti) = B(m;, ¢;, Ti; 0) + &, 3)

where ¢=(gq,...,¢,)" is a random vector with expectation E[¢] =0
and a diagonal covariance matrix X..

The parameter vector, 6 = («, 8,7,7)" for Nelson-Siegel and
(o, B,7,0,7,0) for Svensson, is usually estimated by minimizing

the sum of squared errors
n 2

Q0= (B0 Tit) ~ B To) x| )
where D; is the modified duration of the ith coupon bond. The naive
algorithm may be used to obtain the parameter estimates.

As mentioned in Svensson (1994), Bolder and Stréliski (1999)
and Giirkaynak et al. (2007), because of the nonlinear relationship
between bond prices and yields, minimizing the unweighted
squared pricing errors will not produce the best fit in yields.
Weighting the prices by inverse durations approximately converts
the pricing errors into yield fitting errors. As verified by Giirkaynak
et al. (2007), fitting the above weighted price errors generates yield
curve parameters that are virtually identical to parameters ob-
tained from fitting yield errors. Alternatively, it would have been
possible to directly fit the yields. However, this approach increases
the computing costs by a large amount because of the additional
numerical work required by the yield conversion.

2.3. The multiplicity of solution problem

Two problems can be obtained when carrying out the Nelson-
Siegel or Svenson approaches. First, different parameter values
may lead to similar yield curves. Such a result is possible because
the model is estimated from coupon bonds with finite maturities.
Over the observed maturities, different parameters can generate
almost identical yield curve estimates. These yield curves would
however be different if longer maturities were considered. This
indetermination problem will be addressed in Section 4 where
the use of prior information will be studied to favor solutions with
financially plausible parameter values.

The second problem comes from the optimization procedure.
The function to optimize is not guaranteed to be convex and may
show several local optima. To illustrate this problem, we look at
the distinct solutions found with a monthly sample of US govern-
ment coupon bonds from the Lehman Brothers Fixed Income Data-
base distributed by Warga (1998) (all bonds with optional features
removed). The sample of monthly prices spans the January 1987 to
December 1996 period. For each of the 120 months, 100 random
starting points are used to estimate the Nelson-Siegel (1987) and
Svensson (1994) models with a non-linear least-squares procedure
with the weighted bond pricing errors defined in Eq. (4). The
number of distinct solutions are recorded and summarized in
Table S.1.* Because the ultimate goal is about estimating yield

4 Tables, sections and figures labeled as S.x can be found in the Supplementary
Material section.
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curves, we use the estimated yields to discriminate between the var-
ious solutions. Two solutions are considered identical if the com-
puted zero-coupon yields, for maturities of 0.1,0.2,..., Tnax years,
all have absolute discrepancies smaller than a given threshold vary-
ing from 5 to 20 basis points. Note that T,.x is the largest maturity
observed for a given month.

For the Nelson-Siegel case, with a 10 basis points threshold, an
average of 3.1 solutions was found with a maximum of 14 and a
standard deviation of 2.1. For the Svensson case, the problem is
more severe with an average of 7.4 solutions. Looking at the per-
centiles also shows that the problem is pervasive for both ap-
proaches and not due to a few months with many solutions.
Table S.2 presents the detailed results obtained for the specific case
of September 1990 for the Nelson-Siegel case. The solutions, in
terms of parameter estimates and function values, are clearly dif-
ferent. Fig. 2 plots the estimated yield curves for the solutions re-
ported in the table. As expected, these curves show different
shapes and values for the short and long-term spot rates.

It is clear that such results raise the question about having ob-
served or not the global optimum. A possible approach to answer
this question is to explore more thoroughly the parameter space
with other random starting points and optimizations. As it will be
discussed in Section 6, an estimate of the probability of not hav-
ing observed the global optimum can be computed using such a
random search strategy. This estimate provides guidance for
deciding if the search should be continued or stopped. But this
approach, even with only four parameters, is costly in computer
resources. For example, for the Nelson-Siegel case, the September
1990 sample requires on average 15 seconds of computer time to
perform an optimization using function 1sqnonlin from Matlab.
Because several repeated non-linear optimizations may be re-
quired to get a reasonable estimate, such computer time is pro-
hibitive given that several hundreds of estimations may be
needed for a reasonable probability estimate. There is thus a clear
need for lowering the computing time when estimating this mod-
el. For this purpose, next section proposes linearized versions of
the Nelson-Siegel (1987) and Svensson (1994) models cutting
down the number of parameters over which a non-linear search
must be performed.

3. Linearized algorithms
3.1. One-step linearized algorithms

It is possible to adapt the dimension-reduction approach de-
scribed earlier to obtain an approximation to the system de-
scribed by Eq. (2). Our adaptation is based on a linearization of
the discount factor P(T;0)=exp[—y(T;0) x T| with the Taylor
approximation exp (x) = 1 +x. Such an approximation is accurate
only if x is in the neighborhood of zero, which is not the case in
the present context, especially for long maturities. Therefore, an
additional parameter, ¢, is introduced and the discount factor is
rewritten as:

exp[—qT]exp[(¢ — y(T; 0))T].

The goal is to obtain inside the second exponential an expression
as close to zero as possible for all bonds in the sample so that the
discount factor may be accurately linearized. Once the parameters
@ and t are fixed to some values ¢q and 7o, the linearization al-
lows the analytical optimization of the other three parameters,
leading to 0y, = (%10 Beoer Vopro) - SECtION S.1 shows, in the
Nelson-Siegel framework, how this linearization introduced in
the non-linear set of Eq. (3) leads to the following approximate
system:

Y% = X%IO 6‘/’0~T0 t+ €,

where e = (ej,...,e;)" is a vector of zero-mean random noises
with covariance matrix X, = Ejee’] = ¢2I,, and the expressions
for Y, and X, , are available in Section S.1. This approximation
is appropriate if (y(TV);0) — )TV is close to zero for any TY). An
intuitive candidate for ¢ can be, for example, the average
yield-to-maturity. With this approximate system, the parameters
can be estimated by minimizing the objective function
O(a, B, 7,7, ) = > .1 ,e2. However, because this system is linear in
04,7, the five dimensional objective function O(a,f,7,7,¢) may
be reduced to a two-dimensional one. Given values for ¢q, 7o,
the least squares estimator for 0, -, is:

(A)V’o‘fo = <X;0,TOZ;]X</’0IO> h <X—qr)0.'cozgly</’o) ) (5)

which minimizes O, (2, §,7). Therefore, the five dimensional
objective function O(«, 8,7, 7, @) is reduced to:

O(T7 (P) = O(&(P.ﬁ B(P-,'ﬁ '5)(4"1'7 T, (P) (6)

Adapting the naive algorithm to the above modification is then
straightforward and reduces the problem to a two-dimensional ran-
dom search with an optimization algorithm searching over 7 and ¢.
This will be referred to as the one-step linearized algorithm.

The above procedure can be easily adapted to the Svensson
(1994) model. For this case, the original optimization problem is
reduced to a three-dimensional random search with an optimiza-
tion algorithm searching over 7, v and ¢.

3.2. Two-step linearized algorithms

It is possible to further reduce the dimension of the problem.
As noticed above, the additional parameter ¢ should be close to
the yield to maturity for the approximation to work adequately.
An obvious candidate for ¢ is therefore the average yield to
maturity of the zero-coupon bonds. Building on this intuition,
it is possible to further reduce the dimension of the problem
and construct our algorithm to search mostly in the direction
of hump location parameters. It will also consider only two dif-
ferent values for the extra parameter ¢, explaining the reduction
in dimension. The algorithm goes as follows for the Nelson-Sie-
gel case:

1. Fix ¢ to an initial guess ¢o.
2. Apply the one-dimensional grid search to the system
o(T, @) = O(&wvf,[}(,m?,ﬂvf,r, ®o) to find an estimate 7.

3. COTTUPUtE R 0o = (%> Bogts Vootr T) with
gx(po.i'ze X(ﬂg-,‘i' (X(ﬂo.%ze Y(P[]) N
4. Construct the yield to maturity curve T — y(T; 0p).

5. Compute the average yield ¢ = %ZQ’LJ(T; 0o) with M the larg-
est maturity in the sample. Set ¢, = ¢.
6. Perform steps 2-5.

This will be referred to as the two-step linearized algorithm.
Again, this procedure can easily be adapted to the Svenson case
with an optimization over 7 and v in each step.

As shown in numerical tests not reported in this study, the algo-
rithm is not sensitive to the starting values for ¢. This algorithm
could also be generalized to perform iterations on the value of ¢
until convergence is reached for this parameter. However, we usu-
ally observe convergence in two or three iterations and the results
are not improved by such a modification. Finally, modifying the
algorithm to work with more than one value of ¢ could also be
done. In this case, it would be required to split the maturity spec-
trum at arbitrarily specified time points to obtain the estimates.
Again, our results did not show much sensitivity to such a
modification.
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The next section discusses how it is possible to take advantage
of the financial interpretation assigned to the parameters (or linear
combinations of the parameters) of the flexible functional form to
introduce prior knowledge about these values.

4. Prior information

As mentioned in Section 2, it is often found that different
parameter estimates lead to almost identical zero-coupon yield
curves.® This raises the question about how financially plausible is
each solution. Based on the information available to analysts on
the date at which the estimation is performed, one of these solutions
might be rejected ex-post, that is, after the estimation. Given that
many different solutions may be obtained, this can quickly become
a tedious procedure. A better approach would be to include this prior
information directly in the estimation procedure. The occurrence of
undesirable solutions, on an ex-ante basis, might then be reduced.

A first approach for incorporating the prior information in the
estimation process would be to narrow the allowed parameter
space during the non-linear optimization. However, it is possible
that the expectations about the values are incorrect. A second ap-
proach, which is perhaps more interesting in our framework, is to
introduce the prior information in a way reflecting this uncer-
tainty. With linear systems, such an approach to include prior
information is provided by the Theil-Goldberger estimator de-
scribed in Goldberger (1964). This estimator uses information in
the form of expected parameter values and the uncertainty about
these expected values is characterized by standard deviations.
The procedure for the Nelson-Siegel case, which can again be ex-
tended to the Svenson model, is detailed in Section S.2 of the sup-
plementary material.

5. A Monte Carlo study
5.1. Assumptions

In this section, we perform a Monte Carlo study assessing the
efficiency of the proposed approaches. Four different cases are con-
sidered: large (N = 50) and small (N = 10) sample sizes in combina-
tion with low and high noise variances. Each table will report the
results obtained from 500 replications.

For the Nelson-Siegel case, the parameters are set to the aver-
age of the estimated parameters presented in Diebold and Li
(2006). These average values of 0.075, —0.02, —0.0015, and 15 for
a, B, 7, and t arise from a monthly sample of zero-coupon yields be-
tween January 1987 to December 2000. For the Svensson case, J, T
and v are set to 0.05, 5 and 15.

For each replication, the coupon rates and the time to maturity
are simulated using uniform random variables on the intervals
[1%;10%] and [1;30] years respectively. Bond prices with annual
coupons and face values of 100$ are first simulated without error
terms. The yield to maturity of these bonds are then computed
and i.i.d. zero mean normal error terms are added to these yields,
which are then transformed back into prices. The standard devia-
tions of these yield errors are set to 0.004 for the high noise case
and to 0.00067 for the low noise case. These variance levels come
from Elton et al. (2001) who report the average root mean squared
errors (ARMSE) obtained by estimating the Nelson-Siegel model on
samples of government and corporate coupon bonds. The low var-
iance case corresponds to the ARMSE of government bonds while

5 An example is provided in the Supplementary material with Figure S.1 which
plots the zero-coupon yield curves associated with three solutions found using
random starting points on a sample of US government bonds in July 1995. These
curves have similar shapes, but, as shown in Table S.3, the estimated parameters are
fairly different.

the high variance case is the ARMSE for BBB-rated corporate cou-
pon bonds.®

The optimization steps are performed using the function 1sq-
nonlin from Matlab with a tolerance of 1.0 x 10~ for the differ-
ences in the function and parameter values between two
successive iterations. The maximum number of function evalua-
tions and maximum number of iterations are set to 10,000. During
the numerical optimization, the interval for «, the long-term rate,
is constrained to be in [0.01;0.20]. The slope g which is the differ-
ence between the short and the long-term rates is assumed to be in
[-0.5;0.5]. The curvatures, y and J, are assigned to [-0.5;0.5]
while the position of the humps are assumed to be in [0.1;30].

For the Bayesian approaches, the prior means are set to the true
values of «, B, 7 and 6. A prior about the short rate is also specified
as the sum of « and B. For the prior standard deviations, loose and
tight priors are considered. For the loose prior case, the standard
deviations of these parameters are set to the standard deviation
of the estimated parameters obtained in Diebold and Li (2006),
which are around 0.015. The tight case sets the prior standard devi-
ations to 0.0015 for these three parameters.

5.2. Numerical results

We present here summarized results for the parameters’ esti-
mation, computation time, and the yield curve’s estimation. Three
performance indicators measure the discrepancies between the
Nelson-Siegel and the simulated bond prices or yields. The indica-
tor labeled SSE1 corresponds to the objective function that has
been optimized, evaluated at the optimal parameter values. This
function differs for each algorithm. In the naive case, SSE1 is calcu-
lated from Eq. (4). In all other cases, it corresponds to Eq. (6) which
is based on a linearized approximation of the true Nelson-Siegel
bond price. To measure how these linearized methods perform as
approximation to the original Nelson-Siegel model, SSE2 presents
the square root value of Eq. (4) evaluated at the optimum. For the
plain Nelson-Siegel case, SSE1 and SSE2 are the same. Because
SSE2 is not the optimized function for the other approaches, it is
expected to be larger than the plain Nelson-Siegel case. To mea-
sure the quality of the estimation procedures on the estimated
yield curves, we report a root mean squared error measure based
on the squared differences between the estimated zero-coupon
yields and the true simulated yield curve for maturities of
1,2,...,30 years.

Table 1 examines the Nelson-Siegel cases with a sample size of
50 bonds and a low variance level for the random errors. For this
case, all methods offer similar performances with respect to yield
estimates. For the parameter estimation, the one-step, two-dimen-
sional linearized algorithm with loose priors produces parameter
estimates that are off from the true parameters when compared
to those obtained with the other methods. The average conver-
gence time of the Nelson-Siegel approach is roughly 14 to 20 times
longer than the one of the linearized methods. Among these linear-
ized methods, the slowest technique is the one-dimensional algo-
rithm since it requires a two step one-dimensional non-linear
optimization. The average estimates of ¢ are similar for all meth-
ods. As expected, with correctly specified priors, tight prior meth-
ods perform better.

To assess the robustness of the linearized algorithms, we per-
form several different Monte Carlo experiments. The detailed re-
sults of these experiments are available in the Supplementary
material. We summarize here the main results of these
experiments.

5 The ARMSE reported in Elton et al. (2001) are bond pricing errors. The yield error
standard deviation corresponding to these bond pricing errors levels have been
determined by simulation.
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Table 1
Monte Carlo results for the Nelson-Siegel case: 50 bonds and low noise variance.

o B b T ® Time SSE1 SSE2 rmse dy1 dy5 dy10 dy30
Nelson-Siegel (500 valid cases)
Mean 0.072 -0.017 —0.001 13.960 18.669 0.061 0.061 2.5 -13 0.6 -0.1 1.7
Std 0.007 0.007 0.015 8.586 6.942 0.009 0.009 1.2 51 19 1.8 51
Two-step, one-dimensional linearized Nelson-Siegel without priors (500 valid cases)
Mean 0.070 -0.015 —0.003 11.365 0.062 0.977 0.061 0.061 2.5 -13 0.6 -0.2 1.1
Std 0.008 0.008 0.017 8.170 0.000 0.191 0.009 0.009 1.2 5.5 1.9 1.8 5.2
Two-step, one-dimensional linearized Nelson-Siegel with loose priors (500 valid cases)
Mean 0.072 -0.016 -0.007 9.340 0.062 1.383 0.061 0.061 2.4 -1.1 0.6 -0.3 11
Std 0.003 0.003 0.006 5.934 0.000 0.226 0.009 0.009 11 4.7 1.9 1.8 49
Two-step, one-dimensional linearized Nelson-Siegel with tight priors (500 valid cases)
Mean 0.074 -0.019 —0.002 13.842 0.062 1.352 0.062 0.062 1.7 0.9 0.0 -0.1 -1.6
Std 0.002 0.001 0.001 2914 0.000 0.209 0.009 0.009 0.8 3.2 14 1.3 24
One-step, two-dimensional linearized Nelson-Siegel with loose priors (500 valid cases)
Mean 0.060 —0.005 —0.004 4.149 0.066 0.983 0.060 0.385 2.9 0.1 0.1 -0.4 -1.0
Std 0.013 0.013 0.013 3.563 0.022 0.176 0.008 0.406 13 7.9 2.4 1.9 6.2
One-step, two-dimensional linearized Nelson-Siegel with tight priors (500 valid cases)
Mean 0.075 —-0.020 —0.002 17.268 0.067 0.933 0.062 0.102 2.0 0.7 -0.2 -0.1 -14
Std 0.002 0.001 0.000 5.019 0.008 0.289 0.009 0.071 1.0 3.9 1.6 15 43

True parameters: o = 0.075, = —0.020,y = —0.002, 7 = 15. For the non-linear optimization, lower bounds and upper bounds for o, 8, y and t have been set to 0.010, —0.500,
—0.500, 0.100 and 0.200, 0.500, 0.500, 30.000. “SSE1” is the sum of squared errors obtained for the optimized function; “SSE2” is the sum of squared errors obtained for the
Nelson and Siegel model with the estimated parameters; “rmse” is the root mean squared error of the estimated yields; “dy1”, “dy5”, “dy10” and “dy30” are the differences in
basis points between the estimated and true yield for maturities of 1, 5, 10 and 30 years. 1000 random starting points have been evaluated with an optimization performed
with the 10 best points and the lowest optimum value kept as the estimate. “valid cases” is the number of cases for which convergence was achieved. The Two-step, one-
dimensional linearized algorithm has been initialized with ¢ equal to the prior mean for o plus half the prior mean of .

As the variance level of the error terms is increased and/or as
the sample size is decreased, clearer differences are emerging. Be-
cause the remaining three cases are qualitatively similar (large
sample and high variance level, small sample with high and low
variance levels), we only present the results for the extreme case
of 10 bonds with large noise in Table S.4. As expected, the noise’s
variance influences the standard deviations and sum of squared
yield errors when compared to their corresponding values in Ta-
ble 1. For the spot rate estimates, the tight prior cases are perform-
ing the best and the plain Nelson-Siegel and two-step, one-
dimensional linearized without priors are the worst. Similar results
are obtained for the parameter estimates. The two-step, one-
dimensional method without priors is highly biased and inefficient
for g and 7. Loose priors are able to correct this situation. Indeed,
the estimates show errors in the same range of those from the
plain Nelson-Siegel case but with much smaller standard devia-
tions. The two-step, one-dimensional algorithm, even if carried
out with loose priors, is thus dominating the original Nelson-Siegel
approach in terms of speed and precision.

Table S.5 shows the results of a Monte Carlo experiment
for which the parameters o, 8, y and 7 are generated randomly
for each simulated data set, rather than being fixed like in the
previous tables. Because the parameters are different for each of
the 500 simulated data sets, the table reports the difference
between the estimated and true parameters. The random parame-
ters are generated according to a uniform distribution. The mini-
mum and maximum values of the uniform distribution are taken
from estimates of the one-dimensional linearized algorithm on
our monthly sample of US government coupon bonds that
will be presented next section. The intervals for the uniform
simulations are o€ [0.0623,0.1003], B e[-0.0524, —0.0004],
7 € [-0.0841,0.0307] and 7 € [0.1532,30]. 500 parameter sets are
simulated. Again, the prior means for «, 8 and y are set to the true
values while the prior standard deviations are set to 0.015 for the
loose case and 0.0015 for the tight case. The conclusions about the
reliability of the algorithm are similar qualitatively to those from
the previous tables. Our conclusions are thus not specific to
parameter values chosen in the previous experiments.

Table S.6 shows the results of a Monte Carlo experiment for
which the prior means are set to values different from the true
parameter values. Here the prior mean for the short rate is set to
0.065 while the true short rate i.e. « + 8 is 0.055. The prior mean
for o is set to 0.085 while the true value is 0.075 and the prior
means for g and y are set to 0 while the true values are —0.02
and —0.002. The results show that, in terms of yield estimates,
the two-step, one dimensional algorithms with no prior and loose
prior have precisions similar to those of the plain Nelson-Siegel
algorithm. With tight priors, the precision deteriorates, as expected
from the wrong priors. However, the linearized algorithms are
about 20 times faster than the plain Nelson-Siegel case. The previ-
ous conclusions about the two-step algorithm with loose priors are
thus robust to the use of incorrect prior means.

Table S.7 shows the results of a Monte Carlo experiment for the
Svensson case with a large sample and low variance. This table
examines here only the two-step algorithms. Unlike the Nelson-
Siegel cases, the two-step algorithms are now two dimensional
i.e. a non-linear search is performed on the two hump location
parameters T and v. The linearized method with no prior does
not perform adequately with large errors about yields and param-
eter estimates. The addition of loose priors obtains an estimator
with a performance similar to the plain Svensson approach in
terms of mean but with lower standard deviations for the yield
in the short end of the curve. The average parameter values of
the linearized algorithm with loose prior are also closer to the true
values. The reduction in computing time is not as large as the one
observed for the Nelson-Siegel case. There is still a substantial gain
by a factor around 2 for the approach with priors.

6. The probability of observing the global optimum

In this section, we examine an estimate of the probability that a
search strategy using random starting points has not observed all
outcomes. This estimate focuses on the probability of still having
unobserved outcomes after k independent trials. If there is a low
probability of an unobserved outcome, there is a high probability
that all maxima, including the global maximum, have been found.
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In addition, the parameter and yield estimates obtained with
each method are compared. These results will show the perfor-
mance of the proposed methods in actual samples of coupon bond
prices.

6.1. Theoretical framework and assumptions

Denote by Uy the probability of still having unobserved out-
comes after k independent trials. Robbins (1968) has shown that
the statistic V; = %" where Sy is the number of singletons after k
independent trials,” is a good estimate for the probability of still
having unobserved outcomes after k — 1 independent trials since
E (Vi — Uk_1)=0.

Using our monthly sample of US government coupon bonds
from January 1987 to December 1996, 100 random starting points
are used to estimate monthly parameter values and yield curves
with the Nelson-Siegel and Svensson models with their corre-
sponding linearized versions. In practical applications, it is easy
for analysts to obtain prior values for the short rate from various
sources. We therefore use, each month, a prior value for the short
rate (o + ) set according to the 3 month to maturity zero-coupon
yield from the Federal Reserve Bank of St-Louis. Since the informa-
tion about the short rate is often of good quality, we set the prior
standard deviation for this linear combination of parameters to
0.0005, a reasonably tight value. With such a standard deviation,
an interval of two standard deviations around the prior mean rep-
resents plus or minus ten basis points. The other prior used is a
long run mean (o) set equal to the average bond yield in the sample
for the month, with a loose prior standard deviation of 0.005. Final-
ly, the slope and curvature are arbitrarily set to the average param-
eter values found in Diebold and Li (2006) with loose prior
standard deviations of 0.01 for each. The optimization is performed
with the same algorithms and settings described in the earlier
Monte Carlo studies. The solutions are classified with a threshold
value of 10 basis point for the maximum absolute difference be-
tween the estimated yields to maturity.

6.2. Numerical results: V statistics

Table 2 reports the results about the V statistics for the Nelson-
Siegel case. On average, only 60% of the random starting points
achieve convergence for the plain Nelson-Siegel case. For the line-
arized algorithms, 100% of the cases achieve convergence. The
average of the V statistics computed each month is 0.03 for the Nel-
son-Siegel case with a standard deviation of 0.04 and a maximum
of 0.29. The percentiles show that in at least 50 percent of the
cases, the V statistic is 0.01 while it is smaller or equal to 0.04 in
at least 75% of the samples. For most months, after 100 trials, there
is thus a high probability that all local optima are found. For the
other methods, most cases show a V statistic of zero. The mean
number of distinct solutions is the highest for the Nelson-Siegel
case. The one-dimensional algorithms show averages around two
for the number of distinct solutions with, however, a small stan-
dard deviation. This suggests that the global optimum is usually
obtained when two or three distinct solutions are found.

Other interesting findings relate to the size of the group of solu-
tions corresponding to the lowest function value. Because uniform
independent random numbers are used as starting values, this
number allows to compute the probability of hitting the global
optimum in a single trial, given that one hundred random starting
points are used. For the Nelson-Siegel case, the average probability
is 0.51 while it is over 0.90 for the two-step, one-dimensional lin-

7 A singleton is a solution that has appeared only once in our k independent
random trials.

earized algorithms and 0.80 for the one-step, two-dimensional
algorithm. The plain Nelson-Siegel also shows a greater standard
deviation about this number than the other methods. The other
statistics about these estimated probabilities also indicate clearly
that the two-step, one-dimensional algorithms have a greater like-
lihood of hitting the global optimum in a single trial. Overall, the
numbers from these tables suggest that the multiplicity of solution
problem is much milder for the two-step one-dimensional linear-
ized algorithms than for the other approaches.

Table S.8 from the supplementary material reports the results
about the V statistics for the Svensson case. A first difference is
the larger proportion of cases achieving convergence for the plain
algorithm. The linearized algorithm, as in the Nelson-Siegel case,
show 100% convergence. The V statistics are close to those ob-
tained for the Nelson-Siegel case. Another notable difference is
the lower estimates of the probabilities of hitting the global opti-
mum in a single trial. However, the two-step algorithm with an
average estimate of 0.76 dominates the plain Svensson with an
estimate of 0.61.

6.3. Numerical results: Parameter estimates

As a by-product of these probability estimates, we have avail-
able the parameter and yield estimates associated with each meth-
od. The comparison between these estimates is interesting because
it shows the similarities and differences in results obtained with
each algorithm. These differences are best illustrated in Figs. 3
and 4 which show the time series estimates for the long term rate
(o) and short term rate (o + 8) for the plain Nelson-Siegel and lin-
earized Nelson-Siegel with priors. For the plain Nelson-Siegel ap-
proach, the estimated long term rates show many sudden
downward spikes to values below 1%, an implausible behavior
for this quantity during the sampling period under study. The lin-
earized algorithm estimates with priors obtain stable long term
rates estimates that are more in line with such a quantity. Similar
observations apply to the short term rate estimates.

Table 3 reports summary statistics about the monthly estimates
from each method. The average estimates for the short-term rate
(o + B) are similar for the Nelson-Siegel case and the methods with
priors. These averages are close to the average risk-free yield of
0.0546 computed with the risk-free short-term yield series from
the St-Louis Federal Reserve, which is used as priors. The standard
deviation is however smaller for the linearized methods with pri-
ors, a result consistent with those of the Monte Carlo simulation.
The standard deviations for these methods are close to the stan-
dard deviation computed from the risk-free yield time series used
in the methods with priors. This standard deviation is 0.01641.
From this number, we observe that the Nelson-Siegel method gen-
erates short-term rates showing too much variability when com-
pared with the observed short-term rates.

The estimates of o for the Nelson-Siegel and the two-step algo-
rithm with priors are roughly similar. The two-step without prior
and one-step algorithm with priors stand out with a low estimate
of the average infinite term rate and large standard deviations.

For the average estimates of 8, the two-step, one-dimensional
linearized approach with priors has again the lowest standard
deviation. The average estimates and standard deviations of 7y
and t are roughly equal for all methods. The more reliable method
(two-step, one-dimensional with priors) is 40 times faster than the
plain approach.

The average sum of squared errors of the optimized functions
are different. The average values of SSE2 are close to the Nelson-
Siegel function value for the two-step, one-dimensional methods,
showing they produce reasonable approximation to the Nelson-
Siegel model. The results about the computing times show that
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Table 2
Summary statistics about the random search for optima for the Nelson-Siegel case with US government bonds - January 1987 to December 1996.

Method Plain 2 Step 2 Step 1 Step

1 dim. 1 dim. 2 dim.

No Bayes Bayes Bayes
Mean nb. of valid cases 59.76 100.00 100.00 100.00
Std. nb. of valid cases 33.45 0.00 0.00 0.00
Mean nb. of singleton 1.17 0.05 0.01 0.21
Std. nb. of singleton 1.70 0.22 0.09 0.41
Mean nb. of distinct solutions 3.10 1.63 1.51 2.73
Std. nb. of distinct solutions 2.07 0.54 0.52 0.80
Mean global optimum group size 50.86 93.96 95.15 84.38
Std. global optimum group size 31.27 8.24 7.81 10.18
Mean V statistic 0.03 0.00 0.00 0.00
Std. V statistic 0.04 0.00 0.00 0.00
Min. V statistic 0.00 0.00 0.00 0.00
Max. V statistic 0.29 0.01 0.01 0.01
25th Percentile 0.00 0.00 0.00 0.00
50th Percentile 0.01 0.00 0.00 0.00
75th Percentile 0.04 0.00 0.00 0.00
Mean of global optimum prob. 0.51 0.94 0.95 0.84
Std. of global optimum prob. 0.31 0.08 0.08 0.10
Min. of global optimum prob. 0.07 0.59 0.59 0.48
Max. of global optimum prob. 0.99 1.00 1.00 1.00
25th Percentile of global optimum prob. 0.17 0.91 0.93 0.79
50th Percentile of global optimum prob. 0.55 0.96 1.00 0.86
75th Percentile of global optimum prob. 0.80 1.00 1.00 091

This table reports statistics about the estimation results got with US government bond prices for the Nelson-Siegel model and the linearized
algorithms. All models are estimated with a non-linear least squares algorithm initialized with 100 different random starting points each month
from January 1987 to December 1996. Two solutions are considered identical if the computed zero-coupon yields, for maturities of
(0.1,0.2,...,Thmax) years, all have absolute discrepancies smaller than a threshold value of 10 basis points. Ty, is the largest maturity observed for
a given month. The optimization are performed using the function 1sqnon1in of Matlab with a tolerance of 1.0 x 1075 for the differences in the
function and parameter values between two successive iterations. The random starting parameter values are generated according to a uniform
distribution on the following intervals: « € [0.05 0.2], $ € [-0.5 0.5], y € [-0.5 0.5] and 7 € [0.01 30].

o: plain Nelson-Siegel
0.1
0.08
0.06
0.04
0.02

o.: two-step, one-dimensional, with bayes

1 1 1 1 1 1 1 1 1 1
1987 1988 1989 1990 1991 1992 1993 1994 1995 1996 1997

Fig. 3. Parameter estimates for the plain and linearized Nelson-Siegel models.

the Nelson-Siegel approach takes around 40 times the computing
resources of the linearized algorithms.

Table 4 shows the yield estimates for different maturities. These
results show that, for the maturities of the sample, the averages of
the Nelson-Siegel and all linearized algorithms are close. For the
shortest maturity, all estimators have an average close to the mean
observed short-term spot rate. The linearized estimators with pri-
ors have, however, lower standard deviation for the shortest yield
to maturity. For other maturities, the standard deviations of yield
estimates are close.

o +p: plain Nelson-Siegel

0.1

0.08

o +f: two-step, one-dimensional, with bayes

002 1 1 1 1 1 1 1 1 1 1
1987 1988 1989 1990 1991 1992 1993 1994 1995 1996 1997

Fig. 4. Parameter estimates for the plain and linearized Nelson-Siegel models.

This table also reports the average and standard deviations of
the differences between the estimated yield and the estimated va-
lue of ¢. As explained earlier, our linearized algorithms rely on a
first-order Taylor series expansion of the exponential function
around zero. The parameter ¢ is important in maintaining the
argument y(T; 0) — ¢ close to zero. As the remainder of the first-or-
der Taylor expansion is of order (y(T;6) — 6)?T?, we conclude from
the means and the standard deviations exhibits in this table that
the error is usually of magnitude 1074 To get a more precise
assessment of the linearization error, we compute the difference
between the linearized yields with a given value of ¢ and a given
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Table 3

Summary statistics on parameter estimates from US government bonds for the Nelson-Siegel case - January 1987 to December 1996.

o B b T @ a+p SSE1 SSE2 Time

Nelson-Siegel
Mean 0.0691 —0.0157 0.0325 7.2485 - 0.0533 0.58 0.58 17.16
Std 0.0204 0.0407 0.0569 7.2459 - 0.0305 0.41 0.41 17.95
Min 0.0100 -0.2175 —0.0507 0.1888 - —0.1295 0.15 0.15 0.42
Max 0.1013 0.0651 0.2449 29.2960 - 0.0976 2.07 2.07 65.19
Two-step, one-dimensional linearized without priors
Mean 0.0542 0.0002 0.0499 8.7580 0.0757 0.0544 0.57 0.66 0.47
Std 0.0523 0.0710 0.0965 9.9094 0.0096 0.0419 0.41 0.40 0.31
Min —0.1526 -0.4333 —0.0643 0.1615 0.0578 -0.3514 0.14 0.15 0.11
Max 0.1013 0.2130 0.4535 30.0000 0.0958 0.0975 2.04 2.09 1.73
Two-step, one-dimensional linearized with priors
Mean 0.0749 —0.0182 0.0207 6.4088 0.0757 0.0567 0.63 0.72 0.42
Std 0.0094 0.0204 0.0366 5.8194 0.0096 0.0178 0.47 0.46 0.25
Min 0.0507 -0.0571 -0.0579 0.1288 0.0578 0.0276 0.15 0.16 0.16
Max 0.0992 0.0142 0.0984 30.0000 0.0949 0.0938 2.24 241 1.84
One-step, two-dimensional linearized with priors
Mean 0.0517 0.0047 0.0285 8.0864 0.0721 0.0564 0.59 75.62 0.63
Std 0.0347 0.0429 0.0524 8.3743 0.0322 0.0181 0.48 135.39 1.06
Min —0.0568 —0.0566 —0.0621 0.1048 0.0100 0.0285 0.08 0.31 0.16
Max 0.0968 0.1087 0.1551 30.0000 0.1196 0.0974 2.29 680.72 10.70

This table reports statistics about the estimates got with US government bond prices for the Nelson-Siegel model and the linearized algorithms. All models are estimated with
anon-linear least squares algorithm initialized with 100 different random starting points each months from January 1987 to December 1996. The optimization are performed
using the function 1sqnonlin of Matlab with a tolerance of 1.0 x 10~ for the differences in the function and parameter values between two successive iterations. “SSE1” is
the sum of squared errors obtained for the optimized function; “SSE2” is the sum of squared errors obtained for the Nelson and Siegel model with the estimated parameters.
The random starting parameter values are generated according to a uniform distribution on the following intervals: « €[0.050.2], € [-0.50.5], y € [-0.50.5] and

7€[0.0130].

Table 4
Summary statistics on yield estimates from US government bonds for the Nelson-
Siegel case - January 1987 to December 1996.

T=0.1 T=1 T=5 T=10 T=20 Tmax
Nelson-Siegel
Mean y(T) 0.0556 0.0614 0.0710 0.0761 0.0791 0.0793
Std y(T) 0.0222 0.0167 0.0121 0.0103 0.0086 0.0073
Max y(T) 0.0975 0.0965 0.0931 0.0964 0.0989 0.0997
Min y(T) —0.0453 0.0316 0.0479 0.0568 0.0609 0.0626

Two-step, one-dimensional linearized without prior

Mean y(T) 0.0565 0.0614 0.0710 0.0761 0.0791 0.0792
Std y(T) 0.0263 0.0167 0.0121 0.0103 0.0086 0.0072
Max y(T) 0.0974 0.0964 0.0932 0.0964 0.0989 0.0999
Min y(T) —0.1446 0.0318 0.0479 0.0566 0.0609 0.0627
Mean [y(T) — ¢] -0.0192 -0.0143 -0.0047 0.0004 0.0035 0.0035
Std [y(T) — @) 0.0229 0.0103 0.0035 0.0010 0.0023 0.0039
Two-step, one-dimensional linearized with prior

Mean y(T) 0.0573 0.0612 0.0710 0.0761 0.0792 0.0797
Std y(T) 0.0178 0.0166 0.0121 0.0103 0.0086 0.0074
Max y(T) 0.0938 0.0952 0.0929 0.0959 0.0977 0.0983
Min y(T) 0.0284 0.0318 0.0479 0.0566 0.0609 0.0627

Mean [y(T) — ¢] —0.0184 —-0.0146 —0.0047 0.0004 0.0035 0.0039

Std [y(T) — @] 0.0120 0.0101 0.0035 0.0010 0.0023 0.0037
One-step, two-dimensional linearized with prior

Mean y(T) 0.0570 0.0612 0.0709 0.0759 0.0794 0.0794
Std y(T) 0.0180 0.0166 0.0120 0.0103 0.0086 0.0079
Max y(T) 0.0973 0.0963 0.0928 0.0956 0.0993 0.1030
Min y(T) 0.0286 0.0319 0.0479 0.0563 0.0614 0.0601
Mean [y(T) — ¢] -0.0187 -0.0146 —-0.0048 0.0002 0.0036 0.0037
Std [y(T) — @] 0.0121 0.0101 0.0034 0.0010 0.0023 0.0043

This table reports statistics about yields estimates got with US government bond
prices for the Nelson-Siegel model and the linearized algorithms. All models are
estimated with a non-linear least squares algorithm initialized with 100 different
random starting points each months from January 1987 to December 1996.
Maturities are in years and Ty is the largest maturity observed for a given month.
The optimization are performed using the function 1sgnonlin of Matlab with a
tolerance of 1.0 x 107 for the differences in the function and parameter values
between two successive iterations. The random starting parameter values are
generated according to a uniform distribution on the following intervals:
o €[0.050.2], B [-0.50.5], y €[-0.50.5] and 7 € [0.01 30].

yield value. For example, using the average parameter estimate of
0.0757 for ¢ reported in Table 3 for the two-step linearized algo-
rithm with priors, and the average yield value in Table 4 of
0.0556 for the 0.1 year maturity case, the approximate linearized
yield can be computed as

In(1 + T — y(T;0)T) — T
Jp(Ts0) = - 101+ 9T =YTS0T) —

which obtains yap,(0.1;0) = 0.05562. This quantity is close to the
target of 0.0556. The absolute values of the differences for other
maturities are 1.01 x 1074, 5.44 x 1075, 8.02 x 1077, 1.21 x 10~*
and 2.10 x 1074 These differences are small and provide accurate
approximations.

Finally, Tables S.9 and S.10 report the results for the Svensson
case. The three methods obtain different results for the average
estimated parameter values. Unlike the Nelson-Siegel case, the lin-
earized method with no prior seems unreliable here (as it was the
case with the Monte Carlo study) with counterintuitive average
parameters values of —0.22 and 0.23 for « and . Again, the linear-
ized method with prior produces reasonable values for the short
rate estimates, which are close in terms of mean and standard
deviations to those from the short yield series used as priors. This
is not the case for the plain Svensson method. The linearized meth-
od shows the smallest standard deviations for the parameter esti-
mates and the lowest computing time, improving the plain
Svensson case by an average factor around 25. As for the yield esti-
mates, the three methods provides very close estimates, except for
the very short end of the curve, which is estimated with the great-
est precision with the linearized approach with prior.

7. Conclusion

Linearized Nelson-Siegel and Svensson algorithms for estimat-
ing spot interest rate term structures are developed and analyzed
here. These algorithms retain the desirable features of the original
approaches, such as the financial interpretation of the parameters,
but are much faster to converge. An advantage of these linearized
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algorithms is the possibility to introduce prior information about
some of the parameters of the model for which a financial interpre-
tation is available. As shown by Monte Carlo experiments and an
empirical study on samples of US government bonds, introducing
such prior information enhance the precision with which the esti-
mated spot rate curves can be obtained. Parameter estimates are
also more stable and in line with their financial interpretations.

The probability of still having unobserved outcomes using a
random starting point strategy is assessed for the Nelson-Siegel
and Svenson models and the proposed linearized versions. Using
monthly samples of US coupon bond prices from 1987 to 1996,
the results show that multiplicity of solutions is a milder problem
for the linearized algorithms. Our results suggest that, among the
algorithms studied here, the two-step, one-dimensional linearized
algorithm with prior information performs the best, even when
used with very loose priors.

Further research could examine how these linearized models
perform in terms of forecasting performance in the lines of Diebold
and Li (2006). It could also be examined how they could be used in
a filtering framework allowing the simultaneous estimation of the
parameters and their dynamics.
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