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ABSTRACT

This paper considers the issue of testing hypotheses in the presence of (possibly) singular covariance
matrices. We focus on the case where the finite-sample covariance matrix may not be singular but
converges to an asymptotic singular population matrix. The econometrician can face this type of
situations when the derivative matrix of the restrictions has a lower rank only at the true value
of the parameter, or situations where there may be an identification problem asymptotically that
cannot be detected in finite samples. More generally, when the econometrician suspects any possible
singularity issue, the usual inverses are discarded and replaced with generalized inverses, or g-
inverses [see Moore (1977), Andrews (1987) for the generalized Wald tests] or modified inverses
as proposed by Liitkepohl and Burda (1997). To face such difficulties, we introduce regularized
inverses in such a way that the continuity property is preserved (at least for some of them). Our
modified inverses can be viewed as a generalization of the one introduced by Liitkepohl and Burda
(1997). Our contributions can be summarized as follows. First, we introduce a class of regularized
inverses as opposed to the class of generalized inverses but shares common properties with the
latter. Those regularized inverses involve a (variance) regularization function or VRF that can
be defined as a perturbation function of the small eigenvalues that stabilizes the inverse. Second,
those regularized inverses are used to build regularized test statistics (Wald-type, score-type and
LR-type test statistics) based on singular (asymptotic) covariance matrix. Third, using spectral
decomposition based tools the inverse can be decomposed into three components, one viewed as
regular built on large eigenvalues while the other ones which involve the small eigenvalues may not
be regular. From this decomposition, we identify a convenient decomposition for the test statistic
itself that can be exploited to set distributional bounds. Fourth, following Kato (1966) and Tyler
(1981), we propose to work with the fotal eigenprojections in order to circumvent the discontinuity
and non-uniqueness features of eigenvectors. Fifth, the specification of the VRF allows us to define
two classes of tests whether the threshold used to disentangle the small eigenvalues from the the
others is fixed or varies with the sample size.



1. Introduction

This paper considers the issue of testing hypotheses in the presence of (possibly) singular co-
variance matrices. We focus on the case where the finite-sample covariance matrix may not be
singular but converges to a singular population matrix. The econometrician can face this type of
situations when the derivative matrix of the restrictions has a lower rank only at the true value of
the parameter, or situations where there may be an identification problem asymptotically that can-
not be detected in finite samples. This asymptotic nonidentification can arise in a two-stage least
squares framework when the coefficient matrix on the instruments is local to zero and the coef-
ficient matrix on the regressors is fixed in the reduced form equation. In this case Y and X are
asymptotically multicollinear, leading to an asymptotically singular regressor moment matrix and
to nearly unidentified parameters of the structural equation [see Staiger and Stock (1997, page 569).
In such cases, the typical rank convergence condition for the estimator of a singular (covariance)
matrix used by Andrews (1987) does not hold. This violation will affect the asymptotic distribution
of the test statistics. Another situation where we can encounter an asymptotic singularity is with
superconsistent estimators such as the OLS estimator for the time trend. Indeed, in this model the
OLS estimator for the intercept is root-n consistent while the time trend estimator is n%/2 consistent
[see Hamilton (1994, chapter 16, page 460)]. In order to come up with a nondegenerate distribu-
tion, each component has to be scaled with its suitable convergence rate. However in practice, the
econometrician does not know the presence of multiple convergence rates for the different compo-
nents of the parameter vector [see also Dovonon and Renault (2009) for multiple convergence rates
applied to a first-order unidentified GMM setup]. Therefore a general method that can handle such
difficulties can reveal very helpful in empirical applications.

More generally, there exist two different types of singularity: the most usual one addressed
by Andrews (1987) deals with finite-sample singular matrices whose rank converges almost surely
towards the rank of its population limit. The other type of singularity stems from a finite-sample
full-rank matrix that converges to an asymptotic singular (covariance) matrix but violates the typical
rank convergence condition of Andrews (1987). When dealing with problems of the first type, usual
inverses are discarded and replaced with generalized inverses, or g-inverses [see Moore (1977), An-
drews (1987) for the generalized Wald tests] or modified inverses of the type proposed by Liitkepohl
and Burda (1997). However, when using non-standard inverses, econometricians are not always
aware of two difficulties. First, the well-known continuous mapping theorem so widely used by
econometricians to derive asymptotic distributional results for test statistics does not apply any-
more because g-inverses are not (necessarily) continuous. This fact has been observed by Andrews
(1987). In addition, eigenvectors are not continuous functions in the elements of the matrix of inter-
est unlike the eigenvalues. Second, when performing the singular value decomposition of a matrix,
the eigenvectors corresponding to eigenvalues with multiplicity larger than one, are not uniquely de-
fined, which may rule out the convergence of the estimates towards population quantities. Ignoring
such concerns may lead to distributional results which are strictly speaking wrong.

To face such difficulties, we introduce modified inverses in such a way that the continuity prop-
erty is preserved (at least for some of them). Our modified inverses can be viewed as a generalization
of the one introduced by Liitkepohl and Burda (1997) and Valéry (2005). Our contributions can be



summarized as follows. First, we introduce a class of regularized inverses as opposed to the class
of generalized inverses but shares common properties with the latter. Those regularized inverses
involve a (variance) regularization function or VRF that can be defined as a perturbation function
of the small eigenvalues that stabilizes the inverse. Second, those regularized inverses are used to
build regularized test statistics (Wald-type, score-type and LR-type test statistics) based on singular
(asymptotic) covariance matrix. Third, using spectral decomposition based tools the inverse can
be decomposed into three components, a regular one built on large eigenvalues while the others
involving small eigenvalues may not be regular. From this decomposition, we identify a convenient
decomposition for the test statistic itself that can be exploited to set distributional bounds. Thus,
when the regularized test statistic has a nonstandard distribution (a mixture of chi-square), the stan-
dard chi-square distribution can then be used as an upper bound to conduct an asymptotically valid
test. Fourth, following Kato (1966) and Tyler (1981), we propose to work with the total eigen-
projection in order to circumvent the discontinuity and non-uniqueness features of eigenvectors. A
lemma given by Tyler (1981) states the continuity property for the fotal eigenprojection (the sum
of the eigenprojections over a subset of the eigenvalues). We extend those results to the case of
convergence in probability. Fifth, the specification of the VRF allows us to define two classes of
tests whether the threshold used to disentangle the small eigenvalues from the the others is fixed or
varies with the sample size.

More specifically, our regularization approach has good properties in many respects. First, the
class of regularized inverses introduced in this paper shares some properties with the generalized
inverses but with the main difference that they do solve for the instability property of g-inverses
(for instance, the Moore-Penrose inverse is not continuous in the elements of the initial matrix) by
setting constraints on the elements of the matrix (somewhat similar to the rank condition used by
Andrews (1987).

Second, following Kato (1966) and Tyler (1981), we work with the eigenprojection in order
to circumvent the discontinuity and non-uniqueness features of eigenvectors. The eigenprojection
projects onto the invariant (to the choice of the basis) eigenspace, i.e. the subspace generated
by the eigenvectors. A lemma given by Tyler (1981) states the continuity property for the toral
eigenprojection (the sum of the eigenprojections over a subset of the eigenvalues). In this way,
the important continuity property is preserved for eigenvalues and eigenprojections even though
eigenvectors are not continuous. By combining this total eigenprojection technique with a specific
design for the perturbation function of the eigenvalues, the regularized inverses remain continuous.
As a result, test statistics can be defined as a linear transformation of those total eigenprojections
and the distributional theory built from them not misleading. This continuity property enjoyed by
the regularized inverses is an important contribution to the econometric literature.

Third, regularized inverses involve a variance regularizing function (or VRF) which consists in
inflating the small eigenvalues that fall below a certain threshold so that their inverse is well de-
fined whereas the large eigenvalues remain unchanged. The specification of the VRF allows ones
to define two classes of tests whether the threshold used to disentangle the small eigenvalues from
the the others is fixed or varies with the sample size. The first class of tests which exploits a fixed
threshold introduces regularized test statistics (Wald-type, score-type and LR-type test) with a non-
standard distribution (a mixture of chi-square). However, this class admits the standard chi-square



distribution (with the degree of freedom corresponding to the full rank case) as an upper bound.
This upper bound is very useful to the extent that the usual critical points can be used to provide an
asymptotically valid test. However the econometrician can do better from the viewpoint of power by
simulating the test. Indeed, usual critical points yield conservative tests which can lead to a loss of
power under the alternative. The second class of tests allows the threshold to vary with the sample
size. When the threshold declines to zero at an appropriate rate, the regularized tests are asymp-
totically distributed as the chi-square distribution with a reduced degree of freedom (corresponding
to the number of eigenvalues greater than zero) like in Liitkepohl and Burda (1997). However this
second class of tests requires more information on the asymptotic behavior of the sample eigenval-
ues. In this respect, a general result established by Eaton and Tyler (1994) where they generalize
some nonclassical results given by a wide strand of statistical and multivariate analysis literature
provide us with the convergence speed of the sample eigenvalues (in the presence of eigenvalues
with multiplicity greater than 1) needed for our distributional results [see, for example Anderson
(1963), Anderson (1987) and Amemya (1986)]. Some of the regularizing functions used are our
own design while others are commonly used in the literature on inverse problems; see Engl, Hanke
and Neubauer (2000) and Kress (1999).

Fourth, another appealing property of our regularization approach is that it naturally entails a
decomposition of the matrix into two or three components, one viewed as regular built on large
eigenvalues while the other ones which involve the small eigenvalues may not be regular. Based on
this covariance matrix decomposition, we identify a convenient decomposition for the test statistic
itself.

Fifth, the tests so regularized do embed three possible cases. Case I corresponds to the usual
case when using sample covariance matrices which converge to a full rank limiting matrix. Regular-
izing the matrix when unnecessary will disappear asymptotically (at least for the varying threshold
case). Case 2 corresponds to using sample covariance matrices which converge to a singular lim-
iting matrix under the condition that the rank of the matrix estimator does converge to the rank of
the limiting population matrix. In such a case, the limiting distribution is modified only through
an adjustment of the degree of freedom; this is the case covered by Andrews (1987) and Liitkepohl
and Burda (1997). Finally case 3 makes use of consistent sample covariance matrices which do
not satisfy the rank condition of Andrews (1987). Under such a circumstance, a regularization is
required to provide a valid test but at the cost of a fully modified asymptotic distribution that can be
obtained by simulation.

Sixth, our regularized inverses may be viewed as a generalization of Liitkepohl and Burda
(1997)’s results by allowing more flexibility in selecting the threshold ¢ for separating the eigenval-
ues. More generally, the estimate of the perturbation function of the eigenvalues can be viewed as a
Hodges’ estimator applied to the eigenvalues. With an appropriate choice of the regularization (tun-
ing) parameter, the Hodges’ estimator is a consistent estimator not only for the "small" components
of the true eigenvalues but also for the large ones. This is the so-called superefficiency property
enjoyed by the Hodges’ estimator [see LeCam (1953)]. From our decomposition, the generalized
Wald tests defined in Andrews (1987) and Liitkepohl and Burda (1997) can be replicated by keeping
only the first regular component of the test statistic and setting to zero the other nonregular com-
ponents. In discarding so the latter, their technique may result in a loss of information. Revisiting



their tests as we do may yield some gains in power.

Seventh, our regularization approach discards any re-parametrization of the initial parameters.
Finding suitable transformations of the parameters that circumvent the singularity problems can
reveal tricky in highly nonlinear models for econometricians. This is the approach proposed by
Pefiaranda and Sentana (2008) where the authors exploit some implicit restrictions on the initial
parameters to reduce the number of parameters to identify. At the same time, they use, as Liitkepohl
and Burda (1997) do, a generalized inverse as weighting matrix in a GMM setup to reduce the
number of moment conditions accordingly. In this way, the reduced moment conditions will locally
identify a subset of the initial parameter vector. To some extent, Pefiaranda and Sentana (2008) do
impose some restrictions on the null space of the singular limiting matrix. By reducing the number
of parameter of interest, this boils down to assuming that the strongest collinearity in the design is
restricted to the covariates that have no influence on the response.

In the same spirit, Knight and Fu (2000) works on the null space of the singular matrix on
which there exists a positive definite matrix. More specifically, they study the asymptotic behavior
of Bridge estimators under this nearly singular design and find that the resulting estimators have a
slower rate of convergence than the usual root-n convergence rate. In this setup, the regularization
has the advantage of preserving the usual root-n convergence rate of the estimators [see for instance
Carrasco and Florens (2000),Carrasco, Chernov, Florens and Ghysels (2007)].

Eighth, while our main concern is testing, some authors make use of the related spectral decom-
position based-tools to regularize estimators when a continuum of moments is used in a GMM or IV
framework; see Carrasco and Florens (2000), Carrasco, Chernov, Florens and Ghysels (2007), Car-
rasco, Florens and Renault (2007), Carrasco (2007). In particular, Carrasco (2007) proposes some
modified IV estimators based on different ways of inverting the covariance matrix of instruments.
Indeed, when the number of instruments is very large with respect to the sample size or even infinite,
the covariance matrix of the moment conditions becomes singular and some non-standard inverses
are required. By contrast, we focus on testing issues by proposing regularized test statistics.

Finally, whereas Moore (1977), Andrews (1987) and Liitkepohl and Burda (1997) did focus on
generalized Wald tests, we extend the regularized tests beyond the sole Wald tests, by considering
C'(«)-type and LR-type tests in a GMM setup that could accommodate for identification problems.
But our regularization approach goes beyond the GMM framework. Provided that we can find a
root-n asymptotically gaussian estimator (or of the restrictions), we can build a regularized Wald
test, whatever its origin, and proceed.

The paper is organized as follows. In Section 2 we review the well-known methodology of usual
Wald-type tests, C'(«)-type tests and LR-type tests in two different frameworks, a GMM framework
together with a more general setup where the only requirement is to find an asymptotically gaussian
estimator or restriction functions for which the delta method applies. Then, we will introduce the
regularized inverses together with their properties in Section 3 followed by the regularized test
statistics in Section 4. More specifically, a decomposition of the statistic is highlighted through
the corresponding decomposition of the covariance matrix. In Section 5 we review and adapt
some results on eigenprojections to derive the convergence results for the regularized inverses. In
particular, we highlight some (non)uniqueness and (dis)continuity properties related to eigenvectors
of a given matrix and provide a solution based on eigenprojection techniques to surmount such



difficulties. In Section 6, we state new asymptotic distributional results for the regularized statistics
involving continuous regularizing functions. Finally an application to causality testing is provided
in Section 7 followed by simulation results in Section 8. Concluding remarks follow while the
proofs are gathered in the appendix.

2. Framework and test statistics

2.1. Basic assumptions

We consider an inference problem about a parameter of interest § € (2 € RP. In order to
identify the true value 6, of 6, we consider an m X 1 vector score-type function D,,(6,Y,,) where

Y, = [y1,y2, - ,yn) is an n x k stochastic matrix satisfying the following assumptions.

Assumption 2.1 /nD,(6,Y,,) £ Do (0), where Do () is a random variable.
n—oo

Assumption 2.2 (Identification) Ey,[Doo(0)] = 0 iff 6 = 6, where the expectation is taken
w.r.t. the true probability distribution.

Assumption 2.3 D (69) ~ N[0,1(60)], where the information matrix 1(6o) is m x m.

Thus \/nD,(0y,Y,) £ N [0,1(0o)]. Assumptions 2.2 and 2.3 lead to a GMM estimator
n—oo
through the population orthogonality condition

Egy[Doo(60)] = 0.

Typically, D,,(0,Y,,) has the form

1 n
Dn(eayn) = Ezht(eayt)
t=1

where Ep,[ht(0o,y:)] = 0 . Usually, Assumption 2.2 requires that m > p. A GMM estimator is
obtained by minimizing w.r.t. # an objective function of the form

M, (6, Wy) = Dy (8,Y,) WnDn (6, Yy) 2.1)

where W,, is (usually) a symmetric positive definite matrix. Moreover, a standard regularity as-
sumption which is usually made in the GMM framework is the following.

Assumption 2.4 (Nonsingular weighting matrix) The symmetric positive definite (possibly ran-
dom) m x m matrix W, satisfies the limiting condition:

plim W,, = Wy with det(Wp) # 0. 2.2)

n—~oo



Later on, we shall relax the above nonsingularity condition. This condition matters especially for the
LR-type tests built from a GMM objective function. In this paper, we consider testing problems in
the presence of singular covariance matrices. Under such circumstances, our purpose is to propose
solutions which may hold irrespective of such nonsingularity assumptions. Let 0,, be the unrestricted
estimator obtained by minimizing the objective function M, (6, W,,), and 672 the corresponding
constrained estimator under the null hypothesis:

Ho (o) : ¢(0) = 4o (2.3)

where ¢ : RP — RY,

Usual distributional theory critically hinges on regularity conditions such as the assumptions
reviewed in this section. These assumptions define the standard regular framework upon which is
built the whole usual distributional theory. We shall relax later on theses assumptions, especially
those referring to rank conditions usually made on the restriction matrix or the covariance matrices
of interest.

Assumption 2.5 (Local regularity) There is a (nonempty) open neighborhood N1 of 60y such that
the q x 1 vector function ¢(0) is continuously differentiable with rank[P(0)] = q for all € Ny,
where

P(0) = 0y/00" . (2.4)
Let
H(GQ, Yn) == @

In the regular framework, the m x m matrix (6y) and the m x p matrix J(6y) are (usually) assumed
to be full-column rank matrices. If

Dy (60,Yr,) nio J (o) . (2.5)

1 n
n) = ﬁzhtw; Yt)
t=1

I(6p) and J(6p) may be estimated using heteroskedastic, autocorrelation consistent (HAC) covari-
ance matrix estimator:

fnw): Y R/ K, 0) 2.6)
=—(n-1)

where k(-) is a kernel function, K, is a sample—size dependent bandwidth parameter,

. . h 0y ) he_;(0; " if5>0
10(j,0) = Zt—f £(0; y£) hi—5(0; y—j) 1 .7'_ ) 2.7
e (1) ht+j(9, Yeri)he(O3 ) ifj <O,
and oD,

with 0 replaced by a consistent estimator.



2.2. Score and LR-type test statistics

We first focus on two types of test statistics, namely the score-type and the LR-type statistics.
We will now briefly review the theory of C'(«) tests which encompass LM-type tests. The C'(«) test
statistic is well-defined under the following assumptions; for a more comprehensive presentation of
C'(«) tests, see Dufour and Trognon (2001) and the references therein. For the statistic to be well-
defined, we need consistent estimators as specified in both assumptions below.

Assumption 2.6 (Root-n consistent restricted estimator) 52 is a consistent restricted estimate of
0o such that (%) = 0 and \/n(0° — 0y) is asymptotically bounded in probability.

Assumption 2.7 (Consistent estimators)

plim 1,,(6°) = I(A), plim P(6°) = P(6p), plim J,(6°) = J(6y) .
For the sake of notational simplicity, let Py = P(62), Iy = I,,(%) and Jo = J,,(62). The C(c) test
statistic is then defined as . o B
PC(0:4) = nDy(0) WoDn (6)) (2.9)
where

Wo = Iy Yo (Jy Iy o) T By [ By (ToIy M Jo) ™ Py) B (T M o) I

Under standard regularity conditions, the C/(«) statistic PC/(6; 1)) has an asymptotic null distribu-
tion without nuisance parameters, namely x2(q).
We will also investigate a "LR-type" test initially suggested by Newey and West (1987):

LR(y) = n[My (0, I;") = My (00, T, )] (2.10)
where
M,(0,I;Y) = D,(0)' I, ' D,(6) , (2.11)

and W,, = I-1, where I,, = I,,(6,,), with f,, a consistent preliminary estimator of §. Under standard
regularity conditions, this test statistic is asymptotically pivotal with a x?(q) distribution.

2.3. Wald-type tests

More generally, there is no need to restrict our attention to a GMM estimator as the one intro-
duced in equation (2.1). Indeed, a Wald-type test can be built from any root-n consistent estimator
satisfying the assumption below.

Assumption 2.8 (Estimator /n convergence) én is a consistent estimator of 0y such that:

V(b —00) 5 N(0,5,) . (2.12)

In order to conduct a Wald test, we shall restrict ourselves to restriction functions that are asymp-
totically gaussian. So it is important to note that Assumption 2.8 implies Assumption 2.9 under the



condition that the Delta method applies, discarding degenerate distributions.

Assumption 2.9 (,/n convergence of the restrictions)

Va((0,) —w(60) 5 N(0,Zy(60)) - (2.13)

n—oo

The usual Wald statistic for testing Ho (o) : ¥ (60p) = 1o is:

Wa(tho) = nlth(6n) — ol 2 [1h(0n) — o] (2.14)

provided the inverse exists, where

Sy = P(0n)ZeP(0,)

with 29 being a consistent estimator of Xy, . If Hy(1)p) holds and the ¢ x g-matrix
Yy(0) = P(0)XyP(0)

is nonsingular [i.e. [ Xy (0)| # 0 for # € Ny, where |- | stands for the determinant], then W, (1)o) has
an asymptotic x?(q) distribution. This is not necessarily true, however, if X, (6) is singular. The
latter may hold, if Xy is singular or if P(6) does not have full row rank ¢. In this case, X, () does
not admit a usual inverse but can still be inverted by means of a generalized inverse or a regularized
inverse. In Section 4, we introduce the family of regularized test statistics based on regularized
inverses of the covariance matrix as a way to deal with such difficulties. First, let us introduce the
class of regularized inverses as opposed to the class of generalized inverses.

3. Regularized inverses

The methodology introduced in this section applies to any symmetric matrices and more specif-
ically to covariance matrices. We first introduce some notations. Let A = (A1,...,),)" where
A1 > Ay > ... > ), are the eigenvalues of a ¢ X ¢ (covariance) matrix X/, and V' an orthogonal
matrix such that ¥ = VAV’ where A = diag(\1,..., ;). Specifically, V' consists of eigenvec-
tors of the matrix X ordered so that X'V = V A. Let m(\) be the multiplicity of the eigenvalue
A. Although the matrix A is uniquely defined, the matrix V' which consists of the eigenvectors
is not uniquely defined when there is an eigenvalue with multiplicity m(A) > 1. The eigenvectors
which correspond to eigenvalues with m(\) > 1 are uniquely defined only up to post-multiplication
by an m()\) x m(\) orthogonal matrix. Moreover, let X be a consistent estimator of X with
elgenvalues 5\1 > 5\2 > .. > /\ and V an orthogonal matrix such that > = VAV’ where
A= dlag()\l, e ,)\ ). For ¢ > 0, we denote ¢(X, c) the number of eigenvalues A such that A > ¢
and q(E c) the number of eigenvalues A such that X > ¢.

If rank(X) = rank(X) = ¢ with probability 1, i.e. both matrices are almost surely (a.s.)
nonsingular, so the inverses X! = VA1V’ and S =VA WV are (a.s.) well defined. However,
if rank(X) < ¢ and rank(X) < ¢, we need to make adjustments. For this, we define a regularized



inverse of a (covariance) matrix .

TR —yAty (3.1)
where
g[A1; ] 0
AT = AT o] = , (3.2)
0 9[Ag: ]

g[A; ] > 0, and g[\; ] is non-increasing in A. The scalar function g[\; ¢] modifies the inverse of the
eigenvalues in order to make the inverse well-behaved in a neighborhood of the true eigenvalues.
We shall call it the (variance) regularization function (VRF).

We now introduce a partition of the matrix A’ into three submatrices where ¢ represents a
threshold which may depend on the sample size and possibly on the sample itself, i.e. ¢ = ¢[n, Y,]:

Alxd 0 0
Af = 0  Alxdg 0 . (3.3)
0 0 Al

Let ¢; = dim AZ[X; ¢, fori =1,2,3, with ¢ = q¢(X, ¢), g2 = m(c) and g3 = ¢ — ¢1 — go. In other
words, g1 represents the number of eigenvalues A\; > c. The three above components correspond to:

A‘;[;\;c] = diag[g[\1;¢c],. .., 9[Aq;d]] for A>c |

A;[/_\;c] =g(c;c)ly, for A=c ,

a g2 X g matrix with go = m(c) denoting the multiplicity of the eigenvalue A = ¢ (if any),
A:T))[;\; c] = diag [g()\qlJquH; e),...,9(Ag c)] for A<c.

More specifically, the large eigenvalues that fall above the threshold ¢ remain unchanged whereas
those equal to or smaller than the threshold are inflated to make their inverse well-behaved.

Let V7 (c) be a ¢ x ¢ matrix whose columns are the eigenvectors associated with the eigenvalues
A > carranged in the same order as the eigenvalues. The eigenvectors associated with A > ¢ form a
basis of the eigenspace corresponding with A. If m(\) = 1, these eigenvectors are uniquely defined,
otherwise not. The same holds for the ¢ x g2 matrix V5(c) whose columns are the eigenvectors
associated with the eigenvalues A = c¢ and for the ¢ x g3 matrix V3(c) whose columns are the
eigenvectors associated with the eigenvalues A < c. AJ{ [A; d], A; A; c],Ag[;\; c], Vi(e), Va(c) and
V3(c) denote the corresponding quantities based on the estimate 3, with dimA;[\;¢] = ¢ =
card{i € I : \; > ¢}, dimAs[\; ] = o = card{i € I : \; = ¢}, dimA3[\; ¢] = §3 = card{i €
I: )i < c}, respectively.

Using decomposition (3.3), the regularized inverse can be decomposed as follows:

L= vaAY



AlNd 0 0 1%

= Vi Va V3] 0 A;[;\;c] 0 %4
0 0 /1?;[5\; e V3
= WAV} + VAl + VaALvy (3.4)

where AZT = /1;-r [A; c] for the sake of notational simplicity. Note that the original matrix X can be
decomposed similarly as

Yy =vAV' = \/'1A1V1’ + VQAQ‘/QI + V3/13VE3/ . 3.5

Let Id denote the identity matrix. Let us establish some interesting properties for the regularized
inverses.
Property 1 Let X7 be the regularized inverse of X. If g|\; c| is non-increasing in ), then we have

i) XX < Id;

i) XYRY < ¥

i) (77" > ¥,
iv) rank(X%) > rank(X)

It is important to notice that any transformation of the original matrix X' that diminishes the inverse
XF satisfies relation #44). It is worth noting that the generalized inverses share properties i) and
iv) with the regularized inverses. By contrast, property i) appears as a dominance relation for the
regularized inverse as opposed to g-inverses for which it exactly holds [see Rao and Mitra (1971,
Lemmas 2.2.1 and 2.2.3 page 20-21)]. Contrary to g-inverses, regularized inverses do solve for their
instability property by setting some constraints on the elements of the matrix (somewhat similar to
the rank condition of Andrews (1987)) by means of the regularization function. The VRF perturbs
the small eigenvalues in order to stabilize their inverse, preventing them from exploding.

4. Regularized test statistics

In this section, we introduce the concept of regularized tests which embed three possible cases.
Case 1 corresponds to the usual case when using a sample covariance matrix which converges to a
full rank limiting covariance matrix. Case 2 corresponds to using a sample covariance matrix which
converges to a singular limiting matrix under the condition that the rank of the matrix estimator does
converge to the rank of the limiting population matrix. In such a case, the limiting distribution is
modified only through an adjustment of the degree of freedom; this is the case covered by Andrews
(1987) and Liitkepohl and Burda (1997). Finally case 3 makes use of a consistent sample covari-
ance matrix which does not satisfy the rank condition pined down by Andrews (1987). Under such
a circumstance, a regularization is required to provide a valid test but at the cost of a fully modified
asymptotic distribution. This is the path investigated in this paper. We consider situations when
the rank of the covariance matrix is incomplete asymptotically but not in finite samples. We can
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face this type of situations when the derivative matrix of the restrictions has a lower rank only at
the true value of the parameter, or situations where there is an identification problem asymptotically
that cannot be detected in finite samples. A third situation where we can encounter such an asymp-
totic singularity is with superconsistent estimators such that the OLS estimator for the time trend.
Indeed, in this model the OLS estimator for the intercept is root-n consistent while the time trend
estimator is n3/2 consistent. In order to come up with a nondegenerate distribution, each estimator
has to be scaled with its suitable convergence rate. This approach based on multiple convergence
rates to circumvent the difficulties raised by a singular Jacobian matrix of moment conditions is
used by Dovonon and Renault (2009) to derive the asymptotic distribution (a mixture of x2) of
the GMM overidentification .J test. However in practice, the econometrician does not know the
presence of multiple convergence rates for the different components of the parameters. Therefore
a general method that can handle such difficulties can reveal very helpful in empirical applications.
To the best of our knowledge, such cases have not been investigated in the literature. Under As-
sumption 4.1 and more generally for any matrix with an incomplete rank — either asymptotically or
in finite samples— the usual inverse is not defined and requires either using a generalized inverse or
transforming it such that it becomes invertible. Based on spectral decomposition tools, we propose
to regularize the inverse of the covariance matrix by means of an eigenvalue perturbation function.
The eigenvalue perturbation function will be specifically designed in order to make the inverse well-
behave in a neighborhood of the true eigenvalues. Further, the variance regularization method leads
to a decomposition of the regularized statistics into three components, one viewed as regular built
on large eigenvalues while the others which involve the small eigenvalues may not be regular.

4.1. Regularized score-type tests

Consider the ¢ X m matrix
Qn = OW,] = Po (T, Wi Jn)~ I W, 4.1)

with P, = P(69), J,, = J(89), P(0) = 09 /00', J(0) = 222 (0) = H,(0) .

The assumptions below define the specific nonregular setup we shall be investigating throughout
this paper. Specifically, we will examine to what extent relaxing the usual nonsingularity assump-
tions will affect the behavior of the test criterion. The proposed regularizing tools aim at curing the
misbehavior of the test criterion under such circumstances.

Assumption 4.1 ( Incomplete restriction rank) There is a (non-empty) open neighborhood Ny of
0o such that 1)(0) is continuously differentiable and rank[P(0)] = ry for all 0 € Na such that
0<r <q.

In the following, we analyze situations where the asymptotic covariance matrix does not necessarily
have full rank. We shall restrict our attention to situations where the rank is incomplete only
asymptotically but not in finite samples. To the best of our knowledge, cases where the ranks
do not converge have not been investigated yet in the literature. Under Assumption 4.1 and more
generally for any matrix with an incomplete rank — either asymptotically or in finite samples— the
usual inverse is not defined and requires either using a generalized inverse or transforming it such
that it becomes invertible. While Dufour and Trognon (2001, Proposition 3.1) have chosen the
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generalized inverse approach to proceed, we shall opt for the regularizing approach instead.

The following assumption is crucial for the distribution of the regularized C'(«) test; for those
interested in specific conditions under which this assumption holds in a GMM framework, see
Dufour and Trognon (2001).

Assumption 4.2

Zn L Zy, Z,5 N[0,Vu(60)], det(Vy(6o)) > 0 4.2)
where Z,, = \/ﬁQnDn(ég) Zn = +/nQ(00)D,,(6p) .
We now introduce the regularized C(«) statistic:
PC(0%; )" = nD,(82) ., [Onl0 Q] " 0n D (62) . (4.3)
The latter can be decomposed in three components. To do so, we denote
Vu(0) = Q(0)1(6)Q(6) 4.4)

so that o o
Vy(0p) = QuloQ, . (4.5)
The spectral decomposition of 1, (69) is:
Vy(8p) = V(@) AG)V (6,) - (4.6)

This yields for the Moore-Penrose inverse

V(8] = Vi(e) AT (e)V{(c) 4.7)
and the regularized inverse
Ve (017 = Vi(e) Al () V] () + Va(e) Al () V3 () + Va(e) AL (e) V4 (c) - (4.8)

Based on this regularized inverse, we introduce the regularized C'(«) statistic, which can be decom-
posed as follows:

PC(2)F = ZL V(0] Z,

= nDu(6))Q [Vi(e) Vale) Va(e)] | 0  Al) 0 | |V5| QuDu(6))

= ﬁln(c) + W%L(C) + Pic?m(c) ) (4.9)
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where

PC1y(c) = nD,(02) Q. Vi(e) Al (e)V(¢) OnDn(2) | (4.10)
PCan(c) = nDn(65)' Q) Va(c) AL(c) V3 (c) OnDn (65) | @.11)
PCsn(c) = nDn(09) Q) V3(c) AL(c) V4 (c) Qn Dy (8D) - (4.12)

It is important to remark that the regularized C(«) statistic given in equation (4.9) can easily be
simulated together with its three components as soon as we have a consistent restricted estimator 0~2
for fy. An heuristic scheme can be implemented as follows. Provided we have a consistent restricted
estimator 52 satisfying Assumption 2.6, the regularized statistic can be simulated as follows:

1. an estimator of the covariance matrix can be built from 52: f/w (ég) = 0,1 Q;l ;
2. the singular value decomposition of this covariance matrix can be performed;

3. the VRF to the objects obtained at stage 2 can be applied to get the three components, i.e.
Vi(c)AZ(c)Vi’(c) fori=1,2,3;

4. some perturbations €, can be drawn form a N (0, I,) distribution;
5. Zp = (W(éﬂ))”zen can be formed;

6. the statistic can finally be computed by using the quadratic form and its decomposition as in
equations (4.9)-(4.12).

The appealing and convenient property of being simulable enjoyed by this specific formulation
widens its scope of application to general nonregular situations. Another appealing feature of this
regularized C(«) statistic is that it can be decomposed into three independent components. The
independence feature of its components arises from the eigenprojection onto different eigenspaces.
This property greatly simplifies the proof of the distributional results of the regularized C(«) test
we shall discuss later on. For the time being, let us turn our attention to the regularized LR-type
tests.

4.2. Regularized LR-type tests

We now study the behavior of the LR-type statistic under the following nonregularity assump-
tion.
Assumption 4.3 (Properties of the weighting matrix) W,, is a positive definite matrix which con-
verges in probability to the positive semi-definite matrix of constants W, i.e. det(Wso) > 0.

Let W, r denote the regularized inverse of W), and let us introduce the regularized GMM criterion

My 1(0) = My (0, Wy 1) = Dy (8) Wiy g D (6) .
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Let én r be the unrestricted regularized GMM estimator while ég R represents its restricted coun-
terpart.

We propose to regularize the "LR-type " test statistic by taking a regularized inverse of the
weighting matrix denoted W), g:

LR()™ = n[My (05, Wy ) — My (6n, Wy, )] (4.13)
where
Ale) 0 0 v/
My (0, Wi.r) = Dn(0) Win.rDn(0) = Dn(0) [Vi(e) Va(e) Va(e)]| 0  Ale) 0 VI | Dn(6)
o 0o Ale) LV
/ )V3(¢) Dn(6)

and A A
Wiing = Vi(©) Al (Vi (¢c) i=1,2,3. (4.15)

Thus the regularized GMM criterion can be decomposed as follows:

M, (0, Wy r) = Mip r(0) + Moy r(0) + M3y r(6) , (4.16)

with
Min,5(0) = Dy(0) Wi nr Dy (6) fori =1,2,3 .

A typical choice for the weighting matrix is to take the inverse of the covariance matrix of the mo-
ment conditions which corresponds in our framework to take the inverse of the information matrix
associated with the score function, i.e. Woo = I(0y) and W g = I R(Ho). It is worth noting that
the decomposition of the regularized inverse carries an important linearity property that is trans-
mitted to the regularized GMM criterion together with the tests statistics themselves as displayed
below. This linearity property will greatly simplify the distributional proofs later on.

This yields a decomposition of the LR statistic into three components

LR($)® = n[Mu (05, Wy,r) = My (6, Wy, g)]
= n [Mln,R(é9L> + MZn,R<é2) + Mi’m,R(ég)] - [Mln,R(én) + M2n,R(én> + M?m,R(én)]

= n[Minr(05) — M1y r(00)] + n[Map r(02) — Moy r(6,)] + n[Msn,r(62) — Mz r(65,)]
= LRy, + LRy, + LR3, “4.17
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4.3. Regularized Wald tests
Similarly, we can decompose the original Wald statistic W, (1) in (2.14) as
Wn(w()) = Wln + W2n + W3n (418)

where Wy, = n (0 Vi/ii_lf/i’ ¥(f), fori = 1,...,3. The regularized counterpart of the above
‘Wald statistics can be defined as follows:

WEo) = ny@)E2(0) =np@) VAT V'y()

g(j\l;c) 0
— )V V' (0)
0 9(A\gic)
Aleg 00\ [W
= ny(0) [Vi(e) Vale) Va(e)] Ale) o | V5| w(d)

4.19)

Wh(o) = n (@) Vi(e) AL (V] ()w(8) + np(8) Va(e) AL (e)V3(c) () + nyp(B) Vs (e) AL () Vi (c)y(0)

= Wik(c) + Wak(c) + Wik(c) .

By partitioning the inverse of the eigenvalue matrix A’ into three blocks, AJ{ (c) for A > ¢, A;(c) for
A=cand Ag(c) for A < ¢, we have identified a convenient decomposition of the statistic into three
components: a first component involving the "large" eigenvalues, a second component gathering
the eigenvalues exactly equal to the threshold ¢ and a third component which incorporates the small
remaining eigenvalues. As we will see below, the first component can be viewed as "regular", while
the other ones may not be "regular”. In particular, the third component requires a regularization.
Indeed, because of the invertibility difficulties raised from small values of A, we will replace the
latter with eigenvalues bounded away from zero. Instead, Liitkepohl and Burda (1997) keep only
the eigenvalues which are greater than the threshold ¢, which boils down to setting W4t (¢) = 0 and
Wyﬁ(c) = 0. Discarding the small eigenvalues in such a way may result in a loss of information.
However, as Liitkepohl and Burda (1997) use a ? distribution with a reduced degree of freedom, a
deeper investigation must be conducted to assess the power properties. It is important to note that
in finite samples it will be difficult to disentangle between the estimates which really correspond
to A = c from those which are close to c but are distinct from c. This makes the estimation
procedure trickier and the asymptotic distribution more complicated. Note that Wy,, = Wﬁ(c)
for this is the regular component common to both statistics, the usual Wald and the regularized
Wald statistics. Moreover when there is no eigenvalues exactly equal to the threshold ¢, m(c) = 0,
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and the decomposition involves only two components.

S. Results on Eigenprojections

In this section, we discuss some non-uniqueness and discontinuity issues regarding the eigen-
vectors of a given matrix. While it is well-known in spectral theory that the eigenvectors corre-
sponding to multiple eigenvalues are not uniquely defined (but only up to the post multiplication by
an m(A) x m(\) orthogonal matrix with m () indicating the multiplicity of the eigenvalue), econo-
metricians are not always cautious about such considerations that could entail some convergence
problems. Second, whereas the eigenvalues are generally known to be continuous functions of the
elements of the matrix, this statement does not necessarily hold for the eigenvectors. The main
pitfall consists of drawing some convergence results for the estimates of the eigenvectors based
on the consistency of the sample matrix which critically hinges on the continuity assumption of
eigenvectors w.r.t. the elements of the matrix. Even in the deterministic case, the eigenvectors are
not necessarily continuous functions of the elements of the matrix. To see the discontinuity of the
eigenvectors, we consider the following simple counter-example.

Example 5.1 Let A(x) be the matrix function defined as:

1
tz 0 ifz <0
_0 1—=x
A(z) = (5.1)
1
1 ifz>0 .
rx 1

This matrix function is clearly continuous at x = 0, with A(0) = I. However, for x < 0, the
spectral decomposition of A(x) is:

A@y—ﬂ+xﬂﬂ[10y+u—xﬂﬂ[01] (5.2)

[with (1 + x) and (1 — z) being the eigenvalues and (1,0)" and (0, 1)’ the eigenvectors], while for
x > 0,itis
A@y_1(1+@[1[11y+1(1_@[1]p —1] (5.3)
NG 1 NG -1
[with (1 + x) and (1 — =) being the eigenvalues and %(1, 1)" and %(1, —1)’ the eigenvectors].
Clearly, the eigenvalues (1 + x) and (1 — x) are continuous at x = 0 whereas the eigenvectors are
not the same wether z — 0" orz — 0™

Being unaware of this caveat may lead to wrong distributional results through mistakenly applying
the continuous mapping theorem to objects that are not continuous. Nevertheless, there exists func-
tions of the eigenvectors which are continuous w.r.t. the elements of the matrix. Specifically, for an
eigenvalue A, the projection matrix P(\) that projects onto the space spanned by the eigenvectors
associated with X - the eigenspace V() - is continuous in the elements of the matrix. This follows
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from the fact that V'(\) is invariant to the choice of a basis. For further discussion of this important
property, see Rellich (1953), Kato (1966) and Tyler (1981).

In order to derive the asymptotic distribution of the regularized statistics, it will be useful to
review and adapt some results on spectral theory used by Tyler (1981). Let S(X) denote the spectral
set of X/, i.e. the set of all the eigenvalues of Y. The eigenspace of X' associated with )\ is defined
as all the linear combinations from a basis of eigenvectors x;(A), i = 1,...,m(A), i.e.

V(A) = {xi(A) € RIZx;(A) = Ax;i(A)} (5.4)

Clearly, dim V'(\) = m(A) . Since X' is a ¢ X ¢ matrix symmetric in the metric of a real positive
definite symmetric matrix T (i.e. T X' is symmetric), we have:

RI= > V(). (5.5)
)

AES(E

The eigenprojection of X' associated with A, denoted P(\), is the projection operator onto V()
w.r.t. decomposition (5.5) of R?. For any set of vectors x;(A) in V() such that x;(\) Tx;(\) =
d;j, where d;; denotes the Kronecker’ s delta, P(\) has the representation

m(A)
PA) = x;(Nx;(\)T. (5.6)

J=1

P(\) is symmetric in the metric of T. This yields

=Y AP, Y= > APY) . (5.7)

If v is any subset of the spectral set S(X), then the rotal eigenprojection for X associated with
the eigenvalues in v is defined to be ) ,., P()). More specifically, let Py ;(\) = S, P(V).
We report below a lemma given by Tyler (1981, Lemma 2.1, p. 726) which states an important
continuity property for eigenvalues and eigenprojections on eigenspaces for non-random symmetric
matrices which will be useful to establish the consistency for the sample regularized inverses toward
their population quantity.

Lemma 5.2 (Continuity of eigenvalues and eigenprojections) Ler Y, be a q X q real matrix sym-
metric in the metric of a real positive definite symmetric matrix T,, with eigenvalues \1(X,) >
Xo(Xn) > ... > Ng(Xh). Let Py (X)) represent the total eigenprojection for Xy, associated with
Me(Xn) o A (Xn) fort > k. If X, — X asn — oo, then:

i) M\e(Xn) — A\e(X), and
ii) Py1(Xyn) — Pit(X) provided N\i,_1(X) # Me(X) and \e(X) # Mp1(X) .

This lemma tell us that the eigenvalues are continuous functions in the elements of the matrix.
The same continuity property holds for the projection operators [or equivalently for the projection
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matrices for there exists a one-to-one relation relating the operator to the matrix with respect to
the given bases] associated with the eigenvalues and transmitted to their sum. No matter what the
multiplicity of the eigenvalues involved in the total eigenprojection [Py () = S°i_, P()\;)], this
continuity property holds provided that we can find one eigenvalue just before and one just after
that are distinct.

It will be useful to extend Lemma 5.2 to random symmetric matrices. To do so, we first consider
almost sure (a.s.) convergence and then convergence in probability (in symbol 2,). To the best of
our knowledge, these results are not stated elsewhere. In the following we will tacitly assume that a
probability space (Z, Az, P) is given and that all random variables are defined on this space.

Lemma 5.3 Let ¥, bea q % q real random matrix symmetric in the metric of a real positive definite
symmetric random matrix T, and with eigenvalues i ( 5 > X)) > 0> A(D). Let
Py+(2,) represent the total eigenprojection for Xy, associated with \y(5y,) . .. \(2) for t > k.

IfZA‘n % Y asn — oo, then:
i) A(En) %3 A(X), and
ii) Ppy(32) %3 Pyi(X) provided M1 (%) # Me(E) and M (X) # M1 (%) .

We can now show that the continuity property of the eigenvalues and eigenprojections estab-
lished in the a.s. case, remain valid in the case of convergence in probability .

Lemma 5.4 Let X, be a q % q real random matrix symmetric in the metric of a real positive
definite symmetric random matrix T, with eigenvalues \(Xyn) > Xa(Zn) > ... = Ag(Zn). Let
Py t(E ) represent the total eigenprojection for Xy, associated with X\y(2y,), . .., M (5 for t > k.

IfEn Poyasn— o0, then:
i) Me(2n) 2 Me(2), and

ii) Pkyt(i‘n) 2 Py (X)) provided \—1(X) # Mp(X) and M(X) # M1 (X) .

6. Asymptotic theory

In this section, we state some asymptotic results for the regularized statistics which rely on dif-
ferent specifications for the regularized inverses. We will first study the simple case of a continuous
variance regularization function (VRF) before considering the monotonic case. The monotonicity
property can be exploited to yield some bounds on the limiting distribution of the modified statistics.

Based on the spectral decomposition defined in equation (5.7), we immediately deduce a spectral
decomposition for the regularized inverses:

Sh=3" gxoP), = > gkoP()) . (6.1)

AES(Z) AeS(2)
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We will provide below various regularized inverses based on different specifications for the VRF
g(\; ¢). We will consider different specifications for the VRF that may depend on the sample size
n. This path dependency may be introduced through the threshold ¢, as

g(A,n) =g\ cn) . (6.2)

6.1. Distributional theory for regularizing functions continuous almost everywhere

Let the general VRF g(\; ¢) be defined as:

9(Xic) = { : (6.3)
m if A S C.

Interesting special cases include:
1) v = oo, hence

and therefore AT = A}, where

AT =diag[1/MI(A > ¢),..., 1/ A I(A\y > ¢),0,...,0],

corresponds to a spectral cut-off regularization scheme [see Carrasco (2007) and the references
therein]; I(s) is equal to 1 if the relation s is satisfied; in particular A} is a modified version
of the Moore-Penrose inverse of

A =diagIM I\ > 0), .., A I(Agy > 0), a1l (Mg 11 > 0) ..., A (A > 0)]

used by Liitkepohl and Burda (1997, henceforth LB). Below the eigenvalues Ay, 11 to A, are
smaller than the threshold c but not necessarily equal to zero;

i1) v = 0 and € = ¢, hence

1 .
. _ by if )\>C

henceforth called DV1.

The following VRF will turn out particularly convenient.

) = if A, j > c
g(Anjic) =4 " e (6.4)
P P W ift\,; <c,
where v > 0. It can be viewed as a modified Hodges’ estimator applied to the eigenvalues. See
LeCam (1953).

Again all the VRF g(; ¢) above allow for possibly sample-size dependent thresholds ¢;,.
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Proposition 6.1 (Almost sure convergence of the regularized inverses) Let g(\; ¢) be a continu-
ous function at each eigenvalue of X. If X, “3 X and Aj(X) # cfor all j, then

DRyl (6.5)

Before establishing the main convergence result for the regularized covariance matrices, we

must first study the convergence rate of the eigenvalues in the general case where the covariance

matrix may be singular with (possibly) multiple eigenvalues. To do so, we shall apply a general

result given by Eaton and Tyler (1994) where they generalize some nonclassical results due to

Anderson (1963) Anderson (1987) on the behavior of sample roots (of a determinantal equation).
Specifically, under fairly weak conditions they show that if the sequence of random matrices of

interest X, is such that Q,, = b, (X,, — Bo) A @ with the limit By nonstochastic, then the sample

eigenvalues will have the same convergence rate, with b, [¥(X,,) — ¥(By)] £ (@), where
¥ (B) denotes the g—vector of singular values of an arbitrary matrix B. This convergence rate of
the sample eigenvalues will be useful in establishing the asymptotic distribution of the regularized
tests.

Letd; > ds > --- > dj denote the distinct eigenvalues of C' and let m; be their multiplicities,

i =1,..., k. Given the eigenvalue multiplicities of C', a function H on ¢ X ¢ symmetric matrices
can be defined by
p(C11)
p(Ca2
H(C) = ( . ) (6.6)
P(Ckk)

where Cj; is the m; x m; diagonal block of C' determined by partitioning C' into m; X m,; blocks,
i,7 = 1,...,k. Thus H(C) takes values in R? and p(C};) consists of the m;-vector of ordered
eigenvalues of the diagonal block Cj;, i = 1,..., k. Let I" be an orthogonal matrix such that

T'AT" =D,

where the diagonal matrix D consists of the ordered eigenvalues of A. Eaton and Tyler (1991)
first establish the distributional theory for symmetric matrices before extending it to general p X ¢
matrices.

Lemma 6.2 Let S,, be a sequence of q x q random symmetric matrices. Suppose there exists a
nonrandom symmetric matrix A and a sequence of constants b,, — +00 such that

Wy = bn(Sn — A) S W . (6.7)
Then .
bu(p(Sn) — p(A)) & H(IWT'). (6.8)



where

V1
fle)=1 :
VZqg
and let )
T = (df(§)) = S diag( R (6.9)
where & > --- > &, > 0 are the eigenvalues of B'B. In the lemma below, we gather the special

cases where the matrix B has rank » = 0 and » = ¢. Let X, a sequence of p x ¢ real random
matrices, (p > ¢) and there exists a fixed p X ¢ matrix B such that

Qn=b,(X,—B) 5 Q. (6.10)
Lemma 6.3 When B = 0, then
ba(¥(X,) —(B)) & w(Q) . (6.11)
When B has full rank q, then
b, (7(X,) —¥(B)) 5 TH(I'[B'Q+Q'B]T"). (6.12)
See Eaton and Tyler (1994, Propositions 3.1 and 3.4) for a proof. Write the p X ¢ matrix X' in the
form
Sor <lo) 8) r 6.13)

where I (I%) is a p X p (resp. ¢ X q) orthogonal matrix, and D is a r X r diagonal matrix. D
consists of the strictly positive singular values of 2. Partition the matrix 2, as

S X 12)
Y= " 6.14
" <2n21 Xn22 ©.14)
where X, 11 isr X7, Xp1ois T X (q—1), X1 is (p—r) x rand Y00 is (p—r) X (¢ —r). Partition
the random limit matrix ) accordingly. The r x r diagonal matrix D = diag( % / 2, ceey 7} / 2) defines
a function Hp on r X r symmetric matrices. Let Tp = %diag(f{ 1 2, e 1 2). The general case

1 < r < g can be thought as gluing together the two special cases » = 0 and » = ¢ given in Lemma
6.3 above.

Lemma 6.4 Let ), be a sequence of p X q real random matrix and 3. be a p x q real nonstochastic
matrix such that rank(X) = r, 1 < r < q. Let also b, be a sequence of real constants such that

Qn =bp(X, — X) 5 Q (6.15)
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where b, — 400 and () is a random matrix. Then,

En=b,[0(5,) —w(2)] 5 HD@L[DC%; Qul) (6.16)

where Q11 and Q9o are well-defined random elements.

For a proof, see Eaton and Tyler (1994, Theorem 4.2).

We state now the convergence result for the regularized inverses which is fundamental to obtain
well-behaved regularized test statistics. Let ;\m = \i(X,) and \; = \;(X). First when designing
the VRF g(\; ¢(n)), the threshold ¢(n) must be selected so that

Pr{[An; — Xi| > ¢(n)] = Pr{|ba(Ani — Xi)| > buc(n)] =0

with ¢(n) — 0 and byc(n) — oo as n grows to infinity. Thus, ¢(n) declines to O slower than 1/b,,,
and b,,c(n) — oo slower than b, does. Indeed, the threshold must not decline to zero either too fast,
or too slow. Selecting ¢(n) in this way guarantees that the nonzero eigenvalues of the covariance
matrix will eventually be greater than the threshold, while the true zero eigenvalues are still smaller
than the threshold and are set to zero at least in large samples. In most cases, a natural choice for
b, = y/n and a suitable choice for the threshold is to set ¢(n) = n~1/3. This convergence rate plays
a crucial role in Proposition 6.5 below.

Because the random objects considered here are matrices, we must choose a norm suitable to
matrices. For this reason, we consider the finite dimensional inner product space (Sg, < -, >),
where S, is the vector space of ¢ x ¢ symmetric matrices. S, is equipped with the inner product
< X4, Yo >= tr[X]Xs], where tr denotes the trace. Let || - || denote the Frobenius norm induced
by this inner product, i.e. || X||% = tr[X’'X]. Let A® denote the regularized inverse of a ¢ x g real
symmetric matrix A.

Proposition 6.5 Let X' be a q X q real positive semidefinite nonstochastic matrix. Let X, be a g X q
real symmetric random matrix and suppose the assumptions of Lemma 6.4 hold. Let g(\;c(n)) be
a function continuous almost everywhere w.r.t. \, with the set consisted of the discontinuities of g
being of measure zero. Suppose further that ¢(n) — 0 and b,,c(n) — oo as n — oo. Then

See appendix for a proof.

In the following, we establish a characterization of the asymptotic distribution of the regularized
test statistics in the general case. This characterization makes use of a decomposition of the modified
statistic into a regular component and a regularized component. We first formulate the proposition
under the following generic assumption before considering specific statistics as C'(«) and Wald test
statistics.

Assumption 6.6 Let Z,, and Z, be q X 1 random vectors defined on a common probability space
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such that:
L

Zn = Zs ~ N[0, X] ,with rank(X) =
Letvy = {A: A > 0}and vz = {A: A <0} with vy U 1)2 S(X). Similarly, let 01 = 01 (w, ¢,) =
A (@) 1 Ap(w) > ¢p} and By = Do(w, ¢p) = {An(W) : Ap(w) < ¢} with ;U Gp = S(5,). Let
Bin(cn) ={w € 2 :9(w,cy) = v;} such that Pr[B;y(c,)] — 1.

Proposition 6.7 (Asymptotic distribution of regularized statistics when the threshold goes to zero)
Suppose that the assumptions of Proposition 6.5 are satisfied. Suppose further that Assumption 6.6
holds. The regularized statistic:

N 1 L

with Z{AJ{Zl ~x%(q1) -

It is worth noting that when the threshold ¢(n) converges to zero at an appropriate rate based on the
sample eigenvalues convergence rate, the statistic thus regularized is asymptotically distributed as
a x%(q1) variable with ¢; denoting the number of nonzero eigenvalues. Under this circumstance,
we find the asymptotic result obtained by Liitkepohl and Burda (1997) but at the difference that the
above regularized statistic is bounded from below by that of Liitkepohl and Burda (1997) in finite
samples. While a simulation-based approach is required to control the level of the regularized test
under the null hypothesis in finite samples, this feature may entail some gains in power under the
alternative.

In the following we apply the above distributional result to specific test statistics such as the reg-
ularized C'(«v), the regularized Wald test. To do so, we need to check that the required assumptions
for Proposition 6.7 to hold are satisfied for those specific statistics. Also, under the assumptions 2.4
and 2.7, we have:

plim V,,(69) = plim Q,1yQ), = Q(60)1(60)Q(6o)' = V() -

n—oo n—oo

Corollary 6.8 Under the assumptions 2.4 and 2.7, and the assumptions of Proposition 6.5, we
have:

V()] 5 [Vy(60))" . (6.17)

The results stated in Proposition 6.7 when applied to Z, = Q, D n( ) yield a x? distribution for
the regularized C(«) test.

Corollary 6.9 (Asymptotic distribution of regularized C(«) statistic) Suppose that the assump-

tions of Proposition 6.7 hold. Suppose further that the assumptions of Corollary 6.8 are satisfied
together with Assumption 4.2. Then

PCR(6%;4) 5 PCr(60:4) = Doo(00)' Q00)' Ve (00)]7Q(00) Do (60) ~ x*(c1)  (6.18)
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The results established above deserve some discussion. Thus, it is important to notice that both
components are asymptotically independent. Whereas the first component is asymptotically >
distributed, the second one collapses to zero. To the extent that the regularized C'(«) statistic can be
viewed as the sum of two "small" independent C'(«) statistics, it can be easily simulated to provide
a feasible test under singularity conditions.

Similarly when taking Z,, = v/n[¢)()—1/o], we can deduce from Proposition 6.7 the asymptotic
distribution of the regularized Wald test under the null. Recall that we want to test the null:

Ho(10) : ¥(60) = to - (6.19)

Let us reformulate Assumption 2.9 under possible singularity issue.

Assumption 6.10 (,/n convergence of the restrictions)

Va((0,) —(80)) 5 N(0,5,(60)) det(Xy(60)) > 0 (6.20)

n—oo

Corollary 6.11 (Asymptotic distribution of regularized Wald statistics) Suppose that the as-
sumptions of Proposition 6.7 hold. Suppose further that Assumption 6.10 holds. Let

with

W = [y () — ol Vi (c(n)) AL (c(n)) V7 (c(n)) [1(8) — o] (6.21)
and

Wik = nfip(0) — o] Va(c(n)) Af(c(n)) V3 (c(n))[1(8) — o] - (6.22)

Then, under 6.19:
WE LWy, with Wy ~ x2(q1) and Way, 2 0. (6.23)
Notice that the test is consistent against fixed alternatives:

Hi (o) : ¥(0o) # v - (6.24)

Let ¥(6p) — o = Y1 # 0 with ¢ a ¢ —vector. The regularized test has local power against
alternatives:

Y1
H 2 p(0g) — o= — . 6.25
1(%0) = ¥(6o) — o Jn (6.25)
Under this alternative, the regularized test has an asymptotic noncentral x? distribution, i.e.
c
WES P (qu ¥4 [Z)5r) - (6.26)

For example, in the LB case the modified statistic corresponds to:
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W = WEAWE = nop(8) Vi(c(n)) A (c(n)) V7 (e(n)(6)+0 = mp(8) ¥ (e(n)) A+ (c(n)) V" (c(m) o

=W,(c(n)), (6.27)

n

where A ¥ (c(n)) = diag(\{*,. .. ,)\q_ll, 0,...,0) represents a modified version of the Moore-
Penrose inverse of A = diag(A1, ..., A\gy, Agu+1,- -+, Aq) - Therefore W5 (c(n)) = WE (c(n)) .
When the threshold goes to zero at the appropriate speed, the regularized test statistics have a
standard chi-square limiting distribution, with the nonregular component collapsing to zero. A more
interesting case producing a nonstandard asymptotic distribution would be the case that the thresh-
old is fixed putting a positive probability mass on the eigenvalues exactly equal to the threshold c.

For instance, in the DV1 case (i.e. with Ag(c) = %I (¢—q1))> the modified statistic corresponds to:

Wit = Wii(e) + Wii(c)

) Va(
) Vi) AL (VA () (8) + —h(0) Va(e) V3 (c) (D) - (6.28)
Let us now study this case.

Proposition 6.12 (Asymptotic distribution of regularized statistics when the threshold is fixed)
Suppose Z,, and Z to be q x 1 random vectors defined on a common probability space such that:
Zin £z~ N[0, X] ,with rank(X) = r < q . Suppose the assumptions of Lemma 5.4 are
satisfied. Let the VRF ¢(.,c) be a function continuous a.e. and bounded. Let the regularized
statistic satisfy the following decomposition:

then
q1

; c
Z Al Z1y = D 21nig(Angs ©)z1ny = X2 (1)

=1
. q2 c q2
ZénAgnZQn = Z Zang(Aan;C)Zan - Z CQ(C; C)I()‘Qj = C)UJZ < XQ(Q2)
J=q1+1 Jj=q1+1

q q
A L
Zh AL Zsn = 3 zsnig(sngiOzsng = Y Asig(Asjso)I(As; < v < x*(gs)
Jj=q2+1 Jj=q2+1

where v; i N(0,1).
Let Py = P(Qo)

Proposition 6.13 (Asymptotic distribution of the regularized LR statistic when the threshold is fixed)

Suppose Assumptions 4.3, B.1-B.7 listed in Appendix hold. Then,
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LR)R = n[Mo (03, W) = Mo (0, W] 5 LRWE <x*(a), (629
where !
LR(4)E = 5u’Uol/ Vi Ry (PoVy By T RV U P (6.30)
withu ~ N(0,1)
Uo = 4J (60)' I™(60)1(60)I"(60)J (6o) (6.31)
and
Vo = 2J(60)' " (60)J (6o) - (6.32)

Note that as soon as we have consistent estimators of the quantities above the limiting random
variable LR(1/)% can be simulated. We also provide below an asymptotic characterization of the
regularized LR statistic component by component. An appealing feature of the asymptotic charac-
terization is that each component can be written as a quadratic form in Gaussian variables.

Proposition 6.14 (Asymptotic characterization of the regularized LR components) Let
AVioA — Vg WiVy ™ = —Vy WiV Py (RoVy LBy T RVt
Vio = 2Jy1{(80) Jo
Vol = A=V B (R R) T RV
Under the assumptions of Proposition 6.13, we have:

3
1
nép = Z{\/EX{,L’R(—A—H/O1)\/71Xn,3+2\/ﬁX,’%R(AVi0A—VO1VZ-0V01)\/EXn,R}+nen, ne, = op(1)

=1
(6.33)
where
VinXinp = Vg 2 (90) ~ N[0, Uso] (6.34)
Uio = 43I (00)1(00) 15 (6) Jo fori=1,2,3, (6.35)
and OM
VnXnr=n 8g’R(00) ~ N[0,y .
See Appendix for a proof.

7. Examples

7.1. Multistep noncausality

As already observed by Liitkepohl and Burda (1997), testing noncausality restrictions may raise
some singularity problems for the Wald test. We shall reconsider the example provided by Liitkepohl
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and Burda (1997) in our specific regularization design. A VAR(1) process is considered for the
(3 x 1)vector y; = [+ yr 2] as follows:

Tt Ti—1 Qpy  Qgy Oy Tt—1 Ug t
| = A1 (Y1 | tu = Oy Qyy Qg Yt—1| T Uyt
zZt Zt—1 Qzy Qzy Oy Zt—1 Uzt

Let consider

Zr=lyd Bx1) Z=(Zo,...,%p-1) (3xT)
U= (u,...,ur) (3xT)
where u; = [ug ¢ uy s u.4| is a white noise with (3 x 3) nonsingular covariance matrix X,. Let

(c0)

a = vec(Ay) = vec(B). Testing Hy :  y; + x; requires to test h = pK, + 1 = 2 restrictions on
« [see Dufour and Renault (1998)] of the form:

r(a) = Gy ~ |9 )
QzgOzy T QzyQyy + Qz 0y 0

These restrictions are fulfilled in the following three different parameter settings

Qgy = Qgz = 0, Qzy #0
Opy = Ozy = 0, az: #0
Oy = Qzz = Oy = 0 (7.1)

But we can observe that the first-order partial derivative of the restrictions leads to a singular matrix

o [0 00 1 0 0 0 00 72
0o/ |omy 0 0 auet+oayy Qpy Qp oz 0 0 ‘

if (7.1) holds. Under such circumstances, the Wald test does not have the standard x2—distribution
under the null. To perform the Wald test, let us consider the multivariate LS estimator of o =
vec(A;) = vec(B). Using the column stacking operator vec we have:

Y =BZ+U (1.3)

or
vec(Y) = vec(BZ) + vec(U) (7.4)
y = (Z' @ Is)vec(B) + vec(U) (7.5)
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y=(Z'®L)a+u (7.6)
where E(uu’) = I3 ® X,. The multivariate LS estimator ¢ is given by:
Q= ((ZZ’)—lz ® 13) Y. (7.7)
The asymptotic distribution of the multivariate LS estimator:
VT(a—a)5 NO,I '@ 5,) (7.8)

implies the asymptotic distribution for the restrictions:

VI(r(a) = (@) % N(0, Zva)) (7.9)
where 3 oy
- ro e Or
Dr(a) = @(Q)Ea%(a) (7.10)
is a consistent estimator for 2. ,) and
S.=I""1ex, (7.11)
is a consistent estimator for X, with )
I=-27 7.12
T (7.12)
and
I 1
Su= Zata; = TY[IT ~-Z/(zZ')'Z)Y’ . (7.13)
t=1

From the asymptotic distribution (7.9), a Wald-type test is easily obtained to test the null Hy :
r(a) =0, e
Wy = Tr(a) L] r(4) (7.14)

@)
where a regularization is required under parameter setting (7.1).
8. Simulation results

In this section we perform a limited Monte Carlo experiment to assess the empirical behavior of
the regularized Wald tests for testing multi-step noncausality. The study of the empirical properties
of the other tests (C'(«) and LR-type tests) are still pending. The results are very preliminary. The
simulation study need to be completed.

To test the null of multi-step noncausality Hy : r(a)) = 0, we use three different versions of the
Wald statistic i.e.

Wy = Tr(a) L5, r(d) (8.15)

@)

where a regularization is required under parameter setting (7.1). To fix notations, let W denote the
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(unmodified) standard Wald test statistic with b3, f‘a) = ZA’T_}) ; let Wpy denote the regularized Wald
test based on fixed threshold ¢ whereas W, g stands for the modified Moore-Penrose Wald test using
a sample size dependent threshold c;,.

8.1.  Simulation design

We examine two different kinds of parameter settings for the VAR(1) coefficients

Qry  Qgy Oy Olggy Oy Oy

Al = |aye oy oy = | 0 gy
Orp  Qzy Qg 0 0«
1) gy = Qy = 0z, = —0.9

2) gy = 0yy =a,; =03

Because of its triangular form, the diagonal elements of A; represent its eigenvalues. The first
parameter setting involve parameters close to the nonstationary region whereas the second one fall
inside the stationary region.

Let u; = [uzs uy: u..)' be a Gaussian noise with nonsingular covariance matrix X,. The
threshold values have been set to

en=Mn"3  ¢=0.001,0.1.

Concerning c,, it has been normalized by the largest eigenvalues to account for scaling issues of
the data. For the fixed threshold c, we study a weak and a stronger regularization to investigate its
impact on the results. We use 5000 replications in the simulation experiment. The key parameter
to disentangle between the regularity point and singularity point is oy, (o, = 0 corresponds
to a singularity point and o, # 0 to a regularity point). The nominal size to perform the tests
has been fixed to 5% with critical points for the chi-square distribution with full rank given by
Xoso, (2) = 5.99, or with reduced rank given by X3¢, (1) = 3.81.
We first study empirical level for testing

Hy: r(a) = Gy ~ |9
0 Qg Oy F Oy Oty + Q2 Oy 0|’

with ay = o, = 0, using two different approaches. The first one is based on the asymptotic
x2-approximation while the second one resort to simulation-based bootstrap tests. The bootstrap
tests are implemented through a consistent point estimate of the possible nuisance parameters. For
more details on Monte Carlo and bootstrap tests see Dufour (2006).
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The nominal size has been fixed to 5%.

Hy:r(a)=0
Qpp = Quy =z, = —0.9
o = A3, ¢ =0.001; [0.1]
n =50 n =100 n = 200
Asy. Boot. Asy. Boot. Asy. Boot.
\% 10.46 6.86 5.84 5.48 3.28 4.62
Wpy | 944 [6.48] | 6.44 [6.18] | 4.42 [3.84] | 5.14 [5.40] | 2.42[2.36] | 4.36[4.5]
Wre 14.28 5.52 9.92 5.08 7.5 4.38
n = 500 n = 1000 n = 2000
Asy. Boot. Asy. Boot. Asy. Boot.
w 2.34 4.26 1.82 4.74 1.64 4.08
Wpy | 1.72[1.7] | 426[4.28] | 1.66 [1.66] | 5.04 [5.06] | 1.42 [1.40] | 4.02 [4.02]
Wrp 5.66 422 5.58 5.06 5.24 4.02

We also study the empirical power for alternatives close to a singularity point o, = 0.

o # o

with oy = 6 = 0.1264 and o, = 0.
The empirical power for locally size-corrected tests is reported in the table below.

0

{(am + ayy

Hy:r(a) #0 agy =0 =0.1269
Qug = Qyy = 0, = —0.9
cn = Mn /3, ¢ =0.001; [0.1]
n =50 n =100 n = 200
Asy. Boot. Asy. Boot. Asy. Boot.
w 42.06 32.92 81.42 77.56 98.3 98.28
Wpy | 40.08 [39.42] | 31.54 [32.04] | 80.36 [75.04] | 77.84 [75.18] | 97.82 [96.7] | 98.44 [97.68]
Wi 37.84 29.10 79.82 74.9 98.34 97.68
n = 500 n = 1000 n = 2000
Asy. Boot. Asy. Boot. Asy. Boot.
W 100 100 100 100 100 100
Wpy | 100 [99.98 ] 100 [100] 100 [100] 100 [100] 100 [100] 100 [100]
Wi 100 100 100 100 100 100

We also consider a second alternative for a violation of the second restriction only while main-

taining fulfilled the first restriction, i.e.

0

{(am X azy)]

with o, = 6 = 0.1264, o,y = 0.4 and oy = 0 under this design:

0.3 0 g
A; =107 03 0.25
0.5 04 0.3

Under this design, the LB Wald statistic based on a modified version of the Moore-Penrose inverse
is expected to display reduced power. Indeed, by underestimating the true rank of the covariance
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matrix, this statistic put more weight on the first restriction that remains fulfilled in this case. Vi-
olation of the null hypothesis coming from the second restriction will be missed by a statistic that
underestimates the rank. The empirical power for locally size-corrected tests is reported below.

Hy:r(a) #0 ag, =46 =0.1269
Oz = Qyy = az; = 0.3

en = An 13, ¢ =0.001; [0.1]

n = 50 n = 100 n = 200
Asy. Boot. Asy. Boot. Asy. Boot.
\% 9.18 8.98 18.54 18 40.28 38.46

Wpy | [8.54] | [8.50] | [16.92] | [16.72] | [37.36] | [36.46]
Wre | 520 3.58 5.20 3.86 5.78 4.96

n = 500 n = 1000 n = 2000
Asy. Boot. Asy. Boot. Asy. Boot.
W 83.12 | 7898 98.66 97.76 100 100

Wpv | [81.0] | [77.66] | [98.54] | [97.62] [100] [100]
Wi 6.86 4.84 8.88 6.26 12.10 10.28

8.2. Remarks on simulation results

e The unmodified standard Wald test is shown to be conservative when it works.

e Our regularized test based on a fixed threshold c is always implementable, displays good size
properties when conducted in its simulated version, has good power properties under different
types of alternatives unlike the Liitkepohl and Burda modified Moore-Penrose Wald test.

e A strong regularization scheme (c = 0.1) against a weak regularization (¢ = 0.001) has better
size properties in small samples without a substantial loss of power relative to the infeasible
size-corrected tests when we are close to the nonstationary region.

9. Conclusion

In this paper, we introduce a new class of inverses as opposed to generalized inverses with the
difference that the regularized inverses enjoy better stability properties. Exploiting the continuity
property of the total eigenprojections stated in Tyler (1981) enables us to built continuous regular-
ized inverses that greatly simplifies the derivation of distributional results for the regularized tests
statistics. Two classes of tests can be defined depending on the choice of the threshold in the specifi-
cation of the VRF. Further, the decomposition property enjoyed by the regularized inverses makes it
easier to find some distributional bounds for the nonstandard case. Thus, the standard distributional
results can be used to provide asymptotically valid tests in a convenient way. However, the usual
critical point may be conservative. In this respect, a simulation-based approach can improve the
performance of the procedure under the alternative. Finally, the tuning parameter requires a deeper
examination together with the study of monotonic variance regularization function.
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A. Appendix: Proofs
PROQOF of Property 1 Recall the spectral decomposition
Y =VAV' = Vdiag[A1, A2, ..., Ag]V’

with Ay > Ay > ... 2)\(120
Let us decompose the matrix 2 as:

Y =V(c)A(e)V(c) = Vi(e)A1(c)Vi(c) + Va(c)Aa(c)Va(e) + Va(e)As(e)Va(c)

with
Ay(c) = diag[A1, ..., Aq1] such that A > ¢

Ay(c) = diag]e, ..., c] such that A = ¢ with multiplicity m(c)

and
A3(c) = diag [)\q1+m(c)+1, e )\q] such that A < c.

Let us decompose its regularized inverse likewise:
SR =V (e)AN )V (¢) = Vi(e) AN ]V (¢) + Va(e) SN el V3 (c) + Va(e) AL [N ] V3 (c) -
We have:
IR = V(@A (V(e) = Vi(e) Au(e) AL V] (e)+Va(e) Aa(e) AL [X; ] V3 (€)+ V3 () As () AL X; ] V3 (<)
because the V;’s are orthogonal matrices. As g[\; ¢| is a non-increasing function in \, with
/1]; (\;c] = diag[g[M\is ], ..., g[Aquid]] = Ai(e)™! for A>c, = /11(0)/111r = M(c)A(e) P =1d.

To alleviate the notations AZT- stands for AI[S\; c], for all 7 and for the whole matrix as well. As for
1 =2,3:

/1;[[5\;6] = diag[g[\j; . ..., g[Ag; )] for A <e

)\jg[)\j;c] 0 0...0 0
= Ai(e)Al = 0 Aj+19[Aj+13¢] 0...0 0 < Id
: 0 0...0 )\j/g[)\j/;c]

since Ajg[A;; ¢] < 1for A; < c. This means that for all nonzero vector x:

1—)\jg[)\j;c} 0 0...0 0 T

j

x'[[d—/li(c)/l”x = [z; ... =zy] 0 1—=Xj119[Aj+15¢] 0...0
: 0 0...0 1—Xpg[Aj;d) L
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-/

J

= Zxk[l—/\kg[/\k;c]]xk > 0. (A.])
k=j

Since
A()AT < Id = Vi(e)Ai(e)AlVi(e) < Vi(e)Vile) = Id .

Since Ag[A; ¢] < 1 all A then we also have for all nonzero vector x:

1—)\19[)\1;0] 0 0...0 0 )
x'[[d—A(c)AT]x = [331 xq] 0 1 — X2g[A2;¢] 0...0 )
: 0 0...0 1—X9[Ng;¢] Tq
q
= > ap[l = Mgl dl]zr > 0. (A2)

k=1

A(e)AT(¢) <Id = V(e)A(c)AT(e)V(e) < Id
hence
yylto<1d .

Obviously, we have

A(Q)A(e) <TId = V(e)AT(e)A(e)V(e) < Id
hence
YRy <71d .
Postmultiplying X X% with X we have:
YN = Vi MATY AV + Va Ag Al AoV + Vs Ag AL A3V
—— N—— N~
=Id <lId <Id

< VIMVY + VadoVy + VaAsVy = X (A.3)

where the dependance on c has been intentionally dropped for clarity purposes. Concerning result
ii1), we have:

Wl oo o
—1 -1
(%) =y ()" o v
0 0 (4l)”
Recalling that g[\; ¢] is a non-increasing function of A such that
1
g(Ne) < X for A <c
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hence .

<g()\;c))1 > for A<e o (g(/\;c)) A>0.

Further, )
g(X;e) = X for A > c.

As this holds component by component, we have

diag[(g()\;c))_l —Al>0VA.

Hence,
(ADH -y 0 0
ZH' -y = v 0 (AD) ™" — A 0 v/
0 0 (AD) ™ = 43

Vit = AV (D)7 e )+ ((4) 7 - )5 2 0
(A4)

Finally, to prove result iv) let M (X)) (and M (%)) denote the linear space spanned by the columns
of X (and X7 respectively). Recall that rank () is defined as the number of independent columns
or rows of X. As M(X) C M(XF), then rank(X) > rank(X). O

PROOF of Lemma 5.3 If 3, “3 ¥ then theevent A = {w : X, (w) — X} has probability
n—oo
one: P(A) = 1. Forany w € A, we have by Lemma 5.2:
[Zu(@) = 2] = N(Eaw) = X(2), =1,...,J].
By denoting B = {w : \j(Z,(w)) — Aj(2)}, wehave A C B, hence we have with probability
n—oo
one the result i) stated in the Lemma. By using the same type of argument, we have the result ii) for

the eigenprojections.
O

PROOF of Lemma 5.4
If £, 5 X with eigenvalues {)\j(f]n)}, then every subsequence {X,, } with eigenvalues
{M(Zn,)}, also satisfies 5, = X. By Lukacs (1975, theorem 2.4.3, page 48), there exists
{Zm,} € {2, } such that 5, “3 . Hence by Lemma 5.3, we have
D) Aj(Zm) “3 A (D),
a

i) Pii(Zm,) %S Pjy(5) provided Aj_1(%) # A (2) and M\(2) # g1 (X)) .
<

As we have {5} (¥} € {%,} with the corresponding eigenvalues {\;(%,,,)} C
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{Ni(2h)} € {X;(Xn)} by Lukacs (1975, theorem 2.4.4 page 49), it suffices that every subse-
quence {\;(Xy, )} of {\;(X,)} contains a subsequence {\;(X},,)} which converges almost surely,
to get the result of convergence in probability: /\j(ﬁ’n) 2, Aj(X) . By applying the same type of

A

argument, we get P; (X)) S it (2) O

PROOF of Proposition 6.1
We shall first focus on the case where all the eigenvalues are distinct before considering multiple
eigenvalues. Let abbreviate \; = \;(5,(w)) , P(S\j) = P i[Zn(w)], Aj = A\j(%) and P(\;) =
P; ;(X). Recalling equation (6.1) we have:
SRwy = Y g(ioP(yy) and ZF= " g(N;0)P(\) (A.5)
NES(Eh) AjES(Y)

If ¥, % X then by lemma 5.3 i), we have 5\j “% )\; for all j, hence by continuity of g(., c)
we have g(ﬂj; ¢) “3 g(\j;¢) ¥ j. By lemma 5.3 ii) and the continuity of the product, we have
g(Nj;e)P(N) “5 g(N\j;¢)P()\,) Y j . The convergence for the sum follows from the component-
wise convergence. Hence 8“3 S form(\) =1 .

Now, let us establish the consistency property in the case of multiple eigenvalues.Suppose that
A; has multiplicity m(\;). Let I; = {i € I : A; = \;} so that card(1;) = m(\;). )

For simplicity let us focus on the corresponding part of the spectral decomposition of X, i.e.

Y9 P(h) = g(AjiaPy)+ > g(hie)P(N)

i€l iel;\{j}
= gioPOy) + Y [g(hise) — g(Njie) + g )l P(N)
i€l \{7}
= gAioPOy+ Y gBioP)+ D la(hise) — g(Ass0lP(A)
iel;\{j} iel;\{j}
= g(h;0) Y PR+ D l9(hie) — g(i0)lP(N)
= iel;\{j}
g d PO+ Y [90ie) — 9N 9lP(N) (A.6)
i€l iel;\{j}

~ ~

by Lemma 5.3 and by continuity of g(.;c). Indeed, Vi,j € I;, lim g(A\j;c) = lim g(Aj5¢) =
n—oo n—oo
g(Aj; ¢). For the projection operator P is a continuous linear operator; following Kolmogorov and

Fomin (1970, theorem 1, page 223), a necessary condition for a linear operator P to be continuous
on a topological linear space is that P be bounded. Therefore, equation (A.6) becomes

D aiaP) B g0 Y PO+ D [a(Nie) —g(Nie)] P(A)
i€l; ’ i€l; el \{j} J 0 : ?(/17
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2 g(Nio) Y PN (A7)

ielj

As the result holds for any A; with an arbitrary multiplicity m();) > 1, hence
=3 9PN Y ghoPN) =% ¥V m(M) > 1.
Aes(2) AES(X)

O

Proof of Proposition 6.5 We wish to show that limy, oo Pr[||(Z,)" — (2)f| > €] — 0 for
every e > 0. Let I = {1,2,...,¢}, \1 > A2 > ... > A\, and J = {1,2,...,k} the subset of ]

k
corresponding to the distinct eigenvalues of Xt A\; > X > ... > A; > ... > A, with > m();) =
j=1
gandg > landk > 1. Forj € J,let[; = {i € I : \; = Aj}, socard(l;) = m()\;) and
q
YA = > A = >, > i Let P();) represent the eigenprojection onto the eigenspace V(\;)
i=1

= i€l jeJ i€l

m(Aj) .

associated with A;. P();) has the representation P(X;) = > ,{"" wixy = 3 ;o @ix;, where

{i}ier, is an orthonormal basis for V();). Let v(;) = min{i : i € I;} and /A\W,(j) an estimate

~

of \;. Similarly, we define P;(\, ;) = Yic I &;z; the eigenprojection onto the eigenspace

V(j\m,(j)) associated with S‘n,V(j) with {#;};c7; being an orthonormal basis for V(/A\m,(j)). We
also recall that the total eigenprojection for X' is defined as ) ,., P(\) for any subset v of the
spectral set S = {\q,..., /\q}. As X is positive semidefinite, A\; > 0 V ¢ € [. If there exist some
eigenvalues A\; = 0, then the smallest distinct eigenvalue is such that A, = 0. Let J_j, contain the
nonzero distinct eigenvalues of Y, i.e.

J if A, #0
Jog=<{1l,....k—1} ifA\z=0 (A.8)
0 itA\;=0.

First, let us consider the case that A = 0 with multiplicity m(0) = ¢. In this case, X, L -
0, i.e. X, converges to a degenerate matrix so that the range of the mapping Ay corresponding to
Y is R(Ay) = {0} and its nullspace is N (Ayx) = R?. Let Py(X,) denote the eigenprojection of
X', associated with its zero eigenvalue which projects onto the corresponding eigenspace Vo(j\n).

Following Tyler (1981), Py(X,) £ Py(X), or equivalently the eigenspace Vy(\,) converges to
Vo, then

1
IR —Po(Zn) = —Ry(2) = R

Let us now study the case that \;, = 0.
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IZ) = (2)F = 1D 9 e(n)P(hni) = > g(hise(n)) POV

iel i€l
S S g0 ) POn) — 303 gis ) PO
JjeJ i€l; JeJ 1€l;
= D2 gGnsc) P =D gjien) Y PO
jEJ i€l jeJ i€l
= 1D 9 cm)P(ni) =D g(Njsc(n) POyl
jEJ iEl; jeJ
= D2 9CGniem)P(Ani) =Y g(Njie(n) Y |
jeJ iel; JjeJ i€l
= HZZ TLZ7 g(j‘n,u(])a HZ +Zg n,v(j ZP nz
jeJ iel; jeJ i€l
=Y g(ie(n) > wd|
jed 1€l
= H Z Z n 2] C g(j‘n,y(j); C(n))] P(S‘nﬂ) + Z g(j‘n,u(j); C(n)) [P(Xn,u(]ﬂ + Op(l)]
Jj€J i€l; Jj€J
= g e(n) P
JjeJ
= ” Z Z TL 2] C g(j‘n,u(j); C(n))]P(S‘n,Z) + Z g(j‘n,u(j); C(n)) [P(S‘n,u(j)) + Op(l
jeJiel; jeJ g
+9 (k) () [POnry) + 0p(D] = D g(Njse(n) P(A) = g(hs e(n)) PO |
jed_k
= H Z nu(] [P(S\n,l/(j)) +Op(1)] - Z Q(Aﬁc(n))P(AJ)
JjeJ_i jeJ g

+ 9Cwm; c<n>>[P<i v) + 0p(1)] = g0 e(n) P\
+ 303 [0 e) = 9y )] POl

JjeJ i€l;
A+B+C (A.

IN

using the triangle inequality property for the norm, where

A=Y 9y cm)PGou) = D 9iem) POl

je€J_k Jje€J_k
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where, without loss of generality, we have dropped the o,,(1) terms,

= 1l9(Anui); () P i) = 9(Ak; e(n)) PO |

and

= H Z Z An i3 C g(j\n,y(j); C(n))] P(j\n,z)

JjeJ i€l;

Let us first focus on A:

A =Y g PRoug) = D 9Oyiem) POl

JjEJ_k JEJk
= 13 fobhnagysetn) ~ auie)] PCsiy)
+ ‘;%:;(Aj;c(n))P(j‘n,u(j)) - ;J: g(Ajs c(n)) P(A))|
iy ; o) — 0050}
+ 3 olhietn) [ POuui) - PO |
< jH g (9057 €(n) = g(Ajs ()] P(An i)
+ |l jg:k 9(Aji e(n) [Pnwiiy) = PO
< 'Ejzj:_kg(j\n,y(j)w(n))—g()\j%C( NP K]
+ J\ Zk: 9N () [Pi(Anwiiy) = POV
o (A.10)
Let A1 = Yjer, 9nuicm) = gOieDIPuu)ll and  Ap =
15 95 () [P i) — PO] -
A1 < max [g(A,,yie(n) — g(Nie(n)] Yo IP(A, (A.11)

JE€J
JEJ_k

As P(S\n,,,(j)) is bounded in probability, then the quantity > HP(XH,VO)) || is bounded. let us

JE€J g
study now the quantity limnﬁooPr[m}mx |9(Anu(i); c(n) — g(Aj;¢(n))] > €.
JES —k

As 271 2 X/, then by Lemma 5.4 i), we have 5\”71- 2 Aj, V@ € I;. The result still holds for
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min )\n ;= 5\n v(j) L, Aj. Hence, with ¢(n) — 0
i€l ’ n—00

Pr([A i) — Nl > e(n)] = Pr|ba(M o) — Aj)| > bac(n)] = 0 (A.12)

since byc(n) — oo slower than b,, does, and b, (S\m,,(j) — )\j) converges in distribution by Lemma

64. As /A\m,(j) — ); in probability and g is continuous a.e. except on a set with measure zero,

then limnHOOPr[m?x |g(5\n’y(j); c(n)) — g(Aj;e(n))| > €] = 0. Hence limy, oo Pr[A; > €] = 0.
j€

Similarly,

Ar = D 9O en) [P i) =PIl < erg}ig(/\jw(n)) > PO PO

je€J i JE€J g
< | maxgQgse(m)l | 32 P — > POl (A13)
Jj€J i Jje€J g

Following Tyler (1981) and Lemma 5.4 ii), || -, ; P (5\n () — 2ojes_, P(Aj)| converges to
zero in probability, provided that A1 # Ag and Ay 7& M. As we work on the set consisted of
the distinct eigenvalues, we can select one eigenvalue before and one after such that the condition
is satisfied. Hence, lim, oo Pr[As > €] = 0. As A < A; + A, with each quantity converging to
zero in probability, then lim, ..o Pr[A > €] = 0.

Concerning B, we have:

= ”g(j‘n,z/(k); c(n))P(Anuiiy) = 9(As e(n)) P(\i) |

= [I[g(rn,vs €(n)) = 9O () P iiy) + 95 () P i) = 9N e(n)) P(Ae) |
<y ( nw(k); €()) = 9O ()| P )|+ L9 e(m) [P uiiy) = PO
= 9 iay; () = 9O ()| 1Pl + g (N (n))[P(;\ w) — PO
= [9Cnm; e(n)) = 9(hi e(n)] HP(An,V(k))” + 19O )] IP A ry) = PO
NG

Op(1)

lg(Ak;c(n))| = O(1) by definition of the regularizing function g(.). By Lemma 5.4 ii), we
have HPO\nW(k)) — P(\)|| 2 0. Again, from equation (A.12) and with S\,W(k)) 2, A\, g being
continuous almost everywhere (a.e.) except on a set with measure zero, then

limn—woprﬂg(j‘n,u(k); c(n)) - g()‘k§ C(n))| > 6] =0.

Hence, B converges in probability to zero.
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Asfor C = [ 35c; Yicr, [9(Ani:¢(n) = 9(An (i c(n)] P(An,i) |, we have:

C <Y 1D [90wmi () =g wiys e PR < DD L9 e(n) =g (A iy )] [Pl -
jeJ i€l JeJiEl; Op(1)
R X (A.14)
As i and v(j) both belong to I;, An; and A, ;) both converge to \;. As g is continuous a.e.

~ ~

with the set of discontinuities of g having measure zero, hence g(Ani; c(n)) — g(Anu(j); c(n)) 2
0V i € I; . As this holds for an arbitrary j € J, it still holds for any j. Hence, the result still holds
for the sum over all j in J. Hence C 20.

Since A, B and C' converge to zero in probability, we can finally conclude that:

lim Pr[||(Z,)% — ()] > ] =0.

n—oo

O]

PROOF of Proposition 6.7 Under Assumption 6.6, we have Z, L Zo~N [0, ] and by
Proposition 6.5, we have [2,,]* 2 [2]%. Hence,

25082, 5 7! (5 Zs . (A.15)
Further, let

X, = Z;[Zn]Rznzz;L[ > g(Xn,cn)P(Xn)}Zn
M €S(En)

= z;[ > g(j\n,cn)P(jxn)} Zy + Z;[ > g(Xn,cn)P(S\n)} Zy

Xn €01 S\n 6732

Let
X1y = Z;L[ > g, cn)P(j\n)] Zn
5\n€@1

and

Xop = Z;L[ > g(Xn,cn)P(S\n)] Zn .
5\716172

For the sake of simplicity, let

2in = Doahe)P() =Y g(hiea)P(N)

5\6@1 jeviiel;
- Z[g@j,cn)P(w T g@,cn)P(m}
jeu i€l \{J}
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Z . .
jeEvr - i€\ {5}
>

JEv1 - i€l;\{7} i€l;\{7}
= S loen P00+ 3l - i el PO
jevi k icl; iel;\{5}

Using the continuity property of the eigenvalues and total eigenprojections given in 5.4 i) and ii),
and under the assumption that g(., ¢) is continuous a.e., we have

SR, = Z[g@,cn)ZP(im 5 o) — sy ca}POV)

= icl; i€\ {5}
E 5 [a 0P + 500 9. 0] 3 P
JEv1 0 i€;\{j}

since Vi, j € I-, lim g(;\i;cn) = lim g(j\j;cn) = ¢(A;;0), with ¢, — 0 and by multiplicity of
n—oo
A S P(\) = P()\ ). Hence,
el
P
Sha = D oan, 0Py = 2f
JEv1

Therefore we have: .
Xin = Z) 50 20 = ZL S Zoo = X1

Write X in the form

m(A;)
X, = 7, [Zg 27,0) D m(h)e (Aj)’} Zoo
jEVL =1
P(X5)
m(A;)
= D> 9.0 D aaly)
IS =1
where Z!_x1(\;) = z1(\j) = \/Aju; where v; ~ N (0, 1). Further, we have VA € vy : g(A,0) = }.
my)
ZZAV s/ Ao = ZZ%
j€ev1 =1 jev =1
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Denote g1 = ) m(\;) where the dimension of the eigenspace is given by the multiplicity of
JEVL
Aj, Le. dimV(A;) = m(\;). Hence we have

X1~ X (q) -
Using the orthogonality property of the eigenspaces and the same arguments as above, we have:

m(A;)
L
Xon = Xo=2' 582, = Z Z g(>\j,0))\jvl2 .

j€Ev2 I=1

For VA € vy : Ag(A,0) = 0, hence X3 = 0.
0

PROOF of Proposition 6.12 We have 7, 5 Z~N [0, X] with rank(X) = r < q. Let the
spectral set S(X) = 2?21 viwithvy = {X : A >chve={A : A=c}landvs = {\ : A < c}. Let
the columns in V; (Va, or V3 respectively) be a basis for the eigenspace V; (Va, or Vs respectively)
corresponding to the eigenvalues in the subsets v1 (va, vs, respectively). Let Pi(A) = >y, P(A)
denote the total eigenprojection onto the corresponding eigenspace V;, for ¢ = 1,2, 3. Moreover,
dim(Vi) = ¢; with ¢ = Z?Zl q;. Let Vins Vi(j\n), Pl(j\n) and vz(j\n) denote the sample analogs
based on the estimates. Let B; = {w € 2 : v;(\,) = v;} with Pr(B;) Bl 1. Given that P()\)

has the following representation with x;(\) vectors in RY,

m(A)
P =) x;(N)x;(\),
j=1
we have:
. R 3 R o p &
Zi= ) 90waPOn) =3 Y gGwoR(n) = Y Y 9(hoR(\) Yw € N B;
AES(Zn) =1 X, evi(An) i=1 Aewv;
= > gxoP(\) =IF (Al6)
AeS(X)

by continuity of the eigenvalues and total eigenprojections given in 5.4 i) and ii), and under the
assumption that g(., ¢) is continuous a.e..

7\ xRz, 5 7'z

.y [i T g(A;cm(A)}Z

i=1 Aewv;
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i=1 \€wv; J=1
3 m(A)
= Z Z'xi;(N)g(\; 0)xi;(N)' Z
=1 A€v; j=1

(A.17)

As Var(Z'x;j(N)) = A with X € v; with a possible multiplicity m(\), then in order to simplify
notations, we drop the explicit multiplicity formulation and obtain

Z7/ xRz, 5 Z’ERZ
Z Z Z'xi(N)g(\; e)xi(N) Z
=1 A€w;
(A.18)
Let z; = Z'x;(\) fori = 1,2, 3. Hence,
7 xRz 5 7sRz
3
= Z Z zi(A)g(X;e)z
=1 )\Evi
= Z 1(A) )\czl—i-z,zz )\cz2+ZZ3 g(\;c)zs (A.19)
A€ v1 A€ v A€ v3

As z; ~ N(0,\) with A € v; fori = 1,2, 3. For A € vy, g(\;¢) = 1/, hence

S A Wgh )zt ~ x2a)

AE v

For A € v9, A = ¢, ie. cg(c;¢) < 1, hence

D 2NglG o)z =Y cglee)I(h = c)® < x*(ga) -

AE va A€ v2
where v ~ N(0,1), and I(A) is an indicator function. For A € w3, A < ¢, hence we have
Ag(Xe) <1

Y aNgz = Y AgAI(A < )v? < xP(gs) -

AE v3 AE v3

where v ~ N(0, 1), and I(A) is an indicator function. O
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B. Appendix:

PROOF of Proposition 6.13

The sketch of the proof is very similar to the proof of Dufour and Trognon (2001, Proposition
5.1).
Assumption B.1 (Compact parameter space) 0 € O, where O is a compact set of RP.

Assumption B.2 (Objective function continuity) M, r(6) = M, r(0,w) is a real function on
O x {2, such that M, r(0,w) is a continuous function of 8 for all w € (2.

Assumption B.3 (Objective function uniform convergence) There is a fixed (non-random) func-
tion M r(0) such that

P({w : m9aX|Mn,R(9,w) — My r(0)] — O}> =1.

Assumption B.4 (Asymptotic identification) M r(6) has a uniqgue minimum at = 6y, where
0o is an interior point of ©; i.e.

Moo,R(e) = DOO(Q)/WOOVRDOO(Q) =0 & 0=46, (B.20)

Assumption B.5 (Uniform convergence of second derivatives) M, r(0,w) is a twice continu-
ously differentiable function in 6 and there is a fixed (non-random) function V (6) such that:

0? 0?
P(1: sl Mo(0.0) — o M@l = 0}) =1

where || - || is the Frobenius norm, i.e. | X||% = tr[ X' X).

Assumption B.6 (Boundedness of the regularized weighting matrix)
Wh.r 2 Weo,R

where W g is a non-random definite positive matrix.

Assumption B.7 (Asymptotic normality of the Score function)
L
\/ﬁDn(Ho,w) njm Doo(e()), DOO(HQ) ~ N[O, 1(90)]

Assumption B.8 (Consistent estimators)

oDy,
00’

(6o, w) 2 J (o)

and
I.(60) 2 I(6) .
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The proof rests upon the three first order conditions (FOC) below. Both estimators satisfy their
respective FOC, i.e.:

OMup, »
50 (0p,r) =0 (B.21)
aMn,R A0 8'¢ \NL o
S (00 ) = 5 (00 )N =0 (B.22)
¢(9n,R) =0 (B.23)

where 5\5 denotes the Lagrange multiplier associated with the constraints. Set W, p = IR, the
regularized inverse of the information matrix in the regularized GMM criterion. Taking its derivative
w.r.t. 0 yields:

vn 59 (00) =2, =~ (60)' I, v/nDy () -
Under Assumptions B.1-B.8:
oM,
Vi (00) 5 2(00) T (00) Doc(b0)
hence
M,
\/ﬁ8 ag’R(Go) 5 N[0,Up], (B.24)
where
Uy = 4J5 1% (00)I(600) I (6)Jo . (B.25)
Let
Vo = 2J511(00) o (B.26)

Then we have the following equivalence:

Wo—Uy = 4J I (00)Jo — AT5TR(00)1(00)I%(600) o > O
/! [13(90) — 13(90)1(90)11%(90)} Jo >0
& TG0 | (160) " = 160)] 1000 > 0
o (I%(00) " = 1(6) > 0.
By Property 1 iii), (IR(GO))*1 — I(6y) > 0, hence

Uy < 2V . (B.27)
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The matrix of second derivatives is given by

9° M, r 0Dy (00)" - 0Dy (6
ge0e \00) =250 Ii 5y + 2%
with 5 @)
_ .. D TR
En - [En,m]a En g = 89 89 I D (00) .

By Assumptions B.4 and B.6-B.8, D,,(6y) = 0,(1), hence &, = 0 . Therefore, we have:

n—oo

82
0o (B0) = 27(60)'T(60)T (60) = Vi . (B.28)

Here V) is not singular, hence it is invertible in the usual sense, i.e. X/(fl‘/b = Id. We shall use
Taylor’s theorem for multivariable function [see Khuri (2003, Theorem 7.5.1, page 278) for all = in
a neighborhood of xg, i.e. x € Ns(xp):

(2 — 20)' V]
1!

(& — 20)'V]®)

91 f(20) (B.29)

f(z) = f(zo) + f(wo) +

where zp = x9 +&h = xo + &(x — 2p), 0 < £ < 1, is a point on the line segment from x( to x. The
differential operator (z'V)™ applied to a function f(z) results in:

m! ki k k 0" f(x)
(x’V)mf(x) = —————— X Ty xp” X (B.30)
kkzzk kylko! .. k!t 72 R R
k1+ko+...+kp=m

As [aM" R

m‘gej in equation (B.29), with x = ém r and xg = 6y. This yields:

](6) is a vector, we apply the theorem on each component of the vector, i.e. f(z) =

OMyR 5 _ OMy,p R 1) OMu g ()
0
B aMnR P 0? MR, 55)
— (0o) + Z:: R — 00)i 90,00, (Gn,0>
oM, R P 9% M,
- ae (90) ;(GH,R - 00) 39 80 (00)

PMur =), 0*Myp
+Z n.ie = b0)i [aejael- (6.0) = 55,00, %)
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3Mn %M,
L 90 +Z n,R — 00 (00)+ejn

00; 89
(B.31)
where 8Y) = &80 + (1 — £0,1)0n,R. 0 < &n < L, with 8y € R, for j = 1,...,p. Let
P 2
A 0 MnR A7) a Mn R
= 0, 1 —00); : J B.32
By Assumption B.S5,
2t (g0 — == (4 D () - ——=—(0)| = 0.
[aejaei 0 = 54,00, 0)] = Sup‘ a0,00, )~ 56,08, " )| =0
Hence, X
Vnej, = op(1) & Vn(Onr—00)i = Op(1) fori=1,...,p.
As this holds for any arbitrary j, v/nej, = op(1) forall j =1,...,p
Rearranging equation (B.31) yields in an equivalent way:
~ 82Mn7R -1 aMn,R *
Vil 00 = | o] VR ) + e,
= V5 'VnXnr+ Vnej, (B.33)

where X, p = Mg’;’R (0p) and ey, and e7,, are both 0,,(1/+/n). Similarly we have for the restricted

estimator based on the two other FOC under Assumption 2.5:

8Mn,R A0 a¢ > o
20 (0n.r) %(‘9 R)AE =0 (B.34)
1/1(971,1%) =0. (B.35)
Sowe have for j =1,...,p:
M, g aw 52 j9)) =

or equivalently

M, R N ir g ’82MnR PMur ) Mg
20, (00)_869(QO)A%”;(Q’“R_HO)Z 96,00, +Z nr=00)i | 5550, - (00)- 00,00,
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Let this time e, be

a2Mn,R A(5) 82Mn,R
=7 (0n0) = —5 55 (00)
99,00; 99,00;

Vnej, = Zﬁ(én,RHO)i[
i—1

and ég,)o =&n,ibo+ (1 — &,i)éﬁ,g, 0 < &p,i < 1. Again by Assumption B.5,

62Mn,R< - 0*Mwo
90;00; 90,00,

|:82Mn’R (é(J) . 82Mn,R

89]897, n,O) 89]891 (00>:| < S%p‘ (9)‘ -

Hence, A
Viejn = 0,(1) < n(lnr —00); = Op(1) fori=1,...,p.

(B.36)

Recall P(0) = %(9). Under Assumptions B.1-B.8 and 2.5, both estimators 6,,  and 92 R are

strongly consistent and asymptotically normal.
As for the third FOC, we have for j = 1,...,¢:

p
N 0Y;
A 0 0,), —2 -
¢]ieo)+;(9nﬁ o) g (00) + en = 0
with ,
A N iy O,
em =200 =0 (G0 - 500 )

By Assumption 2.5, ¢/(#) is continuously differentiable, hence

;i) O b
(G700 - 5 60) = 0.

Hence, )
Ve, =0y(1) & Vn(Opr—00)i = Op(1) fori=1,...,p.
As j is arbitrary, it holds for any j = 1,. .., q. The three FOC gathered together yield

(On,r — 00) = —Vy ' Xn.r + €1n
(09,1 — 00) = Vo ' [PoA; — X r] + €2n
Po(éng —6y) +e3,=0.

Multiplying (B.38) by P, and solving for A% yields

Q _ -1 _
Ae = (R 'B)) ™ PoVy ' X
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Moreover, we have:

A _ _ —1 _ _
@ —00) = Vi [By(RVe ' P5) " PV Kok | — Vo X + ez
= —AXn,R + €op, (B.41)

with A = V' — Vi Py (B VT B PV
The LR test statistic is given by

LR =n& =n [Mn,R(ég,R) - Mn,R(én,R)]

&n

and developing &, up to order 2 yields

OM, r A OM, r A
&n = 50 (60) (0, r — bo) — g0 (00)(On,r — bo)
]. N 82Mn7R N A 82MH,R A~
+ 5] O = 00 g ) B2~ O0) — (B 0 SR 00 G 00) | 4
(B.42)
with
A O*M, R - 0’ M, A
0 n,R n,R 0
nén = \/ﬁ(en,R - 90)/ |: 9006’ (07’7470) - 9006’ (90):| \/ﬁ(en,R - 00)
. M, r - 0’M,, r .
— , n’ n7 [R—
Vil e~ 00) | ot B0) ~ g (60)] VB b0
= op(1) & Vvl g —bo) = O,(1), (B.43)
since by Assumption B.S, we have
a2]\477,1% A7) 82]\471,112 azMnR 62M<>0R a.s
. — (6 : — —(0)] = 0.
30,00, 0 ~ 598, °>] <5l 5056, )~ .00, O
Using (B.37), (B.41) and the fact that
Vo'W =1Id, (Vo =2J51"(0)Jo) and AVpA = A
we have:
1
& = 5 nr(Vo = A)Xnr+e (B.44)
1 _
= XLV 'R (PoVy B TRV Xur e e =0p(1/n)  (BAS)
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Given that
VinXar 5 N[0,Up] with Uy < 2Vp = 4J51%(00) o

we deduce
1 _
LR(W)" = n&, 5 LRW)E < 5u/Vavy PV LB (P ' 7)™ oV ' V2V u

LRW)E < u'Vy PRy (PoVg Py) " PV P
LR()E <u'Qu ~ X*(q)

with Q" = Q and Q2 = Q and rank(Q) = q.

PROOF of Proposition 6.14
We now exploit the decomposition of the regularized LR statistic into three components:

LR(QMR = né, = ”[Mn,R(ég,R) - Mn,R(én,R)]

= n[Mur(0)r) — Min r(On.R)] + n[Man g (05 1) — Mon,g(0n,r)] + n[Mszn g (0)) g) — Msnr(0n,r)]
= nfln + n§2n + n§3n s

where &, = Mm,R(ég,R) — Min.g(6n.r), for i = 1,2, 3. It has been shown that \/ﬁaﬂggﬂ (6o) £

N[0, U] and as v/nD,,(6o) £ NJ0,1(6p)], we have:

OM, r B
vn 50 (o) = Vn

a-2\4177,,1%
a0

8]\42n,R
ol

(6o) + \/58]\?0”,3 (6o)

(60) + V1

3 3
oD!, - OM;,
= > 2= (00)IF/nD(00) = > Vst (6) (B.46)

i=1 09 =1 80
where oM oD/
\/77, in,R (90) — n (QO)EL}}\/’EDTL((QO)) £> N[07 UzO]
o0 o0
with

Uio = 4J5 IR (00)1(00)IF(60)Jy fori=1,2,3.

Using results stated in Property 1, we have:

Uro = 4J3IE (00)1(00) IE (60) Jo = 4TIE (60).Jo = 2Vio (B.47)
Uso = 4J312(00)1(00) 125 (80) Jo < 4T31E(60)Jo = 2V (B.48)
Uso = 4J312(00)1(00) IL% (60) Jo < 4T1E(60).Jo = 2V3g (B.49)
and
Uy =Uio+ Usg+ Usp . (B.50)
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Regarding the second derivatives oM 50 5Z,R (60), we have:

0° MR 0 ’ O*M;n
0000’ (o) = 9000 [Mln R+ Maon r + M3, R] = 2 W(eo) (B.51)
oD, . 0D,
- Z{ 90 (QD)I’L’L KPYY (00) + 2% n} (B.52)

=1

where Y;; , 1s a p X p matrix with typical elements given by:

82
0 D, (6
06); 8(9 ( 0) ii,n ( )

Op(1) op(1)

op(1)

and X; , = 0,(1). Hence,

62 an 8D/ 6D
9000 (90) =2 20 (90) z]z%n 20’ (90) —> 2J0 (Qo)Jo = V;O . (B53)
Recall that 52
M,
3@§wmizmﬂm%:%.

Developing &, up to order 2 component by component yields:

3
8Mm A 8Min A
& = Z{ = (60) (65, 5 — 60) - aeﬁR (60)(0n,r — bo)

~ 82Mm,R A aQMin,R A
+§ (92,1% - 00)’W(00)(00 r—00) — (Onr — 00)’W(90)(9n,3 - 90)] } +eén

3

_ 1 _ _

= Z{—Xz(n,RAXn,R + Xin.rVo "Xnr+ §[X7/~L,RAV1‘0AXn,R - X, rVo WioVy 'AXp gl + €n
1

{ X (= A4 V5 X 4 X0 AVi0A = V5 Vi) X +

aMzn R

where X;, p = (fp). It can be shown that

AVigA = Vg Wig Vgt = =V Wi Vo By (RoV ' By) ™ RV !
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or in other words
AVigA = Vi WiVy ™ = Vi Vo Vg B (PoV o) ™ PV = Vi A

‘We know that
Vo' = A=V BV By) T RV
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