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Abstract

Return prediction models with a time-varying mean often fail to improve on the out-of-
sample mean squared error of a constant equity premium model. However, this does not rule
out that return prediction models that allow for a time-varying probability distribution can add
economic value by helping improve investors’ portfolio choice. This paper shows that statistical
and economic measures of forecasting performance weight forecast errors very differently and
that return forecasts from models with time-varying mean and variance, when used to guide the
portfolio choice of an investor with power utility, can lead to significant improvements over the
forecasts from a model that assumes a constant return distribution. Specifically, models with
constant mean and volatility tend to overestimate the right tail of the return distribution and
so lead to stock allocations that are on average too large with resulting lower average utility for
risk averse investors. Our results demonstrate that return prediction models can add economic
value even when they fail to produce accurate forecasts of mean returns and suggest the need
for focusing on broader measures of distributional accuracy when evaluating the economic value
of return prediction models.
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1 Introduction

The recent debate on predictability of stock market returns has focused on the ability of models
with a time-varying mean to generate better out-of-sample return forecasts than a simple model
that assumes constant expected returns (see, e.g., Lettau and Ludvigsson (2001), Ang and Bekaert
(2007), Campbell and Thompson (2008), Welch and Goyal (2008), and Rapach, Strauss and Zhou
(2010)). Forecast precision has typically been measured by out-of-sample mean squared forecast
errors or, equivalently, the out-of-sample R%. A clear limitation of such measures is that they
capture statistical forecasting performance and thus need not reveal the economic value of return
forecasts when used to guide portfolio decisions. It is possible for a return prediction model to
perform poorly in statistical terms when compared to a constant equity premium model, yet at the
same time add significant economic value when its forecasts are used for portfolio choice decisions.
This situation can arise because forecast errors of different magnitudes and different signs (i.e.,
over- and under-predictions of returns) are weighted very differently by economic and statistical
loss functions.

This paper shows that the distinction between statistical and economic measures of forecasting
performance is very important empirically. Comparing the empirical performance of several return
prediction models, our analysis finds only a weak relation between statistical measures of predictive
accuracy such as mean squared forecast errors and economic measures such as the certainty equiva-
lent return based on using return forecasts to guide the portfolio selection of a risk averse investor.
In contrast, there is a significant relation between the accuracy of forecasts of the return probability
distribution and the economic value of such forecasts. The reason for this finding is clear: Risk
averse investors require an estimate of the full probability distribution of future stock returns to
make their portfolio decisions and so it is necessary to go beyond expected returns—emphasized by
forecasts that minimize mean squared forecast errors—and consider the accuracy with which the
full probability distribution is predicted.

When it comes to the economic cost of forecast errors, not all errors are created equal and
so it is important to carefully consider predictability of different parts of the return distribution.
Predictability of the tails of the return distribution turns out to be particularly important for un-
derstanding the economic value of return forecasts. Forecasts from constant mean and volatility
models significantly overestimate the probability of outcomes in the right tail of the return distri-
bution and conversely underestimate the probability of outcomes in the center. This leads to an
overly risky asset allocation and to too frequent periods with large negative wealth shocks which

are very costly to risk averse investors. Models that allow for a time-varying mean and volatility



produce better density forecasts, more conservative portfolio choices and higher average utility.

Our study analyzes a variety of return prediction models that differ in whether they assume
predictability in the mean and/or variance of returns and in how much structure they impose on
the return distribution. As a simple no-predictability benchmark in the spirit of Welch and Goyal
(2008), we consider both a prevailing (constant) mean and variance model with normally distributed
returns as well as a prevailing quantile model that assumes a constant return distribution but does
not impose normality. We then consider time-varying mean, time-varying volatility and time-
varying mean and volatility specifications in the EGARCH class studied by Glosten, Jagannathan
and Runkle (1993). We further consider a flexible approach that models predictability at individual
points (quantiles) of the return distribution and so generalizes existing work on predictability of
the mean and variance of returns. By focusing separately on quantiles in different parts of the
return distribution, e.g., the left and right tails, we can directly address whether those parts of the
return distribution are predictable.

The main contributions of our paper are as follows. Our first contribution is to analyze where
commonly used return prediction models succeed and where they fail when it comes to predicting
the probability distribution of returns. Surprisingly little is known about which parts of the return
distribution are predictable and how they depend on economic state variables. To address this
point, we introduce a range of probability distribution tests that diagnose whether distribution
forecasts are correctly specified, which parts of the return distribution (e.g., the tails or center)
cause predictive failure and whether one model produces better distribution forecasts than another.

Consistent with the evidence in Welch and Goyal (2008), we find that the simple constant mean
model generates lower out-of-sample root mean squared forecast errors than more complicated
models that require the estimation of additional parameters. However, our analysis also shows that
this model is clearly misspecified and produces relatively poor forecasts of the center and right tail
of the return distribution. Moreover, when this model is used to generate distribution forecasts,
it comes up short relative to models that consider dynamics in both the mean and volatility of
stock returns. The best models when measured by the precision of their out-of-sample distribution
forecasts are EGARCH specifications that allow for a time-varying mean and volatility. Dynamic
quantile models tend to produce good distribution forecasts in-sample, but poor out-of-sample
forecasts due to the difficulty of precisely estimating the parameters of the tail quantiles.

Our second contribution is to evaluate the economic significance of predictability of the distri-
bution of stock returns. We do so in two ways. First, we use our forecasts of the return distribution

in an out-of-sample asset allocation exercise that combines stocks and T-bills for investors with



power utility. Second, we use the non-parametric stochastic discount factor approach advocated by
Almeida and Garcia (2008) to compute model-free estimates of the risk-adjusted returns associated
with the different prediction models and conduct pair-wise model comparisons.

Our empirical estimates of the economic performance measures suggest that allowing for a
time-varying mean and volatility leads to significantly improved portfolio performance, whereas
time-variations in individual quantiles is more difficult to capture out-of-sample. Specifically, we
find that EGARCH models with a time-varying mean and volatility generate certainty equivalent
returns that are 150 basis points per annum higher than those of the model that assumes a constant
return distribution. Moreover, the risk-adjusted return performance of these models exceeds that
of the constant distribution model by 200 basis points per annum.

Our third contribution is to show how statistical and economic measures of forecasting per-
formance are related. We conduct an empirical rank correlation analysis of the relation between
two statistical measures of forecasting performance tracking mean squared forecast errors and the
accuracy of probability distribution forecasts versus economic measures of forecasting performance
such as certainty equivalent returns or the Sharpe ratio. The measure of predictive accuracy based
on the entire probability distribution of returns closely tracks the economic value of return predic-
tions. In contrast, mean squared forecast error performance is only weakly related to the models’
economic value.

Our fourth and final contribution is to evaluate and quantify the importance of parameter
estimation error. Many studies have emphasized the importance of considering out-of-sample as
opposed to in-sample forecasting performance. Out-of-sample forecasting performance addresses
whether an investor in real time could have made use of a forecasting model to generate economically
valuable return forecasts. It accounts for the effect of parameter estimation error which tends to
reduce the precision of return forecasts and so leads to worse performance. By comparing in-sample
and out-of-sample certainty equivalent return values we can evaluate the importance of parameter
estimation error. Our results suggest that parameter estimation error leads to a reduction in
certainty equivalent returns ranging from 80 to 210 basis points per year. Economic loss from
estimation error is largest for the dynamic quantile models and smallest for the EGARCH models.

While the focus of our analysis is on predictability of the full probability distribution of returns
and its economic significance, our paper is clearly related to the large literature on predictability of
the mean and volatility of stock returns. Empirical results have been somewhat mixed, indicating
that while full-sample predictability of mean returns is quite strong, out-of-sample predictability

of mean returns is considerably weaker and can be difficult to exploit. Ang and Bekaert (2007),



Campbell (1987), Campbell and Shiller (1988), Campbell and Thompson (2008), Cochrane (2008),
Fama and French (1988, 1989), Ferson (1990), Ferson and Harvey (1993), Lettau and Ludvigsson
(2001) and Pesaran and Timmermann (1995) find some evidence of predictability of the mean.
However, this evidence has been questioned by Bossaerts and Hillion (1999) and Welch and Goyal
(2008) who argue that the parameters of return prediction models are estimated with insufficient
precision to render ez-ante return forecasts of much value.! Similarly, while the volatility of stock
returns is known to follow a pronounced counter-cyclical pattern (Schwert (1989)), there is relatively
weak evidence that macroeconomic state variables contain information useful for predicting stock
market volatility. Engle, Ghysels and Sohn (2007) find some evidence that inflation volatility helps
predict the volatility of stock returns. However, the volatility of interest rate spreads and growth
in industrial production, GDP or the monetary base fail to consistently predict future volatility,
with evidence being particularly weak in the post-WWII sample. This is consistent with findings
in Paye (2010) and Ghysels, Santa-Clara and Valkanov (2006).

The outline of the paper is as follows. Section 2 introduces the models used to capture pre-
dictability of the return distribution, presents the data and reports empirical results. Section 3
evaluates the statistical forecasting performance of the various models, while Section 4 considers
the economic value of return forecasts in portfolio selection experiments and relates the statistical

and economic measures of forecasting performance. Finally, Section 5 concludes.

2 Models of Predictability in the Distribution of Stock Returns

The literature on return predictability is very extensive but has largely focused on predictability
of the mean and variance of stock returns. Our analysis broadens the perspective by considering
predictability in the full probability distribution of stock returns and asking which (if any) parts
of the return distribution are predictable. The aim of our analysis is not to consider an exhaustive
list of modeling approaches or predictor variables for capturing time-variations in the return dis-
tribution. Rather, we focus on models in common use such as linear regressions and time-varying
volatility models and use four common predictor variables. Quantile models are added to the mix
in order to study the effect of making less restrictive distributional assumptions and to focus on

return predictability at separate points of the return distribution.

'Dangl and Halling (2008), Johannes, Korteweg and Polson (2009) and Paye and Timmermann (2006) attribute
the poor out-of-sample forecasting performance to parameter instability, while Lettau and van Nieuwerburgh (2008)

propose shifts in the mean of predictor variables such as the dividend yield as a source of predictive failure.



As a simple no-predictability benchmark, consider a constant mean and volatility model:

Tir1 = Bo + €41, Et41 ~ N(O, 02)- (1)

Here 7441 is the stock return computed in excess of a safe T-bill rate. This model is equivalent
to the “prevailing mean” (PM) model of Welch and Goyal (2008) with the addition of a constant
volatility and the assumption of normally distributed returns. Later we relax the assumption of

normally distributed returns, but maintain the constant mean and volatility assumptions.

2.1 Time-variations in the Mean and Volatility of Returns

To explore whether allowing for time-variations in the mean, volatility, or both, improves return
forecasts and to gauge the effect of parameter estimation error, predictability of the mean and
volatility of returns is analyzed in separate steps.

The effect of allowing for a time-varying mean (TVM), but holding volatility constant, is con-

sidered through the following model:
re+1 = Bo + B + i, eer1 ~ N(0,0%), (2)

where z; is a set of state variables known at time ¢. Conversely, a model that allows for a time-
varying volatility, but holds the mean constant can be studied through an EGARCH specification

of the type proposed by Glosten, Jagannathan, and Runkle (1993):

riv1 = Bo+ e, et1 ~ N(0,07,1),
g &
log(a7y1) = do+b2log(o}) + 83| | + s (3)
t t

In this model the conditional volatility, o¢y1, depends on the lagged volatility, o;, as well as the
return innovation, e;, whose effect can depend on whether it is positive or negative. This model is

naturally extended to a time-varying mean and volatility EGARCH specification:

reer = Bo+ Biwe + e, et1 ~ N(0,07,1),
€ €
log(0f,1) = do + G log(oF) + 05| | + 4 (4)
t t

We refer to this as the TVM-EGARCH model.
Finally, the most general model, labeled the time-varying mean EGARCHX (TVM-EGARCHX)

model, allows the economic state variables to affect both the mean and volatility equations:

ree1 = PBo+ Biwe + g, err1 ~ N(0,07.1),
3 &
log(c2,1) = 8o+ 02 + 0o log(a?) + 83 Ui + 54042 (5)
t t




The models in equations (??7)-(??) are all nested by Eq. (?7). However, for purposes of
forecasting the return distribution out-of-sample it is possible that the simpler models dominate
since they have fewer parameters to estimate. Such EGARCH models smooth the effect of state
variables over different parts of the return distribution. If the effect of predictor variables varies
across different parts of the return distribution, this can lead to misspecified distribution models.
To deal with this issue, we next consider a flexible approach that models individual quantiles of

the return distribution.

2.2 Quantile Models

To understand how different parts of the return distribution vary over time, it is helpful to consider
individual quantiles located at separate points of the return distribution. Let o € (0, 1) represent
a particular quantile of interest. By varying « from values near zero (representing draws from the
left tail of the return distribution) through one-half (representing the center) to values near one
(representing the right tail), variations in the complete return distribution can be tracked. Joint
consideration of such quantiles provides a rich picture of variations in the return distribution.
The prevailing (constant) quantile (PQ) model assumes a constant return distribution—but does

not impose normally distributed returns and thus takes the form

qo(ri+1]Ft) = Bo,a, (6)

where gq (ri4+1|F7) is the conditional a—quantile given current information, F;. To see if dynamics
in past quantiles and lagged returns help improve predictions of the individual quantiles, a sim-
ple dynamic quantile (DQ) specification along the lines of Engle and Manganelli (2004) is also

considered:

Qo (Tt411Ft) = Bo,a + B2,aqa(Te| Fi—1) + B3,al7¢], (7)

where |r4| is the absolute return. Finally, a general quantile specification that includes economic
covariates, x¢, and also allows for dynamic effects from past quantiles and lagged returns is consid-

ered:

Ga(Te41|Ft) = Bo,a + ﬁi,oﬂ?t + B2,0qa (e[ Fi—1) + B3,al74|- (8)

This specification—labeled the DQX model—is consistent with volatility clustering and persistent

tail dynamics in stock returns.? The local effect of 2; on individual a—quantiles is assumed to

Foresi and Peracchi (1995) characterize the cumulative distribution function of stock returns as a function of a
set of economic state variables. In effect they model the “dual” of the quantile function and estimate conditional

logit models over a grid of values for the cumulative distribution function of returns.



be linear but the model is very flexible since the slope coefficient (51, ) is allowed to differ across
quantiles.

To gain intuition for the quantile models, note that the largest impact of economic predictor
variables is expected in the tails of the return distribution if the effect of such variables arises
through a volatility risk premium. To see this, suppose that return volatility varies in proportion

with the state variables, x;, and that it earns a risk premium, x (see, e.g., Merton (1980)):

Te41 = o+ KO +E1,  Eer1 ~ N(0,0641) 9)

/
o1 = o+ @12,

where @1 measures the volatility effect of ;. This specification implies conditional quantiles of the

form

Qo (re1]Fe) = p+ ok + q2) + (5 + ¢ ) phay = Bo,a + 51,0133757 (10)

where the slope coefficient is 81 o = (/<a+qév )1 and qév is the a—quantile of the normal distribution
which takes on larger (absolute) values further out in the tails and shifts sign from negative to
positive as « moves from values below the median to values above it. Economic theory suggests
that k > 0, so variables that are positively correlated with volatility (¢1 > 0) can be expected
to have negative slope coefficients in the quantile regression sufficiently far in the left tail (small
a—values) and positive coefficients above the median. The reverse pattern arises for variables

correlating negatively with volatility (¢1 < 0).

2.3 Estimation

Estimation of EGARCH models such as those in Eq. (??) can be based on maximum likelihood
methods, whereas estimation of the parameters of the quantile models is more non-standard. Fol-
lowing Koenker and Bassett (1978), quantiles are estimated by replacing the conventional quadratic

loss function underlying most empirical work on return predictability with a “tick” loss function

La(et1) = (o — 1{ers1 < 0})ert, (11)

where e;41 = 7441 — (o, is the forecast error, go;: = ga(7¢t4+1|F¢) is short-hand notation for the
conditional quantile forecast computed at time ¢ and 1{-} is the indicator function. Under this
objective function, the optimal forecast is the conditional quantile. To obtain estimates of the
parameters of the dynamic quantile specification in Eq. (??), we adopt the tick-exponential quasi

maximum likelihood estimation approach of Komunjer (2005). Estimates of the parameters 6, =



(50,00 ﬁl,aa /BQ,aa ﬁ?),a) solve the ObjeCtive

T
N —1 o
0o = arg HéaX {T Zln Pt (rta qa(rt|ft71a ea))} ) (12)

* t=1

where ¢ is a probability density from the tick-exponential family:

0 (r1s0) = 5D~ (g0~ )17 < g} + T (a0 — )L > 4 (13)

~

Komunjer (2005) establishes conditions under which the parameter estimates, ,, are asymptoti-

cally normally distributed and provides methods for estimating their standard errors.

2.4 Data

Our empirical analysis uses a data set comprising monthly stock market returns along with a set of
four predictor variables that have been extensively used in finance, namely (i) the dividend yield,
measured by dividends during the previous twelve months divided by the value of the market index;
(i) the 3-month T-bill rate; (iii) the term spread, measured by the difference between the yield on
long-term government bonds and the three-month T-bill rate; and (iv) the default yield measured
by the spread between BAA and AAA rated corporate bonds. Our analysis is limited to these four
predictor variables due to their widespread use in studies on return predictability. The dividend
yield has been a workhorse in this literature (e.g., Fama and French (1988), and Campbell and
Shiller (1988)) as has the T-bill rate (Campbell (1987), and Ang and Bekaert (2007)). Similarly,
the term spread and default yield have been used extensively to track a time-varying risk component
in expected returns (Fama and French (1988)).

Stock market returns are continuously compounded and are measured by the S&P500 index
including dividends. A short T-bill rate is subtracted to obtain excess returns. The data sample
runs from 1926:01 through 2008:12 for all variables. Such a long sample period is important in

order to evaluate predictability in the tails of the return distribution.

2.5 Empirical Estimates

Estimates of the slope coefficients on the economic state variables in the TVM (linear regression),
TVM-EGARCH and TVM-EGARCHX models are presented in Table 1. Only the dividend yield
has a significant effect on the conditional mean in all three models, while the T-bill rate is also
significant in one of the EGARCH models. In contrast, all state variables are significant for the
conditional volatility in the TVM-EGARCHX model. Thus the economic state variables only have

weak in-sample predictive power over the mean, but do have considerable predictive power over the



volatility of monthly stock returns. Lagged volatility and past return innovations also help predict
future volatility, with positive shocks having a smaller impact on volatility than negative shocks of
the same magnitude.

Turning to the quantile regressions, Table 2 reports estimates of the slope coefficients (81.4)
for each of the predictor variables. Quantiles in the range o € {0.05, 0.10, 0.20,...., 0.90, 0.95} are
considered as quantiles further out in the tails than 0.05 and 0.95 are not as precisely estimated.
Some of the predictor variables are highly persistent and so are correlated with the lagged quantiles.
To make the results easier to interpret, the table reports estimates from a quantile model that
excludes dynamic effects from past quantiles.

The standard linear return prediction model assumes that economic state variables have the
same effect on the return distribution across all quantiles so 31, = 1 for all values of a.3 This is
not supported by the results in Table 2. In fact, the slope coefficients for the dividend yield and
the term spread are only systematically significant for the left-tail quantiles, o = 0.05, 0.10, .., 0.30.
In both cases the coefficient estimates are positive, suggesting that narrower term spreads (typ-
ically occurring during recessions) or lower dividend yields are associated with thicker left tails,
indicating higher risk. Conversely, the coefficients on the T-bill rate are mainly significant in the
right tail of the return distribution, with negative coefficients, suggesting that higher interest rates
are associated with a reduction in the market’s upside potential. Finally, changes in the default
yield affect the left and right tail of the return distribution in a largely symmetric manner, with
a higher default yield being associated with a bigger spread in the conditional return distribution,
i.e., thicker left and right tails.

In contrast to the strong evidence of predictability in the tails of the return distribution, there
is little evidence of predictability in the center of the return distribution, with only two of the 16
quantile estimates being significant at the 5% level for o = 0.4,0.5,0.6,0.7.

As a clearer illustration of the ability of the state variables to predict different parts of the return
distribution, Figure 1 plots the quantile regression estimates. The horizontal axis lists quantiles
running from 0.05 through 0.95, while coefficient estimates showing the effect of the state variables
on the individual quantiles along with standard error bands are listed on the vertical axis. If all

parts of the return distribution were unpredictable, all quantile estimates should be insignificant.

3The linear regression model in Eq. (??) where x; simply shifts the conditional mean of the return distribution

emerges from Eq. (??7) when (1,, does not vary across quantiles, i.e. 81, = f1 for all o, while 824 = 83,0 =0:

Ga(res1|Fe) = Bo,a + 512% (14)



In fact, coefficient estimates from the quantile model follow systematic patterns. For example, the
coefficient estimates of the default yield are large and negative in the left tail (small quantiles) and
large and positive in the right tail (large quantiles). More broadly, most of the quantile estimates
are significant in the tails and “shoulders” of the return distribution. Despite having little ability to
predict the center (mean) of the return distribution, the economic state variables are thus capable
of predicting outcomes in the tails.

As a summary measure of whether a given predictor variable is significant if all quantiles are
considered jointly, the last column of Table 2 reports Bonferroni p—values. These are robust to
arbitrary dependencies across individual quantile estimates. By this criterion, all predictor variables
except the T-bill rate are (jointly) significant at the 1% critical level. Three out of four predictor
variables are thus helpful in predicting some part of the probability distribution of stock returns.

Finally, using the general quantile model in Eq. (?7?), the last rows in Table 2 show that
dynamic effects are important for modeling the quantiles with exception of the center of the return
distribution. The lagged quantile is significant for all quantiles except for the median and the
lagged absolute value of returns is also significant for all but the center quantiles.

To gain intuition for how these findings translate into variations in the predictive return dis-
tribution, Figure 2 shows the quantiles of returns computed under three sets of values for the
predictor variables: A middle scenario that sets all variables in Eq. (?7) at their sample means
and two scenarios where each covariate is separately set at its mean plus or minus two standard
deviations, while keeping the remaining covariates at their sample means.

For the dividend yield and term spread we clearly see the much bigger impact from a change in
the state variable on the left tail, i.e., on downside risk, than on the right tail, i.e., upside potential.
Moreover, changes in the dividend yield lead to a parallel shift in the return distribution, consistent
with the earlier finding of a mean effect for this variable. Conversely, movements in the term spread
and the T-bill rate affect the conditional spread of the return distribution. Increases in the default
spread shift the lower quantiles downwards and the upper quantiles upwards, reflecting a greater
chance of either large negative or large positive returns.

To see how the distribution forecasts—as measured by the conditional quantiles—evolve over
time, Figure 3 plots the 5%, 10%, 50%, 90% and 95% quantiles over the period 1956-2008 based on
the dynamic quantile (DQX) and TVM-EGARCHX models. Horizontal lines show the correspond-
ing quantiles for the model that assumes constant quantiles. There is considerable variation over
time in the conditional quantiles. Moreover, this variation is highly persistent and much stronger

in the tails than at the median. Some patterns in return predictability are clearly volatility driven.
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This includes the period following the oil price shocks of 1974/75 and during the shift in the mone-
tary policy regime from 1979 to 1981. Both episodes were associated with highly uncertain market
conditions. At other times, e.g., from November 1979 to May 1980, the lower quantiles decline
significantly more than the upper quantiles rise, indicating substantial downside risk.

In summary, the empirical results so far indicate that there is significant in-sample return
predictability, but the evidence is far weaker for the center of the return distribution (captured
by its mean or median value) than in the tails of the return distribution. Clearly, the difficulty
many empirical studies have had in establishing predictability of mean returns does not imply that
the return distribution cannot be predicted in ways that could potentially be of economic value to

investors.

3 Statistical Measures of Return Predictability

To measure the accuracy of the forecasts from the return prediction models, we first report the
dominant statistical measure of forecasting performance used in the finance literature, namely
the root mean squared forecast error. Next, we consider more general measures of forecasting
performance that consider the entire return distribution. These allow us to address whether tails
of the return distribution can be predicted and, if so, whether the models perform equally well in
the left and right tails. As we shall see, the performance of the return prediction models in the tails
provides important clues for whether they add information that is valuable to investors’ portfolio
selection.

Throughout the analysis we consider the eight forecasting models described in Section 2:

1. Prevailing mean and variance (PMV, Eq. (?77)).

2. Time-varying mean (TVM, Eq. (?7)).

3. Constant mean and time-varying volatility (EGARCH, Eq. (?7)),

4. Time-varying mean and volatility (TVM-EGARCH, Eq. (7?)).

5. Time-varying mean and volatility with economic predictors (TVM-EGARCHX, Eq. (?7)).
6. Prevailing quantiles (PQ, Eq. (77)).

7. Dynamic quantiles (DQ, Eq. (?77)).

8. Dynamic quantiles with economic predictors, (DQX, Eq. (77?)).
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The importance of parameter estimation error is gauged by considering both in-sample and
out-of-sample forecasts. The former use forecasts from models whose parameters are based on
full-sample estimates. In-sample forecasts from the constant distribution models in equations (?7?)
and (?7?) are therefore the same each period whereas forecasts from all other approaches vary over
time due to changes in the mean, variance or individual quantiles.

Out-of-sample forecasts are based on parameter estimates that use a 30-year rolling window
of data to guard against changes in the data generating process. A relatively long estimation
window is chosen to reduce the effect of parameter estimation error which would otherwise lead to
imprecise estimates of tail probabilities. Out-of-sample forecasts are computed as follows. First,
the parameters of the return prediction models are estimated using data from the first 30-year
sample, 1926:01-1955:12. One-step-ahead forecasts are then generated for the distribution of returns
in 1956:01. The following month our estimates are updated by rolling the estimation window
one observation ahead and adding data from 1956:01. The updated model is used to produce
return distribution forecasts for 1956:02. This recursive forecasting procedure is repeated up to
the end of the sample, generating 636 out-of-sample forecasts for the period 1956:01-2008:12. For

comparability purposes the in-sample forecasting results are based on the same sample.

3.1 Root Mean Squared Errors

Table 3 reports root mean squared error (RMSE) values for the eight forecasting models. As
expected, the models that allow for a time-varying mean perform best in-sample, irrespective of
whether the volatility is kept constant or is allowed to change over time. The worst models by this
criterion are the quantile models for which the point forecasts use the conditional median. This
is perhaps not surprising since the objective of these models is not to minimize the RMSE or to
predict the mean.

A very different picture emerges for the out-of-sample experiment in which the best model is the
prevailing mean and variance (PMV) specification followed by the PM-EGARCH and the TVM-
EGARCH models. The prevailing quantile model also performs quite well, showing the importance
of keeping a simple model when it comes to out-of-sample forecasting based on the RMSE criterion.
This criterion focuses on predictability of the mean, however, and so may not adequately reflect the
value of return predictions from the perspective of economic investors who are concerned with the
fit of the entire return distribution. To address this issue, we next evaluate the return probability

forecasts.
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3.2 Probability Forecasts

To find out how well our return prediction models capture different parts of the return distri-
bution, we next evaluate the density forecasts. These are computed as follows. The EGARCH
models assume that returns are (conditionally) normally distributed with time-varying volatility,
and, possibly, a time-varying mean. For the quantile models the distribution of excess returns,
flrig1|Fe), is approximated by assuming that this is piecewise uniformly distributed between the

quantile forecasts with exponentially decaying tails:

< (*(Tt+1~;ﬁt+1)2 ),

1 .
~—¢€ if req <
V21641 267, t+1 = 40.05,t+1

0.05

40.10,6+140.05,t+1" q0.05,t6+1 < Tt41 < 40.10,t+1

Jf(rega|Fe) = 0.1 Goi+1 < Tt41 < Ga40.10,64+1 (15)

qo+0.10,t+1—qor,t+1 "’
(a € [0.10,0.80])

0.05

2095071~ 4090071 q0.90,t+1 = Tt41 < G0.95,t+1

1 =(re41—fe+1)? :
oL exp( 252, )y if T > q0.95.441

where g, 41 is the predicted a—quantile given information at time ¢ and ji;41 and 6441 are estimates
of the center and dispersion of the return distribution which ensure that the return distribution is
continuous at the 5% and 95% quantiles.?

Each forecasting model gives rise to a density f(r+1|F). Provided that the density is correctly
specified, the so-called probability integral transforms evaluated at the actual values of excess
returns, uiy) = fft(;;l f(y|F)dy should be independently, identically, and uniformly distributed.
Figure 4 provides a visual illustration of this property by plotting histograms for the probability
integral transforms (u;y1) computed out-of-sample. For correctly specified models, the frequency
of each bin should be approximately one. Bins whose frequency fall above one indicate parts of
the return distribution whose likelihood is under-predicted, while bins with frequency below one
indicate parts of the distribution whose likelihood is over-predicted. The prevailing mean and
variance model (PMYV) in particular, but also the time-varying mean and constant variance (TVM)
model, overestimate probabilities in both the left and right tails, as indicated by the fact that fewer

than expected returns fall in the top and bottom tails. Conversely, these models underestimate

“Instead of assuming uniform distributions between the individual quantiles, we also considered Gaussian kernels
for the probability distribution between the individual quantiles. This approach yields very similar results and so is

not reported here.
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the likelihood of returns in the center. The TVM-EGARCH and TVM-EGARCHX models fit the
return distribution much better overall, with a slight tendency to over-predict returns in the left
tail. Finally, the quantile models produce reasonably good distribution forecasts, although the
multivariate dynamic quantile (DQX) model seems to be misspecified both in the center and in the
right tail.’

As a more formal test of how well time-variations in different parts of the return distribution
is captured by a particular model, we consider the approach proposed by Christoffersen (1998)
applied to the individual quantiles. Define the indicator variable Iy = 1{dn; t+1 < 7t+1 < ao,t+1}
which equals one when the actual return falls between the predicted oy and ao quantiles (ag >
a1) and otherwise equals zero. Christoffersen shows that if a probability distribution model is
correctly specified at these a—quantiles, then the sequence I;, t = 1,.., T should be identically and
independently distributed and follow a Bernoulli distribution with parameter as —ay. Furthermore,
there should not be any persistence in the dynamics of the indicator variable, so I; should not be
serially correlated. Both properties can be tested through likelihood ratio tests with rejection
suggesting that the probability distribution model is misspecified at a particular quantile.

Table 4 shows the outcome of these tests with the unconditional coverage tests in Panel A and
the persistence tests in Panel B. The two models that assume a constant volatility, i.e., the prevailing
mean and variance (PMV) and time-varying mean (TVM) specifications, are clearly misspecified
and get rejected both in the left tail (0.10-0.20), the center (0.50-0.60) and in the right tail (0.90-1).
Most notably, these models overpredict the thickness of the right tail and underpredict the center
of the return distribution. The multivariate dynamic quantile model (DQX) is also rejected in
the left shoulder (0.30-0.50) and in the right tail (0.90-1). Conversely, there is little evidence of
misspecification for the two EGARCH models that allow for a time-varying mean and volatility.

Panel B of Table 4 reports a test based on the probability of return observations repeatedly
falling at a particular point of the return distribution, prob(ga, ++1 < Tt+1 < Gagt+1ldart < 1t <
Jas,t). The constant volatility models have far too high a probability of drawing repeated outliers
from the left tail (0-0.10) and too low a probability of repeated observations in the right tail (0.90-1)
and so get rejected in the tails by this test. While these probabilities are also too high in the left
tail of the EGARCH models, they are substantially smaller than those found for the PMV model

5The tails, as considered here, cover the top or bottom 10-20% of the return distribution. While the return
prediction models to varying degrees tend to overpredict these tails, they all underpredict the extreme left and right
tails defined as the top or bottom one percent of the return distribution. Returns this far out in the tails reflect
events such as October 1987 which, unsurprisingly, none of the models can accommodate and, since they affect all

models, do not affect the models’ relative performance.
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in particular.

3.3 Pairwise Comparison of Distribution Forecasts

The probability tests reported in Table 4 measure whether the individual models are correctly
specified. It is of separate interest to ask whether some models are better than others. To analyze
the relative performance of the density forecasts, we use the weighted likelihood ratio test statistic

of Amisano and Giacomini (2007):

,_ WLRr
or/VT'

where WLRy = T~! ZtT;(]l W LR is the average weighted likelihood ratio for an out-of-sample

(16)

period of T observations and o is an estimator of its variance. The weighted likelihood ratio
(W LRy4+1) is the weighted average difference between log scores of two competing density forecasts

evaluated at the actual return:

WLRi11 = w(Ti41)(10g fry1(ris1) — log gir1(re41)), (17)

where w(7¢+1) is a weight function evaluated at the standardized return at time t + 1, 711 =
(res1 — fit+1)/0t+1, and fig11 and Gy41 are the estimated mean and standard deviation of ry4q.
Using different weighting schemes, different parts of the return distribution can be analyzed. We

consider four weighting schemes:
1. Full distribution: w(x) = 1;
2. Center of the distribution: w(z) = ¢(z), ¢ standard normal density function;

3. Left tail of the distribution: w(z) =1 — ®(x); ®(x) normal distribution function.

W

. Right tail of the distribution: w(z) = ®(z).

Table 5 reports pairwise out-of-sample comparisons of model fit using these weighting schemes.
Specifically, the table presents the predictive performance of the row models measured against the
performance of the column models. Positive numbers suggest that the row model is best, while
negative numbers show that the column model dominates. The two constant volatility models
(PMV and TVM) perform very poorly and get rejected against all the EGARCH specifications in
the center of the return distribution as well as in the right tail of the return distribution for the
TVM model. Interestingly, the dynamic quantile models perform relatively poorly out-of-sample,

particularly the more heavily parameterized multivariate model (DQX). This shows the importance
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of parameter estimation error. The best performing models are the EGARCH specifications, par-
ticularly the simple model that allows for a time-varying mean but excludes the predictor variables
from the volatility equation (TVM-EGARCH).

We conclude the following from the empirical analysis up to this point. First, consistent with
the existing literature (e.g., Welch and Goyal (2008)) we find that the simple prevailing mean
and variance model produces the lowest out-of-sample RMSE-values and thus generates the best
forecasts of the mean equity premium. However, this model also has severe shortcomings and,
most notably, significantly overestimates the tails of the return distribution and underestimates
the center. Models that allow for a time-varying mean and variance of returns (most notably
EGARCH specifications) produce noisier forecasts of mean returns, but generate better forecasts

of the probability distribution of stock returns.

4 Economic Measures of Return Predictability

The empirical evidence so far suggests that there is significant statistical evidence of time-variation
in the return distribution, particularly in the tails where the constant return distribution model
gets strongly rejected. This section asks if such predictability is sufficiently important to be of
economic value to investors by considering the usefulness of predictability from the perspective of
a small, risk averse investor with no market impact who chooses portfolio weights based on the

probability distribution forecasts.

4.1 Portfolio Selection

Consider an investor who at time t allocates w;W; of total wealth to stocks and the remainder,
(1 — wy) Wy to a risk-free asset, where W; = 1 is the initial wealth. The investor’s wealth at time
t+1is

Wit = (1 —wp) exp(rf,,) +weexp(rf,q +res1),

where 711 is the stock return in excess of the risk-free rate, th +1- The investor is assumed to have

constant relative risk aversion (CRRA) preferences over next period’s wealth,

Wi
bl (18)

UWip) = .

where « is the coefficient of relative risk aversion. Portfolio weights for period ¢ can be obtained as

the solution to the following optimization problem:
w; = arg max E{U W), (19)
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where Ey[-] denotes the conditional expectation based on the investor’s information at time ¢. The
investment horizon is set to one period and any intertemporal hedging component in the investor’s
portfolio choice is ignored. Hence we assume that the investor solves Eq. (77), holds the optimal
portfolio for one period and then reoptimizes the portfolio weights the following period based on
any new information. The portfolio optimization problem in Eq. (??7) can thus be written as
wi = argmax [ (=) exp(rf, ) + e explrly ) e F)dria, (20
where f(ry11]|F;) is the conditional probability distribution of future excess returns. Following
Kandel and Stambaugh (1996) and Geweke (2001), we restrict w € [0,0.99] to ensure that the
expected utility is finite.
In special cases such as log-normally distributed returns and CRRA utility, the portfolio alloca-
tion can be derived in closed form. Suppose that the conditional distribution of log excess returns
is normal with predicted mean and variance fiz41 and 3t2+1. Campbell and Viceira (2001) derive

the following log-linearized approximation to the investor’s wealth at time ¢ + 1:

1 A
In(Wig1) = In(1 + 77, ) + w(n(l +751) — In(1+77,,)) + (L - w1521, (21)

from which the approximate optimal portfolio weight for an investor with CRRA utility is obtained:

~ /\2
W Pl +0i41/2

; = (22)
YOi41

This equation can be used for the optimal portfolio allocation of a CRRA investor under the
assumption of the PMV, TVM or EGARCH models for returns in equations (??) - (7?).

To solve Eq. (??) under the quantile models we use the conditional return distribution in Eq.
(??) and compute the resulting integrals numerically.

The performance of optimal portfolios based on the various density forecasts is compared

through the associated certainty equivalent return (CER) estimate under CRRA utility:

T /(1)
CER = ((1 —NT Y U(W;)) —1, (23)

where T is the total number of observations in the out-of-sample period, 1/T Zle U(Wy) is the
mean realized utility and the realized utility for period ¢ can be calculated through the sequence of
optimal portfolio weights, w; ;.

4.2 Empirical Results

Table 6 presents certainty equivalent return estimates in addition to the Sharpe ratio, mean, stan-

dard deviation, skew and kurtosis of portfolio returns for the in-sample and out-of-sample forecast
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experiments. We assume CRRA preferences with a coefficient of relative risk aversion, v = 5. In
the in-sample experiment (Panel A), the multivariate dynamic quantile (DQX) model produces
the highest certainty equivalent return of 8.7% per annum, followed by the time-varying mean
(TVM) model (8.2%) and the TVM-EGARCHX and TVM-EGARCH models (8.1% and 7.9%,
respectively). The prevailing mean and variance model (PMV), PQ and PM-EGARCH models
generate somewhat lower certainty equivalent returns of 6.8%. Allowing for a time-varying mean
in particular thus seems to lead to better in-sample economic performance.

Turning to the out-of-sample results reported in Panel B, the time-varying mean EGARCH
models now dominate and generate certainty equivalent returns in excess of 7% per annum. The
models that allow for either a time-varying mean (TVM, 6.3%) or a time-varying volatility (PM-
EGARCH, 5.7%) perform better than the prevailing mean model (PM, 5.5%). All quantile models
perform quite poorly out-of-sample with certainty equivalent returns in the range 5.0% - 5.6%,
suggesting that parameter estimation error is a particular concern for these models.

We conclude the following from these results. First, predictable time-variation in the distribu-
tion of stock returns seems to be sufficiently strong even out-of-sample to be of economic value to
a risk averse investor who uses one of the TVM-EGARCH models which generate out-of-sample
certainty equivalent returns that are 150 basis points per year higher than those associated with
the constant return distribution models. Second, comparing the in-sample and out-of-sample re-
sults, parameter estimation error systematically reduces the certainty equivalent returns ranging
from 70 basis points for the TVM-EGARCH model to 210 basis points for the dynamic quantile
(DQX) model whose parameters are most difficult to estimate precisely and so are surrounded by

the greatest sampling errors.

4.3 Pairwise Comparison of Risk-adjusted Performance

As in the case of the probability distribution forecasts, we can again ask if the risk-adjusted returns
associated with some forecasting models are significantly higher than those associated with others,
i.e., whether the relative return performance is significantly better for some models. To this end
we use the non-parametric stochastic discount factor approach of Almeida and Garcia (2008). This
approach accounts for higher moments of the stochastic discount factor which is important here
in view of the evidence of strongly non-normally distributed stock returns. In a first stage, the
stochastic discount factor is backed out from data on a set of underlying risk factors. In a second
stage, returns on a test portfolio get compared to a set of competing (benchmark) returns using

the sample analog of an Euler equation. If the sample estimate of the product of the differential
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portfolio returns and the stochastic discount factor is positive and significant, we conclude that the
test portfolio provides higher risk-adjusted returns than its competitor.

Specifically, we first estimate the stochastic discount factor from the conventional asset pricing
model, E(m;R; — 1) = 0, where 1 and 0 are vectors of ones and zeros, respectively, and R; is a
vector of gross returns on a set of underlying risk factors that are priced by the stochastic discount
factor, m;. The sample analog of this equation is

T

7Yk - ) =0 24
t=1

where ™ = E(my) is the unconditional mean of the stochastic discount factor.
The sample estimate of the stochastic discount factor implied by the Almeida-Garcia (2008)

approach is

(1 - 9@ (R — 5))*
S (-0 (R — £))%
Here 9 can be interpreted as the parameter of an investor with HARA preferences of the form
UW) =~k = pw) &
likelihood problem.®

ff\lt:Tme (25)

Moreover,  can be obtained from the solution to an empirical

The performance of a pair of portfolios associated with competing return prediction models can
now easily be compared using the sample analog of the Euler equation for the estimated stochastic
discount factor, m;, and the differential returns on the portfolios, Ry; — Ro;:

1

a:

=]

T
Z m¢ (Rt — Rat), (26)
=1

where @ measures the risk-adjusted return of portfolio 1 in excess of the benchmark return (portfolio

2).

4.3.1 Empirical Results

Monthly returns on the S&P500 were used to estimate the implied stochastic discount factor. The
hyperparameter i) was set to one-half, although the results were found not to be sensitive to this
choice. The unconditional mean of the stochastic discount factor, 7, was set to the reciprocal

of the mean gross return on the risk free asset during the sample period 1956:01-2008:12. Model

8 Almeida and Garcia establish conditions under which
1te

— 14y T

. m 1 , 1 P
= sup —— — 11— Ry — — ,
PR TT e 1+¢< W<t m))

where ¢ is constrained to the set T = {¢ € R¥,s.t. t = 1,2,...,T: (1—v¢'(Rs— +4)) > 0} and ¢ is a hyperparameter

of the so-called Cressie Read discrepancy function ﬁ%w
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comparisons were performed pair-wise and p-values for the risk-adjusted returns associated with the
sample Euler equation in Eq. (??) calculated using the stationary bootstrap (Politis and Romano
(1994)) on the alpha estimates.”

First consider the in-sample evidence reported in Panel A of Table 7. Once again, positive
numbers indicate that the row model is best, while negative numbers suggest that the column model
is best. The prevailing mean and variance (PMV) model is worse than all but the prevailing quantile
model, with a risk-adjusted return significantly lower than that associated with the TVM model, the
two EGARCH models with time-varying means (TVM-EGARCH and TVM-EGARCHX) and the
multivariate dynamic quantile model (DQX). These models dominate the PMV model by between
170 and 250 basis points per annum in risk-adjusted performance. Overall, the best model as
measured by the relative risk-adjusted return performance is the DQX model which dominates all
other specifications by at least 40 basis points per annum, significantly outperforming four of the
seven other models at the 1% critical level.

Turning to the out-of-sample results shown in Panel B, the prevailing mean and variance model
(PMV) lose to the EGARCH models. In fact, the risk-adjusted returns of the TVM-EGARCH and
TVM-EGARCHX models are 200 basis points per year higher than that of the prevailing mean and
variance model. The time-varying mean model (TVM) is also dominated by the TVM-EGARCH
specification. Overall, the best model is the TVM-EGARCHX specification which outperforms
all other models in pair-wise comparisons, five of them at the 10% critical level, with the TVM-

EGARCH model a close second.

4.4 Relating Statistical and Economic Measures of Forecasting Performance

Our empirical results suggest that return prediction models with constant mean perform best when
it comes to forecasting performance as measured by the out-of-sample mean squared forecast error.
However, these models perform poorly when measured by the economic value of their forecasts
used to guide portfolio selection. The opposite finding holds for models that allow for time-varying
mean and volatility. These models also perform better than constant distribution models when
judged by their ability to predict the probability distribution of returns measured by the density
prediction test. This raises an important question, namely how closely related different statistical
and economic measures of forecasting performance are.

The ranking of the return prediction models according to the certainty equivalent returns or

"Specifically, we generate 999 random samples of 636 observations from the estimated relative performance mea-
sures using the centered stationary bootstrap approach and a block size determined by a geometric distribution with

a parameter of 0.05.
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mean returns in Table 6 turns out to be much closer to the ranking of the models based on the full
density forecast comparison test in Table 5 than they are to the mean squared errors. To show this,
Figure 5 provides scatter plots of either the (out-of-sample) RMSE-values of the eight models (left
plots) or the value of the Amisano-Giacomini (2007) density comparison test for the full return
distribution (right plots) against the associated certainty equivalent returns (top windows), the
Sharpe ratios (middle windows) or the mean returns (bottom windows). If the RMSE measure
of forecasting performance were informative of the economic value of the associated forecasts, a
strong negative correlation between this measure and the economic performance measure should
emerge, i.e., higher RMSE-values (poorer fit) should be associated with worse return performance.
Conversely, higher values of the density forecast comparison test indicate better fitting models, and
so we would expect a positive relation between this test and the economic performance measures.

Using the Spearman rank correlation test, we find only mild evidence of a negative rank cor-
relation between the RMSE values and either certainty equivalent returns, Sharpe ratios, or mean
returns, with correlations ranging between -0.47 and -0.04. The associated p-values range from
0.23 to 0.91. In contrast, there is a much stronger rank correlation (ranging from 0.60 to 0.83)
between the predictive density LR test and either certainty equivalent returns, Sharpe ratios, or
mean returns. Moreover, these rank correlations are statistically significant at either the 10% or
5% level with p-values ranging from 0.01 to 0.07.

The close relation between the accuracy of the forecasts of the return probability distribution
and the economic value of such forecasts is explained by considering how stock holdings map into
the cost of using a misspecified model for the return probability distribution. The prevailing mean
model severely overestimates the right tail of the return distribution with a resulting high average
allocation to stocks (70% in our sample). This is much higher than the 50% average allocation
to stocks under the TVM-EGARCH models that better capture the full return distribution. The
larger stock holdings under the constant mean and variance model gives rise to low utility during
periods with large negative returns.

Our results show that very different conclusions on return predictability emerge depending on
which loss function is used to measure predictive accuracy. This finding is part of a more general
point.® As argued by Granger and Machina (2006), when predictions are used for decision making
such as portfolio selection, the preferences and constraints of the decision maker enter into the
evaluation and comparisons of the forecasts and naturally leads to decision-based loss-functions.

Granger and Machina show that the loss function underlying mean squared error loss implies

8Christoffersen and Jacobs (2004) also emphasize the importance of the loss function in the context of option

valuation.
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highly restrictive and unrealistic properties of the underlying preferences. Our results suggest that
predictive accuracy measured under squared error loss is not a good indicator of the economic value

of return predictability for investors with power utility.

5 Conclusion

This paper shows that measures such as root mean squared forecast errors contain little information
when it comes to assessing whether return prediction models that allow for a time-varying return
distribution help or hurt investors. In fact, there is only a weak correlation between how well a
model performs in terms of its out-of-sample root mean squared forecast error and the economic
value of using its forecasts in portfolio allocation. More comprehensive measures of predictive
accuracy that consider the full return distribution are needed to understand why some forecasting
models succeed in adding economic value to investors, while others fail.

Empirically, we find evidence that allowing for predictability in both the mean and variance of
returns leads to more accurate forecasts of the probability distribution of stock returns although it
does not lead to better forecasts of mean returns. Our analysis shows that prediction models that
assume constant mean returns tend to overpredict the right tail of the return distribution which
leads to too large investments in stocks and can be costly to risk averse investors. Return prediction
models with a time-varying mean and variance lead to better estimates of the tails of the return
distribution and suffer less from surprises in the form of repeated unanticipated outliers in returns
compared with a constant return distribution model. Using the time-varying distribution forecasts
in asset allocation results in a risk-adjusted return performance close to 2% per annum higher than
if a constant mean and volatility model is used to generate out-of-sample forecasts.

Our analysis suggests that the debate on return predictability has focused too narrowly on
statistical measures of forecast precision such as root mean squared forecast errors or R? and
that important insights can be learned by focusing instead on more comprehensive measures of
predictive accuracy of the full return distribution that are more closely related to the economic
value of allowing for a time-varying probability distribution. Despite their failure to produce more
accurate forecasts of mean returns than the simple constant-mean benchmark of Welch and Goyal
(2008), return forecasting models that allow for time-varying mean and volatility do seem to add

value over simple benchmarks that ignore such return predictability.
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Table 1: Coefficient Estimates from Linear Prediction and EGARCH Models

TVM PM-EGARCH TVM-EGARCH TVM-EGARCHX

Mean Equation

Dividend Yield 0.9827** - 0.7157** 0.8202**
T-bill Rate -0.0454 - -0.14571%%* -0.0661
Term Spread 0.1266 - -0.0301 0.1327
Default Yield 0.0706 - 0.4905 -0.3267

Variance Equation

Dividend Yield - - - -24.1306%**
T-bill Rate - - - -3.9153%**
Term Spread - - - _13.4507%**
Default Yield - - - 79.0913%**
let—1/01—1] - 0.2496%** 0.2494%%* 0.0420

€t—1/0¢—1 - -0.0670%*** -0.0719%** -0.2983%**
log(a? 1) - 0.9696*** 0.9641%#* 0.2240*

Note: The coefficient estimates are based on estimation of linear prediction and EGARCH models over the sample 1926:01-
2008:12. The OLS estimates are based on a multivariate regression of monthly S&P 500 excess returns on lagged values of
the predictor variables listed in the rows. The EGARCH models assume conditionally normally distributed return innovations
and are based on maximum likelihood estimation with the lagged predictor variables listed in the rows included as additional
variables in the mean and/or variance equations. The coefficient estimates for the dividend yield have been multiplied by 100.
All errors are corrected for heteroskedasticity and autocorrelation. * significant at the 10% level. ** significant at the 5% level.

¥ gignificant at the 1% level
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Table 3: Root Mean Squared Forecast Errors

In-sample Out-of-sample
PMV 4.221 4.247
TVM 4.193 4.323
PM-EGARCH 4.221 4.255
TVM-EGARCH 4.198 4.270
TVM-EGARCHX 4.200 4.286
PQ 4.232 4.278
DQ 4.225 4.302
DQX 4.208 4.397

Note: This table presents in-sample and out-of-sample root mean squared forecast errors over the sample period 1956:01 -
2008:12. All values have been multiplied by 100. The out-of-sample results are obtained by estimating the models recursively
using a rolling window with 30 years of observations. The prevailing mean and variance (PMV) model assumes constant mean
and variance. The time-varying mean (TVM) model allows the mean to vary over time but assumes constant variance. The
PM-EGARCH model assumes a constant mean and a time-varying variance, while the TVM-EGARCH and TVM-EGARCHX
models allow for both time-varying mean and variance, with the latter model including the predictor variables in both the mean
and variance equations. The prevailing quantile (PQ) model assumes constant quantiles, the dynamic quantile (DQ) model
allows for time-varying quantiles, while the DQX model allows the quantiles to depend on their own lagged values as well as on

the economic predictor variables. * significant at the 10% level, ** significant at the 5% level, *** significant at the 1% level.
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Table 5: Pairwise Density Forecast Comparisons
(a) Full Distribution

PMV TVM PM-EGARCH TVM-EGARCH TVM-EGARCHX PQ DQ DQX
PMV -
TVM -0.0126 -
PM-EGARCH 0.0379* 0.0505%* -
TVM-EGARCH 0.0450**  0.0576** 0.0071 -
TVM-EGARCHX  0.0149 0.0275 -0.0230 -0.0301* -
PQ 0.0112 0.0237 -0.0268 -0.0339 -0.0037 -
DQ -0.0168 -0.0042 -0.0547* -0.0618** -0.0317 -0.0280 -
DQX -0.1547%¥* _0.1421%%*%  -0.1926%** -0.1997*** -0.1696*** -0.1658*** -0.1379%**

(b) Center of the Distribution

PMV TVM  PM-EGARCH TVM-EGARCH TVM-EGARCHX PQ DQ DQX
PMV -
TVM -0.0073%*** -
PM-EGARCH 0.0199*** 0.0272%*** -
TVM-EGARCH  0.0226*** (.0299*** 0.0027 -
TVM-EGARCHX 0.0200%** 0.0272%** 0.0000 -0.0027 -
PQ 0.0145%** 0.0218*** -0.0054 -0.0081* -0.0054 -
DQ 0.0067 0.0140** -0.0132** -0.0159** -0.0132** -0.0078 -
DQX -0.0305*** -0.0233**  -0.0504*** -0.0532%** -0.0505%** -0.0451%** -0.0373***

(c) Left Tail of the Distribution

PMV TVM PM-EGARCH TVM-EGARCH TVM-EGARCHX PQ DQ DQX
PMV -
TVM 0.0178** -
PM-EGARCH 0.0007 -0.0171 -
TVM-EGARCH 0.0293* 0.0115 0.0286** -
TVM-EGARCHX  0.0161 -0.0017 0.0154 -0.0132 -
PQ 0.0005 -0.0174* -0.0002 -0.0288* -0.0156 -
DQ -0.0149  -0.0327** -0.0156 -0.0442%* -0.0310 -0.0154 -
DQX -0.0730*** -0.0909***  -0.0737*** -0.1023*** -0.0891*** -0.0735*** -0.0581** -

(d) Right Tail of the Distribution

PMV TVM PM-EGARCH TVM-EGARCH TVM-EGARCHX PQ DQ DQX
PMV -
TVM -0.0304*** -
PM-EGARCH 0.0372*** 0.0676*** -
TVM-EGARCH 0.0157  0.0462*** -0.0215%* -
TVM-EGARCHX -0.0012 0.0292* -0.0384** -0.0169** -
PQ 0.0107  0.0411*** -0.0265* -0.0050 0.0119 -
DQ -0.0019  0.0285** -0.0391** -0.0176 -0.0007 -0.0126 -
DQX -0.0816*** -0.0512**  -0.1189*** -0.0974%** -0.0805%** -0.0923*** -0.0797**F* -

Note: This table presents the Weighted Likelihood Ratio test statistic of Amisano and Giacomini (2007) for pairwise comparison of the performance

of two density forecasts. Models in the rows are compared against models in the columns. A positive number suggests that the model in the row

provides a better density forecast than the model in the column, while a negative number suggests the reverse. All results are out-of-sample and

cover the period 1956:01-2008:12. Forecasts are obtained by estimating the models recursively using a rolling window with the most recent 30

years of observations. The individual models are described in the caption to Table 3. * significant at the 10% level, ** significant at the 5% level,

**%* significant at the 1% level.
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Table 6: Portfolio Return Performance for each of the Density Forecasting Models

(a) In-Sample Results

CER Sharpe Ratio Mean St. Dev. Skewness Kurtosis
PMV 6.861% 0.4063 8.528% 8.146% -0.170 1.687
TVM 8.154% 0.5401 10.640% 10.039% 0.363 4.766
PM-EGARCH 6.894% 0.4131 8.685% 8.393% -0.410 1.647
TVM-EGARCH 7.917% 0.5233 10.146% 9.417% 0.004 4.533
TVM-EGARCHX 8.086% 0.5402 10.398% 9.589% -0.023 4.149
PQ 6.823% 0.4074 9.036% 9.371% -0.177 1.672
DQ 7.128% 0.4383 9.272% 9.250% 0.007 3.539
DQX 8.707% 0.6038 11.178% 9.870% -0.016 6.356

(b) Out-of-Sample Results

CER Sharpe Ratio Mean St. Dev. Skewness Kurtosis
PMV 5.533% 0.2996 8.421% 10.691% -0.108 2.724
TVM 6.273% 0.3439 8.386% 9.211% 0.296 7.065
PM-EGARCH 5.740% 0.3429 9.175% 11.541% -0.433 1.590
TVM-EGARCH 7.083% 0.4381 9.603% 10.008% -0.003 4.035
TVM-EGARCHX 7.042% 0.4320 9.269% 9.378% -0.114 4.834
PQ 5.392% 0.2968 8.505% 11.076% -0.175 2.358
DQ 5.036% 0.3000 8.860% 12.138% -0.448 2.081
DQX 5.603% 0.2951 8.228% 10.199% 0.024 4.992

Note: This table presents summary statistics for the portfolio returns of an investor with power utility and a relative risk

aversion coefficient of 5 who uses density forecasts from the models listed in the rows to allocate money to either a risk-free

asset or the S&P 500 portfolio. CER is the certainty equivalent return. All values are annualized. All results cover the sample

1956:01-2008:12. The out-of-sample results are obtained by estimating the models recursively using a rolling window with the

most recent 30 years of observations. The individual models are described in the caption to Table 3.

31



Table 7: Risk-Adjusted Relative Return Performance

(a) In-Sample Results

PMV TVM PM-EGARCH TVM-EGARCH TVM-EGARCHX PQ DQ DQX
PMV -
TVM 2.097%** -
PM-EGARCH 0.223% -1.874%* -
TVM-EGARCH 1.713%**  -0.384% 1.490%* -
TVM-EGARCHX 2.116%**  0.019% 1.893%* 0.403% -
PQ 0.100%  -1.996%** -0.123% -1.613%* -2.016%* -
DQ 0.543%*  -1.554%* 0.320% -1.170% -1.573%* 0.443% -
DQX 2.566%***  0.470% 2.343%%** 0.853% 0.450% 2.466%***  2.023%***

(b) Out-of-Sample Results

PMV TVM PM-EGARCH TVM-EGARCH TVM-EGARCHX PQ DQ DQX
PMV -
TVM 1.246% -
PM-EGARCH 0.504%  -0.742% -
TVM-EGARCH 2.083%*  0.837% 1.578% -
TVM-EGARCHX 1.949%* 0.703%* 1.445% -0.134% -
PQ -0.045%  -1.291% -0.550% -2.128%* -1.995%* -
DQ -0.006%  -1.252% -0.511%* -2.089%* -1.955%* 0.039% -
DQX 0.705%  -0.541% 0.201% -1.378%** -1.244%** 0.751% 0.711% -

Note: This table reports the relative risk-adjusted return performance (in percent per annum) of portfolios based on models

listed in the rows versus those based on models listed in the columns. The risk-adjusted annual alpha is calculated as the sample

average of the stochastic discount factor times the difference between portfolio returns based on forecasts from the model listed

in the row and those from the portfolio based on the model listed in the column. The stochastic discount factor is based on

the approach of Almeida and Garcia (2008). A positive number suggests that the model listed in the row produces higher

risk-adjusted returns than the model listed in the column. All results cover the period 1956:01-2008:12. The out-of-sample

results are obtained by estimating the models recursively using a rolling window of the most recent 30 years of observations.

The individual models are described in the caption to Table 3. * significant at the 10% level, ** significant at the 5% level, ***

significant at the 1% level.
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Figure 1: Slope Coeflicients from Linear Quantile Regressions

(a) Dividend Yield (b) T-Bill Rate
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Note: This figure plots the slope coefficients from linear quantile regressions of monthly stock returns on a set of lagged
predictor variables. We show estimates of the quantile regression slopes (black solid line) and 95% confidence intervals based

on bootstrapped standard errors (black dashed lines).
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Figure 2: Quantile Function

(a) Dividend Yield (b) T-Bill Rate
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Note: This figure plots the quantile function of returns from the linear quantile model with lagged predictor variables. The
solid line sets all predictor variables to their sample mean; the dotted line sets the corresponding predictor variable at its mean
plus two standard deviations while the other variables are set to their mean; the dashed line sets the corresponding predictor

variable at its mean minus two standard deviations while the other variables are set to their mean.
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Figure 3: Time Series of Quantile Forecasts from Dynamic Quantile

(a) TVM-EGARCHX
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Note: This figure plots time-series of the 5% (bottom blue line), 10% (bottom black line), 50% (middle black line), 90% (top
black line) and 95% (top blue line) conditional quantiles from the DQX and TVM-EGARCHX models. The horizontal red lines

show the corresponding estimates of the constant quantiles of the return distribution.
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Figure 4: Estimates of the Density of the Probability Integral Transform

(a) PMV (b) TVM

(c) PM-EGARCH (d) TVM-EGARCH

(e) TVM-EGARCHX (f) PQ

Note: This figure plots histograms of the probability integral transforms evaluated at the actual values of excess returns, u¢, based on out-of-
sample return forecasts. The histogram heights are normalized to have an average height of 1. Provided that the density is correctly specified, the
sequence of u¢ should be independently and identically, uniformly distributed and the normalized histogram should be that of a U(0,1). The solid
line represents the probability density function of a U(0,1) random variable while the dashed lines are the 95% confidence intervals for normalized
histogram heights. The out-of-sample forecasts for the period 1956:01-2008:12 are obtained by estimating the models recursively using a rolling

window with the most recent 30 years of observations.
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Figure 5: Rank Correlation between Statistical and Economic Performance Measures
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Note: This figure presents scatter plots of out-of-sample economic performance measures against statistical performance mea-

sures along with the Spearman rank correlation between these measures. RMSE (root mean square error) and probability

distribution fit (the Weighted Likelihood Ratio test statistic of Amisano and Giacomini (2007) for the full return distribution)

are statistical measures of performance. CER (certainty equivalent return), Sharpe ratio and mean returns are measures of

economic performance. All results are computed out-of-sample and cover the period 1956:01-2008:12.
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