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ABSTRACT

This paper examines Wald-type tests in presence of (possibly) singular covariance matrices. Two different type:
of singularity are addressefrst, the sample matrix hasill rank but converges to aingular covariance matrix;

in this case, the Wald statistic is still computable, but usual regularity conditions do not hold anymore, which
modifies its asymptotic distribution. This asymptotic singularity causes the rank condition of Andrews (1987) to
be violated at the limit due to isolated values of the param&erondthe sample matrix does not have full rank,

but converges to a possibly nonsingular population matrix. This finite sample singularity may be due to redundant
restrictions. To address such difficulties, we introduce a novel mathematical objectgtharized inversehat

can be contrasted with the well-knoweneralizednverse, with its specific properties. A new classeagfularized
inverses can be defined that explditgal eigenprojectioriechniques, [Kato (1966), Tyler (1981)], together with
avariance regularizing functiofVRF) that modifies the small eigenvalues that fall below a certain thregismd

that their inverse is well defined. Under specific regularity conditions, the new regularized inverse converges to its
regularized counterpart. This class of regularized inverses nests the spectral cut-off type inverse used by Lutkepol
and Burda (1997), and the Tikhonov-type inverse. We ddfingeregularized Wald statistics: the first statistic
admits a nonstandard asymptotic distribution, which corresponds to a linear combination of chi-square variables i
the restrictions are Gaussian. Apper bounds derived that corresponds to a chi-square variable fuithrank.

The second regularized statistic relies osuperconsistengstimator of the eigenvalues at the thresholdhose
distribution can be simulated. The third statistic lets the threshold vary with the sample size leading to the spectra
cut-off modified Wald statistic of Lutkepohl and Burda (1997). The regularized statistics are consistent against
global alternatives, with a loss of power for the spectral cut-off Wald statistic relative to the other statistics, as
illustrated in a simulation exercise.

Key words: Regularized Wald test; Moore-Penrose inverse; spectral cut-off and Tikhonov regularizations; super-
consistent estimator.
JEL classification: C1, C13, C12, C15, C32
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1. Introduction

This paper examines Wald-type tests in presence of (possibly) singular covariance matrices. More specifically
we address two different types of singularitirst, the sample matrix hasill rank but converges to aingular
covariance matrix; in this case, the Wald statistic is still computable, but usual regularity conditions do not hold
anymore, which modifies its asymptotic distribution. The claim made by Andrews (1987), and used by Lutkepohl
and Burda (1997), henceforth LB, is that if the sample matrix is consistent for a singular covariance matrix, then
the use of a generalized inverse of the sample matrix instead of the g-inverse based on the population matrix wil
not affect the asymptotic distribution of the quadratic form, provided the sample matrix has the same rank as the
population matrix with probability converging to one. Otherwise, the asymptotic distribution of the quadratic form
is modified. Andrews’s rank condition may be violated at the limit due to isolated values of the parameter. For
instance, in the case of (highly) nonlinear restrictions, the rank of the derivative matrix of the restrictions may be
lower for certain values of the parameter than for others. If this isolated value is true, the rank of the derivative
matrix based on the consistent estimator will generally exceed that of the derivative matrix evaluated at the true
value with probability bounded away from zero. Therefore, the weight matrix of the Wald statistic based on
the estimator will not satisfy the rank condition when this isolated value is true, thus modifying the asymptotic
distribution of the test statistic; see Dufour and Valéry (2009) for the stochastic volatility model with a Jacobian
matrix that is degenerated. reduced rank) at an isolated value of the parameter.

Asymptotic singularity can arise due to highly nonlinear restrictions, as encountered in impulse response func-
tions in VAR models, or when testing multi-step noncausality in VAR models, or testing Granger noncausality
in VARMA models. Pefaranda and Sentana (2008) also faced an asymptotic singularity problem in the contex
of spanning tests in the return-mean-variance-frontier; in a GMM framework, the asymptotic covariance matrix
of the sample moment conditions is singular under the null of spanning. Consequently, the Wald-type test doe:
not have its standard asymptotic distribution anymore. One can also face asymptotic singularity with asymptoti-
cally redundant restrictions when testing for the equality of two candidate stochastic discount factors within the
Hansen-Jaganathan distance framework, see Kan and Robotti (2009, p. 3461).

More generally, there exist situations (in linear regressions) where the matrix of the cross product of the co-
variates(X’X)/n converges to a singular population matrix. Specifically, one type of asymptotic singularity can
be caused by some components of the estimator that do not share the same convergence rate; in this case,
singularity can be removed through an appropriate rescaling of the explanatory variables: we shall call this kind
of singularity,reduciblesingularity that will leave the asymptotic distribution of the Wald statistic unchanged, see
Hamilton (1994, chapter 16, page 457-460) for a simple time trend model. Another kind of singularity may be
caused by asymptotically redundant variables that have the same convergence rate, or by strongly correlated instr
ments that relates toear collinearity problems: we shall call this kind of singularityeducible singularity. This
second type of singularity is more harmful; only the regularization approach is able to cure this irreducible singu-
larity. For instance, Staiger and Stock (1997, p.569) have pointed out the asymptotic singularity problem in the
two-stage least squares context, when one coefficient matrix is local to zero while another one is fixed, which lead:
to an asymptotic multicollinearity betweéf and X; in this case the regressor moment matrix is asymptotically
singular.

In the same vein, Knight and Fu (2000), Knight (2008), and Caner (2008) examine the sample behavior of
(2)LS estimators, GMM estimators under asymptotic singularity (what they call nearly-singular design) due to
multicollinearity problems. More specifically, Knight and Fu (2000) have tackled the asymptotic singularity prob-
lem by working on the null space of the singular matrix on which there exists a positive definite matrix. Under the
nearly-singular design, those authors show that multicollinearity slows down the rate of convergence of the Bridge
estimators, 2SLS estimators, and of the generalized empirical likelihood estimators. In contrast, the regularizatior
techniques help preserve the usual root-n convergence rate of the estimators; see for instance Carrasco and Flore
(2000),Carrasco, Chernov, Florens and Ghysels (2007). Regarding the test procedures, Caner (2008) finds th



the asymptotic distribution of thé test for the overidentifying restrictions is unmodified, but the test is seriously
oversized in small samples under the nearly-singular design.

Thesecondype of singularity our methodology can deal with corresponds to the case where the sample matrix
does not have full rank, but converges to a possibly nonsingular population matrix. This finite sample singularity
may be due to redundant restrictions. When dealing with highly nonlinear conditional moment restrictions as
in Gallant and Tauchen (1989) in the I-CAPM framework, many of the parametric restrictions turn out to be
redundant, thus creating collinearity problems for the Jacobian matrix. Redundant moment restrictions also aris
with the dynamic panel GMM estimator, when linear moment conditions imply nonlinear moment conditions under
additional initial conditions on the dependent variable, see Arellano and Bond (1991), Ahn and Schmidt (1995),
and Blundell, Bond and Windmeijer (2000).

To overcome the problem of asymptotic singularity, LB proposes to reduce the rank of the matrix estimator
in order to satisfy Andrews’s rank condition. In so doing, they set to zero the small problematic eigenvalues to
produce a consistent estimator for the rank of the population matrix. In the same vein, Gill and Lewbel (1992),
Cragg and Donald (1996, 1997), Robin and Smith (2000) focus on tests for the rank of a matrix that is unobserved
but for which a\/n consistent estimator is available. In contrast, we tackle this problem differently by regularizing
the matrix estimatof,e. perturbing its small problematic eigenvalues. Whereas all those various procedures focus
on the detection of zero eigenvalues to consistently estimate the rank of the asymptotic covariance matrix, we
provide a smooth approach based on regularization tools that can benefit from not canceling the small problemati
eigenvalues. In other words, by not dropping some restrictions, additional information can be exploited to increase
power. While Gill and Lewbel (1992), Cragg and Donald (1996, 1997) requikaaavthe rank of the asymp-
totic covariance matrix, Robin and Smith (2000) relaxes this assumption. However, unlike Cragg and Donald
(1996, 1997) and Robin and Smith (2000) who assume Gaussianity for the limiting distribution of the covariance
matrix estimator, our methodology based on Eaton and Tyler (1994) condition is more general, as the availability
of a \/n asymptotically Gaussian estimator is not required; in this respect, compare our Assutftipage
5, to Robin and Smith (2000, Assumption 2.2, page 154). In addition, Robin and Smith (2000, Assumption 2.4,
page 155)) specifies that the characteristic vector associated with the zero characteristic roots should not all lie il
the kernel of the asymptotic covariance matrix for Robin and Smith (2000) tests of rank to hold, which requires
more information on the characteristic vector structure of the matrix of interest; in practice, however, there is no
guarantee for this assumption to be satisfied. In contrast, our approach does not hinge on such assumption. Mor
over, our methodology is simple and transparent compared to that of Robin and Smith (2000) that is more difficult
to implement. Thus, their methodology can be viewed as an alternative to that of Lutkepohl and Burda (1997)
to provide a consistent estimator for the rank of the population covariance matrix, or to consistently estimate the
small problematic eigenvalues. Although our methodology can be applied to any procedure providing a consisten
estimate for the rank of the population matrix, the availability of such a procedure is not necessary for the validity
of our approach.

Further advantages of owegularizationapproach that reinforces its generality are the following: the regu-
larization technique we propose does not require a re-parametrization of the initial parameters, it is systematic
for econometricians who want to apply it without efforts. Finding suitable transformations of the parameters that
surmount the singularity problems can reveal tricky, almost infeasible, in highly nonlinear models for econome-
tricians, as pointed out by Gallant and Tauchen (1989) in the I-CAPM framework. This is the approach proposed
by Peflaranda and Sentana (2008), where the authors exploit some implicit restrictions on the initial parameter
to reduce the number of parameters to identify. Simultaneously, they use a Moore-Penrose inverse, as LB, in th
GMM criterion to reduce the number of moment conditions. Thus, the reduced set of moment conditions will lo-
cally identify a subset of the initial parameter vector. In so doing, the authors assume that the strongest collinearit
in the design is restricted to the conditions that have no influence on the response. They also derive a reduced rar
Wald test statistic in the GMM framework similar to that of Lutkepohl and Burda (1997).

While our main concern is testing, some authors make use of the related spectral decomposition based-tool:



[Engl, Hanke and Neubauer (2000), Kress (1999)], to regularize estimators when a continuum of moments is use
in a GMM or IV framework; see Carrasco and Florens (2000), Carrasco, Chernov, Florens and Ghysels (2007).
Carrasco, Florens and Renault (2007), Carrasco (2007). In particular, Carrasco (2007) proposesditietkel\V
estimatorsbased on different ways of inverting the covariance matrix of instruments. Indeed, when the number
of instruments is very large with respect to the sample size or even infinite, the covariance matrix of the moment
conditions becomes singular and some non-standard inverses are required. Also, when they are more mome
conditions than observations, the covariance matrix of the moment conditions involved in the GMM criterion is
singular. As noticed by Satchachai and Schmidt (2008), using a generalized inverse to overcome the singularity i
not a good idea, as the value of the two step GMM criterion function is always less or equal to one. The problem is
even worse for the continuous updating GMM, as its criterion function equals one for all parameter values.In this
context, regularization techniques are a better alternative.

Similarly, the GMM estimator of the parameters of the Consumption-based CAPM model based on the Euler
equations involves the inverse of the covariance matrix of the moment conditions as a weighting matrix. There exisi
situations where this weighting matrix turns out to be singular. Indeed, the more asset returns are used in cross
section, the more information is available to identify the model parameters whose identification can be tricky when
dealing with important nonlinearities. Indeed, an internal nonlinear habit function based on current and lagged
consumption as the one specified in Chen and Ludvigson (2009) requires a lot of cross-sectional information tc
empirically identify the unknown habit function. However, the more assets are used in cross-sections, the more
chance of collinearity, the higher the probability to end up with a singular weighting matrix which completely
invalidates the usual tests. The same problem arises when assessing the pricing errors of different candida
Stochastic Discount Factors models through ensen-Jagannathan distancéndeed, this measure of asset
pricing model misspecification involves a sample second moment matrix df thssets as a weighting matrix.

A large number of assets can create collinearity and hence singularity difficulties arise that break down standart
inference. From an asset pricing perspective, the availability of an inverse that does not axgdigivelyhe

pricing errors is crucial for portfolio allocation. In contrast, risk management focuses instead on a precise estimatol
of the covariance matrix. See Fan, Fan and Lv (2006) for an examination of the properties of high dimensional
covariance matrix estimators in the context of observable factor models.

By contrast, we provide valid asymptotic or simulation-bassglilarized Waldest procedures that can deal
with such problems. Moreover, otegularizationapproach goes beyond the GMM framework and can accommo-
date any consistent estimator as the Sieve Minimum Distance estimator used in Chen and Ludvigson (2009) fo
the habit-based asset pricing model.

Itis important to stress another situation where the Jacobian matrix of the moment conditions in a GMM frame-
work can have a deficient rank due to (first-order) underidentification. This is the problem studied by Dovonon and
Renault (2009), where the authors overcome the weak identification problems by going a step further and examin
a second-order identification condition. Deficient rank problems due to identification issues go beyond the scope
of the present paper; for those interested in weak identification issues in IV/GMM, see Dufour (1997), Stock and
Wright (2000),Stock, Wright and Yogo (2002), Dufour and Taamouti (2005, 2007) , Antoine and Renault (2009),
and Antoine and Renault (2080 Nevertheless, we allow situations where the underlying paramebeisome of
its components are unidentified, but for which transformatiortsaoé identified. In contrast, Lutkepohl and Burda
(1997) assume the availability of an asymptotically gaussian estimafidhat unnecessarily restricts to situations
whered is identified; we relax this assumption here. In so doing, we allow for situatiomseakidentification
only to the extent that(0) is identified.

When dealing with singular covariance matrices, usual inverses are discarded and replacguheviltized
inverses, og-inversegsee Moore (1977), Andrews (1987) for the generalized Wald tests] or modified inverses
proposed by Lutkepohl and Burda (1997). However, when using non-standard inverses, econometricians are ne
always aware of two difficultiesFirst, the well-known continuous mapping theorem so widely used by econo-
metricians to derive asymptotic distributional results for test statistics does not apply anymore because g-inverse



are not (necessarily) continuous. This fact has been observed by Andrews (1987). In addition, eigenvectors ar
not continuous functions in the elements of the matrix unlike the eigenvaBezndwhen performing the sin-
gular value decomposition of a matrix, the eigenvectors corresponding to eigenvalues with multiplicity larger than
one, are not uniquely defined, which may rule out the convergence of the estimates towards population quantities
Ignoring such concerns may lead to distributional results that are strictly speaidng

To address such difficulties, we introduce a classegtlarizedinverses that exploittotal eigenprojection
techniquesj.e. an eigenprojection operator taken over a subset of the spectral set. Following Kato (1966) and
Tyler (1981), we work with theigenprojectionsn order to overcome the discontinuity and non-uniqueness fea-
tures of eigenvectors. The eigenprojection projects ontantregiant (to the choice of the basis) eigenspaice,
the subspace generated by the eigenvectors. A lemma given by Tyler (1981) states the continuity property for the
total eigenprojectionin this way, the important continuity property is preserved for eigenvalues and eigenprojec-
tions even though eigenvectors aw@ continuous. In addition to this total eigenprojection technique, we define a
perturbation function of the inverse of the eigenvalues calleddn@nce regularizing functioqVRF). The VRF
modifies the small eigenvalues that fall below a certain threshold so that their inverse is well defined whereas the
large eigenvalues remain unchanged. The class of admissible VRF has to satisfy certain continuity and boundec
ness properties with additional regularity conditions so that the regularized inverse does converge to its regularize
counterpart. Otherwise, the convergence result (stated with a fixed value of the threshold) may break down. Ou
regularized inverse does nest the spectral cut-off type inverse used by Lutkepohl and Burda (1997), and other moc
ified inverses as in Valéry (2005). The distributional theory of the test statistics then expressed as a transformatiol
of the regularized inverse, hence of the total eigenprojections, will be greatly simplified and valid.

Our contributions can be summarized as follow#st, we introduce a novel mathematical object: thgu-
larized inversehat can be contrasted to the well-knogeneralizednverse, with its specific properties. This new
class of inverses hdsll rank, and satisfies a decomposition resultegular component is built on large eigenval-
ues while the others involving the small eigenvalues may noétpelar. This block decomposition of the inverse
is important insofern as it is carried over to the test statistic itself, and is useful to get an insight on the structure
of the distribution. Secongdunder specific regularity conditions on the VRF, the regularized inverse is shown to
converge to its regularized full rank counterpart, with the convergence holding component by component. Besides
our regularized inverse class is general dods nesthe spectral cut-off type inverse, or the Tikhonov-type regu-
larized inverseThird, we definethreeregularized Wald statistics: the first two statistics rely on a fixed value for
the threshold in the VRE(); ¢) while the third one lets the threshold vary with the sample size, but requires more
information about the sample behavior of the eigenvalues; see Eaton and Tyler (1994) for the distributional theory
of the sample eigenvalues of a matrisaurth, the first regularized Wald statistic admits a nonstandard asymptotic
distribution in the general case, which corresponds to a linear combinatigh\afriables if the restrictions are
Gaussian. Aupper bounds then derived for this first regularized statistic under general laws for the restrictions;
such a bound corresponds tgavariable withfull rank under Gaussianity. Hence, the tesasymptotically valig
meaning that the usual critical point (given by t{revariable withfull rank) can be used, but is conservatith,
the second regularized statistic relies osuperconsistengstimator of the eigenvalues at the thresholghose
distribution can be simulate@®ixth when the threshold goes to zero with the sample size, we obtain the spectral
cut-off modified Wald statistic proposed by Lutkepohl and Burda (1997) as a special case. Under normality, the tes
statistic has the asymptoti¢ distribution whose reduced rank is given by the number of eigenvalues greater than
zero. Note that Lutkepohl and Burda (1997)’s result only holds for distinct eigenvalues whereas our result accounts
for eigenvalues with multiplicity larger than ongeventhwe also show that the regularized statistics are consistent
against global alternatives, but the spectral cut-off Wald statistic used by Lutkepohl and Burda (1997) has reduce
power in some directions of the alternative, as illustrated in a Monte Carlo simulation. Finally, one crucial feature
of our regularization approach is its simplicity: it only requires to compute eigenvalues and eigenvectors, whose
small eigenvalues are slightly modified.

Finally, we investigate, in a Monte Carlo experiment, the finite sample properties of the regularized test statis-
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tics under two different designéirst, under Gaussianity, the full-rank regularized statistic using the conservative
bound tends to underreject the null hypothesis in singular designs, while the full-rank regularized statistic based or
the superconsistent estimator of the eigenvalues displays the righabsiraptotically(for a sufficient large value
of the threshold). In contrast, the spectral cut-off modified Wald statistic proposed by Lutkepohl and Burda (1997)
tends to overreject the null hypothesis in small samples, with severe size distortions when the process approacht
the nonstationary region. Using a reduced critical point in a singular design, their statistic reaches the right level
asymptotically. As for the standard Wald statistic, its behavior is clearly modified in singular designs, either suffer-
ing from severe overrejections in small samples (especially for parameter values set to -0.99), or underrejections i
large samples. Regarding power properties, although the bound is conservative nioteesil a loss of power
under the alternative, which makes it all the more attractive. Further, our regularization approach is systematic
and robust to both designs, regular and irregular, whereas the modified Moore-Penrose statistic has reduced pow
in regular designs. Indeed, by setting to zero the small eigenvalues, the modified Moore-Penrose statistic doe
not exploit the additional information contained in the samll eigenvalues unlike the full-rank regularized statistics.
Secongdwhen deviating from normality, the standard Wald statistic along with the spectral cut-off statistic strongly
overreject the null hypothesis, with empirical size frequencies varying between 0.17 and 0.50 compared to a 0.0"
level test. In contrast, the full-rank regularized statistics that allow different probability distributions achieve to
control for the size without losing power. Overall, the full-rank regularized statistic that uses the bound is very
appealing, as it always controls for size, does not imply reduced power, is robust to both designs, regular anc
irregular, and is easier to implement than its simulation-based full-rank competitor. Moreover, the standard Wald
statistic and the modified Moore-Penrose Wald statistigrdeasibletests in practice, as they overreject the null
when the process is close to the nonstationary region. Besides, the modified Moore-Penrose Wald statistic require
to know whether we are in a singular or nonsingular design to pick up the the right reduced critical point; this
makes it less attractive in practice.

The paper is organized as follows. In Section 2 we describe a general framework with minimal assumptions.
In Section 3, we provide specific examples found in the literature, where the researcher can face (asymptotic
singularity covariance matrices that modify the asymptotic distribution of the standard Wald test statistic. Then,
we introduce the class atgularizedinverses as opposed generalizedinverse in Section 4 followed by the
regularizedtest statistic in Section 5. More specifically, a decomposition of the test statistic is identified through
the corresponding decomposition of the covariance matrix. In Section 6 we review and adapt some results or
total eigenprojections to derive the convergence results for the regularized inverses. In particular, we emphasiz
some (non)uniqueness and (dis)continuity properties related to eigenvectors of a given matrix and resort to tota
eigenprojection techniques to surmount such difficulties. In Section 7, we establish the asymptotic properties of the
new regularized inverse based on a fixed threshold. In Section 8, we state new asymptotic distributional results fo
the regularized Wald test statistic that uses a fixed threshold, and we exploit the decomposition of the regularizet
statistic to derive an upper bound. In Section 9, we propose a new statistic based on a superconsistent estimator
the eigenvalues at. In Section 10, we obtain, as a special case, the Lutkepohl and Burda (1997)’s result in the
Gaussian case. Finally, the finite and large sample properties of the regularized statistics are assessed througt
Monte Carlo experiment in Section 11. Concluding remarks follow while the proofs are gathered in the appendix.

2. Framework
We want to test a null hypothesis of the form
Ho (o) : 9(0) = vo (2.1)

wherey)(0) € 2 € RY is the parameter of interest with the parametedentifying the true underlying data
generating process. A usual test statistic for testing the null hypothesis is the Wald statistic as soon as we can fin



a consistent estimat@irn of the restrictions no matter where it comes from,

Wi (o) = a2 [thn — o]’ 2 [ty — o] (2.2)

provided the inverse of the weighting matrix exists, represents a convergence rate that magifferentfrom

the conventional/n to precisely allow situations where some componentg,ofor linear combinations of them,

may converge faster or slower thgf. It is well-known in the faster case thaiperconsistergstimators can raise
asymptotic singularity problems, when not suitably scaled; see Hamilton (1994, chapter 16, page 457-460) for ¢
simple time trend model. Usually,,, is a consistent estimator of the restriction covariance matrixx order to get

a chi-square distribution, as specified in Assumpgchbelow. For another choice df,,, the Wald test will not

have the standard chi-square distribution, but can still be conducted. In this paper, we shall place ourselves unde
weak assumptions contrary to the ones usually made in the econometric literature to conduct such a test. First, w
will notassume the restrictions(#) to be differentiable with respect to (w.r.t.) the underlying paramét&uch

a differentiability assumption unnecessarily restricts the set of admissible restrictions and can be avoided. To dc
so, we assume that a consistent estimatprs available satisfying the following assumption, where the notation

£ denotes the usual convergence in law, &1&") the law of X
n—oo
Assumption 2.1 CONVERGENCE IN LAW OF THE RESTRICTIONS a,, is a sequence of real constants such that
an, — oo and
5 c
Xp=an(p—v) = X (2.3)

where£(X) is known.

This assumption significantly enlarges the family of admissible laws)for For instance, the typical Gaussian
distribution forX can easily be replaced by a chi-square distribution, or a Cauchy distribution. Generally speaking,
any distribution that can be consistently estimated by simulations is admissible. Therefg¥)ifs not known,

but can be simulated through bootstrap techniques, e.g., then the techniques proposed in this paper can be appli
to providevalid tests under nonregular conditions. More importantly, note that Assumptianly requires that

1 is identified; in other word¥} can be unidentified, but there exist transformation8,dfe. v)(6), that can be
identified. In regression problems, it is frequent to encounter situations where only certain components of the
parameter of interest are identified; in such a case, inference is limited to the identified components. Whereas
Lutkepohl and Burda (1997) assume the availability of an asymptotically Gaussian estimgtasah equation

(2.10), that restricts unnecessarily to situations wheie identified, we relax this assumption here. In so doing,

we allow for situations oiveakidentification only to the extent that(#) is identified. Note that) will alternately
equalyy under the null hypothesis, af; under the alternative. Further assumptions are made on the limiting
weighting matrixy’ to obtain a componentwise characterization ofrtieifiedWald statistic.

Assumption 2.2 EIGENSPACE AND EIGENPROJECTION Thegq x g matrix X is such thatV j = 1,..., k, with
1<k<g,

B(d;) = (U(dj)z> (2.4)

I=1,...,m(dj)
forms an orthonormate basis for the eigenspace

V(dj) = {v e R | Yv=djv} (2.5)



such as P

2= "kd,P(5) (2.6)

where
Pj(¥) = P(d;)(X) = B(d;)B(d;)’ (2.7)

k
where thed;’s denote thet distinct eigenvalues of with multiplicity m(d;) such thaty = > m(d;).

j=1
Most of the time, the weighting matriX’, as well as its sample analdg,, is interpreted as a covariance matrix.
Nevertheless, such an interpretation is very restrictive and discards distributions whose moments do not exist, e.g
the Cauchy distribution. Therefore, Assumptiéhs and2.3 are purposely formulated to allow such degenerate
distributions. A general condition, given by Eaton and Tyler (1994), states the convergence result for this set of
parameters.

Assumption 2.3 EATON-TYLER CONDITION. X, is a sequence gf x g real random matrices andl' is ap x ¢
real nonstochastic matrix such that

c
Qn=0,(2,—-X)=> Q (2.8)
whereb,, is a sequence of real constants such that— +oo and ) a random matrix.

Again, this assumption is general and allows situations, unlike Robin and Smith (2000), where the matrix
estimator is not asymptotically Gaussian. The Eaton-Tyler condition is stated for rectangular matrices, but most
of the time we will consider square matrices that are symmetric with real eigenvalues. Assurftiand2.3,
together with relaxing the assumption of convergence of ranks, will define the cornerstone for the validity of
the distributional results developed further. In addition, it is important to note that the generality of Assumption
2.3 allows for a mixture of a continuous distribution and of a Delta-Dirac distribution at an eigenvaltie:.
Therefore, it is not superfluous to examine this case, specifically for non-continuous distributions of matrices and
their eigenvalues, to provide a thorough and comprehensive distributional theory.

A special case of Assumptio@sl and2.3that is usually encountered in the econometric literature consists in
specifying a Gaussian distribution f&f whose parameterization hinges &rwith a,, = v/n as in Lutkepohl and
Burda (1997).

Assumption 2.4 ROOT-n ASYMPTOTIC NORMALITY.

X, = Va(b(0n) - (0)) 5 X =N(0,X) (2.9)

n—oo
whereX is a fixedg x ¢ matrix.

Note that the most degenerate case corresponding+o0 is allowed by Assumptio.4. In this cased; = 0,
with m(0) = ¢. Usually, the asymptotic normality of the restrictions is deduced from the root-n asymptotic
normality of the estimataf,, of the underlying parametérthrough the delta methode.,

(6, — 0) néoo N(0, %) . (2.10)
This requires the differentiability of the restrictions unlike Assumpfadh In so doing, econometricians unnec-
essarily restrict the family of admissible restrictions to those for which the delta method is applicable. Thus, when
the delta method is applied to the Gaussian estimator given in equation (2.10), the covariance matrix has the typice
form
Y = P(0)X,P(0) (2.11)
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which critically hinges on the differentiability of the restrictions,

P(0) = 9up(0) /00’

as in Lutkepohl and Burda (1997). By contrast, Andrews (1987, Theorem 1) does not rely on the differentiability

property of the restrictions, nor on the delta method, but on the Gaussian distribution of the random %ariable

and on the consistency of the sampdeariancematrix to its population counterpart. Indeed, any weighting matrix

can be used in the Wald statistic but only ttevariancematrix of the restrictions yields the standard chi-square

distribution. If a different weighting matrix is used instead, the distribution may be modified as seen further.
Further, among regularity conditions usually made when conducting tests based on quadratic forms such a

Wald-type tests, is the well-known rank condition for the covariance matrix. Whemd X,, have full ranks,

we are in the regular case with thex g-weighting matrixX' being nonsingular, and therefol€, () has an

asymptoticy?(q) distribution. This is not necessarily true, howevep;ifs singular. In this case’, does not admit

a usual inverse, but can still be inverted by means of a generalized inversegoitarizedinverse as shown later

on. However, when the population mattx has a reduced rank, additional conditions are required. This is the

case covered by Andrews (1987).

Assumption 2.5 CONVERGENCE OF THE RANKS X and Y, are matrices such that
P[rank(X,) = rank(X)] — 1, with || > 0
andn growing to infinity, where - | stands for the determinant.

In other words, the rank of the sample matrix has to converge almost surely (a.s.) towasthittesd ranlof the
population matrix in order for the quadratic form to have a limiting chi-square distribution, with fewer degrees of
freedom, when the restrictions are assumed to be asymptotically Gaussian. We shall relax this assumption in th
paper.

To tackle the problem of ranks that do not converge, unlike Moore (1977), Andrews (1987) and Lutkepohl
and Burda (1997) who use a reduced rank estimator for the covariance matrix, such as the spectral cut-off Moore
Penrose inverse, we shall eventually increase the rank, by regularizing the smallest eigenvalues instead. In s
doing, the modified matrix will converge to a different object, affecting thereby the limiting distribution. It is
important to note that the regularization approach exposed next embed all rank possibilities, including the spectra
cut-off reduced rank. Also, the regularization techniques proposed to deal with incomplete ranks, when (possibly)
combined with simulated testing procedure, holds under weak assumptions as Assubhpma2.3. In Section
5, we introduce theegularizedWald test statistic based amgularizedinverses of the covariance matrix as a
way to handle such difficulties. Let us first introduce the clasegfilarizedinverses, as opposed to the class of
generalizednverses.

3. Examples

In this section, we provide examples where the econometrician can face asymptotic singularity problems of the
covariance matrix that may affect the asymptotic distribution of the Wald test statistic.

3.1. Multistep noncausality

As already observed by Lutkepohl and Burda (1997), testing noncausality restrictions may cause some singularit
problems to the asymptotic covariance matrix involved in the Wald test statistic. For the sake of comparison, we
examine the example studied by Lutkepohl and Burda (1997). For simplicity, a VAR(1) process is considered for



the (3 x 1) vectory; = [z; y; 2" as follows:

Tt LTt—1 Qry Qgy Qg Tt—1 Ug t
| = A1 | Y1 | tu = Qg Qyy  Qyy Ye—1 | + Uyt
2t Zt—1 Qzy  Qgy Oy Zt—1 Uzt
Suppose
YE(Yly---,Yn)
BE(Al)

Zi=lyvi, Z=(Zos..  Zp-1)
U = [uti=1,.0n = (u1,...,up)

whereu; = [ug uy s u. | is a white noise with &3 x 3) nonsingular covariance matr,,. Using the standard
column stacking operatofec, let « = vec(A4;) = vec(B), whereB is (3 x 3) andY, Z andU are (3 x n).

(o0)
Testing the null hypothesis of multi-step noncausality running fgamzx, i.e. Hy : 1y / x4, requires to test 2

restrictions onv of the following form [see Dufour and Renault (1998)]:

r(a) = Gy _ |9 )
Oz Olgy + Oy Olyy + OlzzOlzy 0

These restrictions are fulfilled in the following three different parameter settings:

Qgy = Qgz = 0, Qzy #0
gy = Qzy = 0, az: #0
Oy = Qgz = Qzy = 0. (3.2)

But, we can observe that the first-order partial derivative of the restrictions leads to a singular matrix

(3.2)

or 0 00 1 0o 0 0 00
oo/ azy 0 0

Ozg + Qyy  Qgy Qg Oy 0 0

if (3.1) holds. Under such circumstances, the Wald test statistic does not have the standard chi-square distributio
under the null. To perform the Wald test, we use the multivariate LS estimatorAyplying the column stacking
operatorvec on:

Y=BZ+U (3.3)
we have:
vec(Y) = vec(BZ) + vec(U) (3.4)
y = (Z' @ Is)vec(B) + vec(U) (3.5)
y=(Z'®L)a+u (3.6)

whereE(uu’) = I3 ® X,,. The multivariate LS estimatay is given by:

& = ((zz’)lz ® 13>y . (3.7)



Suppose now that is asymptotically normally distributed as LB does, namely:

Vi(a—a) 5 N(0,5,) (3.8)

whereX, = I'"! ® ¥,. Provided the delta method applies, the restrictions are also asymptotically Gaussian:

Va(r(@) = r(@) 5 N(0, Zya) (3.9)
where 5 o0
Zrw) = 55(0) Ba— (@) (3.10)

A consistent estimator ot is easily obtained as:

. or .~ or
Er(a) = @(a)ﬂa—(a) (3.11)

by plugging in a consistent estimator bf,, i.e.,

S.=I""1e %, (3.12)
with )
r==-z7 (3.13)
n
and
S 1 - NN 1 ! N—1 /
Su=- ;utut = Y[l —2(22)Z]Y". (3.14)

From the asymptotic distribution (3.9), a Wald-type test can be conducted to test tii&nul(a) = 0, i.e.
Wy =nr(a) SE  r(a) (3.15)
where a regularization is required to deal with the asymptotic singular@,@‘) under parameter setting (3.1).

3.2. Jacobian matrix degenerate at isolated values for a stochastic volatility model

A two-step GMM-type estimator for estimatifig= (a.,, 7., 7,)’ has been proposed by Dufour and Valéry (2009)
in the context of a lognormal stochastic volatility model:

Y =cy—1 +u, e[ <1,
up = [ryexp(we/2)]z,

Wi = uWi—1 + U, Jay| <1
based on the following moment conditions:
p2(0) = E(up) = ryexp(1/2)ry, /(1 = ai,)]
pa(6) = E(ug) = 3ryexp[2ry /(1 — a3)],
p2,2(110) = E[ufui_y] = ryexplry /(1 — aw)].

Testing for homoskedasticity:,, = r,, = 0) in this model can be writtegh(6) = 0 with () = (aw, rw)’;

10



there are two restrictions, and the derivative matrix of the restrictions

9 (100
P<9)_80’_<0 1 o>

has full rank two, so it appears to be regular. However, the Jacobian of the moment conditions does not have ful
rank when evaluated at a point that satisfies the null hypothesis: it is easily shown that

5 00 2r
8—5/: 0 0 129 (3.16)
0 0 4r3

Y

whena,, = r,, = 0, so that the Jacobiafiu/06’ has at most rank one (instead of three in the full-rank case).
But GMM identification requires a full-rank Jacobian; see Newey and McFadden (1994, p. 2127). An important
regularity condition is violated. This raises estimation difficulties and was handled by redefining the estimator in
this case: we set,, = r,, = 0 andr, = /u2(0) when the kurtosis coefficient < 3. Further,0../06’ typically

has full rank when it is evaluated at a point that does not satisfy the null hypothesis, for example at an unrestrictec
point estimate of), as in Wald-type statistics. Therefore, the ranlopf/06’, when evaluated at an unrestricted
point estimate of/, generally exceeds the rank@f./0¢’ evaluated at the truwhena,, = r,, = 0 holds. This is

again a violation of a standard regularity condition, and the Wald statistic has a non-regular asymptotic distribution.

3.3. Reducible versus irreducible singularity for(X’X)/n in (linear) regressions

There exist situations where the matrix of the cross product of the cova(i&tes)/n converges to a singular
population matrix. Specifically, one type of asymptotic singularity can be caused by components of the estimator
that do not share the same convergence rate; in this case, the singularity can be removed through an appropric
rescaling of the explanatory variables: we shall call this kind of singulagtiuciblesingularity that will leave

the asymptotic distribution of the Wald statistic unchanged. Another kind of singularity may be caused by asymp-
totically redundant variables, by strongly correlated instruments, thus relatimgataollinearity problems: we

shall call this kind of singularityirreducible singularity. This second type of singularity is more harmful; only the
regularization approach is able to cure this irreducible deficiency. We provide examples to illustrate our claims.

3.3.1. Asymptotic singularity in event studies

We can face asymptotic singularity problems when conducting event studies in the following specification
ri=a+Prpg+ydi+e, t=1,...,T,

wherer; denotes the stock return at timer,,,; the return on the market portfolio at timeandd; is the event
dummy such thatd; = 1 for the event day, and zero otherwise; see Ball and Brown (1968), Fama, Fisher, Jensen
and Roll (1969), and Campbell, Lo and MacKinley (1997) for event studies analysis. If the event occurs only
once in the sample, then the matrix of the cross product of the cova(i&te§) /7" will converge to a singular
population matrix. Indeed, #; = 1 only for timet = ¢; and zero everywhere elsg, = [1, ., d¢], then

T 1 > Tmt > dy T Srme 1
Ziftx:t = | Xrmt D o Tmde| = | T X The Tt
t=1 Z dt Z Tmtdt Z d% 1 Tmti 1

We are grateful to Raymond Kan for this example
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Assuming that the returns are i.i.d. normal such @s@: Pt 2 T and% Sor2 . LA ﬂ?n, then

m

T 1 AN e & 1 7m O

1 / 1 711 2 1 r p = 2

T E Ty = |72 Tmt T2 Tmt TTmt;| — |Tm B O] - (3.17)
=1 + TTmt; T 0 0 0

A solution proposed for a simple time trend model, to deal with asymptotic singularity for the cross-products
matrix due to different rates of convergence of the OLS estimates, consists in scaling the explanatory variable:
such as:

T
{MRE:m@yﬁ}feQ (3.18)
t=1
where( is nonsingular, an@’r collects the different rates of convergence. Sele@gn equation (3.18) such
VT 0 0
asyr=| 0 /T 0] removes the singularity problem, yielding a nonsingular fixed matrix
0 0 1
1 7n O
Q = |Tm ﬁgn 0
0 0 1

Thus, this type of singularity ireducible as it can be cured through a suitable transformation of the variables that
leaves the asymptotic distribution of the test statistic unchanged; see Hamilton (1994, chapter 16, page 457-46(
for a simple time trend model. However, rescaling the explanatory variables so that it rules out the singularity is not
always feasible. Especially, when one component of the vector is a linear combination of another one, both of then
share the same convergence rate: the singularity is, ther@fmidycible This is related to the multicollinearity
problem as discussed next.

3.3.2.  Asymptotic singularity in the two-stage least squares framework

The following example has been used by Knight (2008), and Caner (2008), where asymptotic singularity is called
nearly-singular designMore specifically, Caner (2008) considers the following structural and reduced form equa-
tions:

X=ZI0+V (3.20)

where(u, V') are zero-mean multivariate normal with variance covariance matrix

S = { 1 0.9]

09 1

He setsgy = 1, X is scalar,Z contains three instruments, afl = (1,1,1). The design is conditionally
homoskedasticZ; is a3 x 1 vector distributed as & (0, {2) such as:

1 099 0.99
277=1099 1 099
099 099 1
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Clearly, in this setup, the instruments are highly correlated with each other, reflecting asymptotic singularity or
nearly-singular design. Caner (2008) reports the minimum eigenvalue &f #)@ matrix, providing evidence of

the nearly-singular design. He examines the small sample bias of the 2SLS estimator together with the behavior ¢
the J test. He finds that the 2SLS estimator is biased in small samples, with the bias declining when the sample siz
grows. The asymptotic distribution of thietest is unmodified, but the test is seriously oversized in small samples
under the nearly-singular design. More generally, multicollinearity problems slows down the rate of convergence
of the 2SLS estimator, as already pointed out by Knight and Fu (2000), and of the generalized empirical likelihood
estimator as shown by Caner (2008). Such multicollinearity problems dreadecible singularitythat cannot

be removed through Hamilton’s rescaling: our regularization approach can deal with such irreducible singularity
difficulties.

3.4. Singularity issues when testing SDF candidates with the Hansen-Jagannathan distance

Lety(+) be a stochastic discount factor (SDF) candidate involving some unknown parametedd: be a vector
of gross returns otV test portfolios; see Hansen and Jagannathan (1991) for@&BFis said to be misspecified
if for all values of~, the pricing errorg(~) is nonzeroj.e.,

e(v) = E[Ry(y)] — 1n # Oy . (3.21)

The famous Hansen and Jagannathan (1997) distance, henceforth HJ-distance, for assessing specification error:
stochastic discount factor models, is defined as the square root of a quadratic form of the pricing errors:

5= [e(r)U te(y)]", (3.22)

whereU = E[RR']. When the model is misspecified, the HJ-distance is defined as

1/2

§ = [min e(y)' U e(y)] (3.23)

Y

in the empirical asset pricing literature. Kan and Zhou (2006) show that for linear factor models it is equivalent to
use the inverse of the covariance matrix of gross returns instead of the second sample mmts@‘é,instead
of U~! in the HJ-distance. Kan and Robotti (2009) also focus on linear factor asset pricing models:

y(v) =7z
wherez = [1, F']’, and the pricing errors of th¥ assets are given by:

e(y) = E[Ry(v)] = 1y = E[Rz'y] =1y = Dy — 1y,

whereD = E[Rz'] = [ua, Va1 + pau}]. Kan and Robotti (2009) usk,,'as a weighting matrix in the squared
HJ-distance:

52 = mvm [D’y — 1N]/V251 [D'y — 1N]

—1
= 1yVi'ly - M?D(D’VQ?D) (Dq@llN),
(3.24)
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The unique value of that minimizeSe(y)’VQ?e(y) is given by:

-1
VHI = (D’Vzng> (D’V2511N> : (3.25)

provided thats; is of full column rank which implies thatD is also offull column rank However, if some factors
in F' arenonpervasivand donot contribute to the variance of the gross retui)35; may be singular along with

-1
D. As aresultyy; and the minimized value @ are not defined anymore because the maérD(VleD> is

singular.

Furthermore, Kan and Robotti (2009) consider two competing SDF models: SDF of model 1 is given by
y1 = 'z, with z; = [1, f{, f5], while SDF of model 2 is given by, = ('zo, with xo = [1, f1, f5]. When
the dimensionk, of the second factor is equal to zero, model 2 nests model 1. For non-nested models, Kan and
Robotti (2009) show that testing the equality of two SPF= -, imposes restrictions opandg: y; = y2 holds
if and only if 91 = (31, n2 = Ok,, and3; = Og,. However, the restrictiom; = 3, is redundant because it is
implied byns = 0, andfy = Ok,. Lety = [}, B5]. Hence, Kan and Robotti (2009) note in a footnote page
3461:

"that we should not perform a \[Valpl test @ : 1 = 01, ¥ = Og,+K,. This is because the
asymptotic variance of/n[7] — ﬂi,z//]' is singular undeif{y, and the Wald test statistic does not
have the standard asymptoj@'é‘(1 1K, i1 distribution. The proof is available upon request.”

Letw = [1, — B},4'] and¥ = [} — B{,¢'] its estimate. In a technical note, they show that

\/ﬁ(@ - W) ~ N[OK1+K2+K3+17 V(j)}

o] hlt
whereV (%) = > Elhthisj], he = |hat| . Since alinear combination df, = [hlt,hgt,hgt]/ is equal to
J=oo I3t

Zero,i.e. o
[Tk, 41, By Bia, Bﬂle]ht =0k, 41

~

thenrank[V (¥)] = Ky + K3 instead ofK; + Ky + K3 + 1.

3.5. Spanning tests in the Return Mean Variance Frontier with asymptotic singularity

Pefiaranda and Sentana (2008) examine spanning tests in the Return Mean Variance Frontier (RMVF). They test
there is simultaneous tangency at two points. They dacq*oltcandc;1 two arbitrary expected returns. The null of
spanning can be written as:

Hy : a(¢) =0, a(ci) =0

where the regression intercepts; ) anda(c;;) are implicitly defined by the following exactly identifi@dVa (N1 +
1) moment conditions:

Hy[R,ciza(ei), ble)] | _ cale).ble). ales ble)] ) =
E{HJ[R, Cii;a(cii)ab(Cii)}} = B a(e), blen). aleas blea) ][} =0

See Peflaranda and Sentana (2008) for notations and details. But it has been pointed out by Marin (1996) ar
Pefiaranda and Sentana (2008) that the asymptotic covariance matrix of the sample analog of the moment conc
tions is singular under the null. More explicitly, Pefiaranda and Sentana (2008) show in Proposition 5, page 2C
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that
HZ [a(c,'),b(ci),a(cii),b(cii)]hL [Rt;a(ci),b(c,-),a(cii),b(cii)] =0 V Rt

= mL@[a(ci), b(Ci), a(cii), b(Cu)] = a(cz-i) — a(ci) — Ci_il[B(Cii)lNl — lNQ] + Ci_l[B(Ci)lNl — ZNQ] (326)

+ b(Cii) - b(cii) =0 (3.27)
& ale) =a+c ', alei) = a+cy;'f, andb(c;) = b(ci) = b = vec(B) (3.28)
where a is a Ny x 1 vector of parametersB a No x N; matrix, andf = [y, — Bly,. Given that

mrsla(ci), b(ci), alci),b(ci;)] = 0 at the true values, Pefiaranda and Sentana (2008, Proposition 4, page 18)
implies that the rank of the asymptotic covariance matrix pf [a%(c;), b%(c;), a%(ci;), b%(cii)] is No(Ny + 1)
instead of2No (N7 + 1).

Hence, the conventional distributional theory of the Wald-type test does not hold anymore. To deal with this
issue, they propose for spanning tests in RMVF, and in Stochastic Discount Frontier Mean-Variance frontiers
introduced by Hansen and Jagannathan (1991), a modified GMM estimator under singularity of the covariance
matrix (GMMS). Their methodology consists in replacing the ordinary inverse by a generalized inverse, the
Moore-Penrose, while imposing parametric restrictions in order to work with a smaller number of parameters. By
decreasing both the number of parameters and the number of moment conditions, they avoid singularity. Hence
they propose, like Lutkepohl and Burda (1997), a Wald test statisticredthiced rankbased on a modified GMM
estimator.

3.6. Deviation from Normality: the Delta method breaks down

We allow situations where the restrictions to be tested are not Gaussian anymore. Suppose the underlying parame
f is ap x 1 vector such as )
Vn(n = 0) ~ N[0, 1], (3.29)

and suppose we want to test a null hypothesis of this form:
Ho(tho) : ¥(0) =00 = 0. (3.30)
The data generating process corresponding to (3.29) is:
Y=60+u, u~NI[0,1,],

whereY isp xn,fisp x 1,cis1 x n andu is p x n. Using the multivariate least square estimator, we can write:

A~

1
O = [() L@ L]y = E(L ® I,)y (3.31)
wherey = vec(Y) is pn x 1. Under the null, it is easily seen that the restrictions are not Gaussian anymore.

Although the initial estimator is Gaussian according to (3.29), and the restrictions are differentiable at the true
value of the parametefs= 0, the estimator of the restrictions are not Gaussian anymore:

n(0,) = (Vbn)' (V) < x*(p) . (3.32)
The weighting matrix used in the quadratic form is:

S =PO)ZyP(0), Xp=1, (3.33)
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with o0
/
P(0) = BTl 20" .
One difficulty introduced by such a restriction is a deficiency of the rank of the weighting matrix when shifting
from Xy with full rank p to X’ with rank 1. More importantly, although the restriction is differentiable w#,tthe
delta method completely breaks down because the distribution of the estimator of the restriction is not Gaussiat
anymore, but belongs to a new family, thé distribution. A consistent estimator afy and X are given by:

~

1 ) R
Yop=—ud, with a=Y —0,.
n

and
5 = P(0,)29P(6,,)" . (3.34)

Regularization techniques are required to conduct a Wald-type test under such circumstances, as it is shown in
Monte Carlo experiment; see Subsection 11.2.

4. Regularized inverses

The methodology introduced in this section applies to any symmetric matrices and more specifically to covariance
matrices. We first introduce some notations. Aet (A1,...,Ag) whereh; > Xy > ... > ), are the eigenvalues
of ag x ¢ (covariance) matrix’, andV an orthogonal matrix such that = VAV, whereA = diag(\1, ..., \y).
Specifically,V' consists of eigenvectors of the matfixordered so that'V = V A. Letm(\) be the multiplicity

of the eigenvalue\.. Although the matrixA is uniquely defined, the matriK consisted of the eigenvectors is not
uniquely defined when there is an eigenvalue with multiplieity\) > 1. The eigenvectors which correspond to
eigenvalues withm(\) > 1 are uniquely defined only up to post-multiplication bysaii\) x m(\) orthogonal
matrix. Moreover, let¥,, be a consistent estimator &f with eigenvalues\;(X,) > A (2,) > ... > A\(Zy)
andV;, an orthogonal matrix such that, = V,,4,,V;, whereA,, = diagAi(Xy,),..., A(Zy)]. Forc > 0, we
denotey (X, c¢) the number of eigenvaluessuch that > ¢ andq(X,,, ¢) the number of eigenvalueg X,,) such
that\(X,,) > c.

If rank(X,,) = rankX) = ¢ with probability 1,i.e. both matrices are almost surely (a.s.) nonsingular,
so the inverse ! = VA~V and X! = V,, A1V are a.s. well defined. However, if rai®) < ¢ and
rank(X,,) < ¢, we need to make adjustments. For this, we defiregalarizedinverse of a (covariance) matrix
as below.

Definition 4.1 DEFINITION OF THE REGULARIZED INVERSE. X' is aq x ¢ real symmetric semi-definite positive
matrix with rankY') < ¢. Its regularized inverse is:

SE(e) = VA (e)V! (4.1)
where
g(A15¢) 0
At(e) = AT[x; ] = 4.2)
0 g(Ag;c)

g(X;e) >0, withe > 0; g(A;c) = 3 for A > ¢, andg(); ¢) is bounded.

The scalar functio(\; ¢) modifies the inverse of the eigenvalues in order to make the inverse well-behaved in
a neighborhood of the true eigenvalues. We shall call itf(#fagiance) regularization functioqVRF). The VRF
perturbs the small eigenvalues in order to stabilize their inverse, preventing them from exploding.
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We now introduce a partition of the matrik (c) into three submatrices wheraepresents a threshold which
may depend on the sample size and possibly on the sampleiitself= c[n, Y, ]:

AJ{ [\ ] 0 0
Af(c) = 0  Alxd 0 : (4.3)
0 0 Ag; [\

Let ¢; = dim Az[j\;c}, fori = 1,2,3, with ¢ = ¢(X,¢), g2 = m(c) andgs = ¢ — ¢1 — g2. m(c) denotes the
multiplicity of the eigenvalue\ = ¢ (if any). The three components correspond to:

AI [\; c] = diag [g()\l; )y .. ,g()\ql;c)} for A>c |, (4.4)
A;[X;c] =g(c;c)ly, for A=c , (4.5)
AL[X o] = diag[g(Agitqpr1:0); - -, 9(Agic)] for A<c. (4.6)

More specifically, the large eigenvalues that fall above the threshotsnain unchanged whereas those equal
to or smaller than the threshold are inflated to make their inverse well-behaved. Thus, the first component is
"regular" and remains unmaodified, while the others may not be "regular". In particular, the third component
requires a regularization. Indeed, because of the invertibility difficulties raised from small valdesvefshall
replace the latter with eigenvalues bounded away from zero. Instead of using a spectral cut-off Moore Penrost
inverse, we propose alternativelyfdl-rank regularized matrix. This regularization contains the spectral cut-off
type regularization as a special case. Indeed, the spectral cut-off Moore Penrose inverse sets to zero all the sm:
problematic eigenvaluese. Ag A c] = AQ[X; c] = 0, yielding areduced-rankmatrix.

Let V7 be ag x ¢; matrix whose columns are the eigenvectors associated with the eigenvaluesarranged
in the same order as the eigenvalues. The eigenvectors associated withform a basis for the eigenspace
corresponding with\. If m(\) = 1, these eigenvectors are uniquely defined, otherwise not. The same holds
for the ¢ x ¢» matrix V5, whose columns are the eigenvectors associated with the eigenvalgeg and for
the ¢ x g3 matrix V3 whose columns are the eigenvectors associated with the eigenvakies AI A(Xh); cl,
Ag A(Z0); c],/lg A(X0); ], Vin, Vo, andVs,, denote the corresponding quantities based on the sample aviglog
with dim A;[A(Xy);¢] = 1 = card{i € I : \j(Xy,) > ¢}, dim A2[A(Xy);¢] = Go = card{i € I : \j(X,,) = ¢},
dim A3[A(Xy);¢] = g3 = card{i € I : \;(X),) < c}, respectively.

Using (4.3), theaegularizedinverse can be decomposed as follows:

AMX;C} 0 0 1% 3
She) = vAl(eV =W Va V3 0  AlNd o0 Vil =Y 2
0 0 A/ V5] =
4.7)
where
SEe)=viAl(eV) i=1,2,3 (4.8)

Aj(c) = AZT [\; ] for the sake of notational simplicity. Note that the original maffican be decomposed similarly
as:

3 3
T=VAV =) 5 =) VAV (4.9)
=1 i=1

with A1(c) = {\: XA > ¢}, Aa(e) = {\: A = ¢} andA3(c) = {\ : XA < c¢}. In the absence of problematic zero
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eigenvalues, the usual inverse can be computed as:
3 3
Sh=vATV =) m = VA (4.10)
=1 =1

Let I, andI,, denote conformable identity matrices. Let us establish some useful properties for the regularized
inverses.

Property 1 PROPERTY OF THE REGULARIZED INVERSES LetY = VAV’ be a positive semi definite matrix,
suchthat\; > --- > X\, > 0. LetAg()\;¢c) < 1 V A Then, the regularized inverse”(c) of ¥, defined in4.1,
satisfies the following relations.

) DY) =XE()Y < I,;
iy TXE(c)T < I, ,whereT = V AY2V" is the square root of” ;

i)y YXRe)y < ¥
iv) If g(A\;¢) >0, then(ZR(c))_l > X
V) If (A >0 = g(X;c) > 0), then (rank(XF(c)) > rank(X)) .

It is important to notice that any transformation of the original maFithat diminishes the inversg’?(c) satisfies
relationiv). Note that the generalized inverses usually denotet bghare propertie§ andiii) with theregular-
izedinverses. By contrast, properiyi) appears as a dominance relation for sgularizedinverse as opposed to
g-inverses for whicl? ¥~ X7 = ¥, Resultv) is well known for g-inverses and is related to generalized inverse with
maximal rank. See Rao and Mitra (1971, Lemmas 2.2.1 and 2.2.3 page 20-21)] for #g$ultedv) regarding
g-inverses. Finally, note that) is another way of formulating), and can be useful for sandwich estimators.

5. Regularized Wald statistic

In this section, we introduce the concept of regularized tests which embed three possibl€aasdsorresponds
to the regular setup where the estimator of the covariance matrix converges to a full-rank fixed matrix. In this case
regularizing is useless with decomposition (4.9) and (4.10) boiling down to single block avken. Case 2
corresponds to a sample covariance matrix which converges to a singular limiting matrix but satisfying the rank
condition2.5. In such a case, the limiting distribution is modified only through an adjustment of the degree of
freedom; this is the case covered by Andrews (1987) and Lutkepohl and Burda (1997). Easallgmakes use
of a sample covariance matrix which violates the typical rank condition. Also, the regularized weighting matrix
converges to an object that is different from the original population matrix. Regularizing then yields a valid test but
at the cost of dully modifiedasymptotic distribution. This is the route investigated here. We consider situations
where the finite sample rank generally exceeds the asymptotic one. This type of singularities can be encountere
when the derivative matrix of the restrictions has a lower rank only at the true value of the parameter, or in the
presence of superconsistent estimators or estimators that do not converge at the expected parametric speed.
this respect, Antoine and Renault (2009), Antoine and Renault Qidnted out that although all parameters
are identified, but some rates of convergence are as slow/4sthe standard GMM estimator asymptotics are
modified. The regularized Wald statistic can also handle cases where the finite sample matrix is singular possibl)
due to redundant restrictions that are difficult to detect analytically.

Based on decomposition (4.9), the original Wald statigfjg¢,) defined in equation (2.2) enjoys the following
decomposition

Wn(¢0) = Win + W + Wsy (51)
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whereW;,, = a2 [t — vo] 55} [Un — o], with T8 = Vi, A1V fori = 1,2,3, and A, = A7 A(Z0); .
Fori = 2,3, W;, = 0, eventually.

The specific irregular setup here consists in allowing singular covariance matrices that violates AssRfmption
of Andrews (1987). As a consequence, the Wald test statistic has to be modigllarizedto account for such
irregularities. Let us introduce thregularizedWald statistic in the next definition.

Definition 5.1 DEFINITION OF THE REGULARIZEDWALD STATISTIC. The regularized Wald statistic is

Wie) = X2 0)X,
= an [P0 — 0] ZE(C)an[thn — 0] - (5.2)

Built on theregularizedinverse of Section 4 and its decomposition (4.7)-(4.8) rédgeilarizedWald statistic can
be decomposed as follows.

Wie) = XpZ3(e)Xn = aj [t — 0] E5(e) [hn — vo]

3
= [ = o] 3_Z0() [$n — o]

=1
= Wi(e) + WE(c)+ Wi (e), (5.3)

where X A
WE(c) = a2 [hn — o) ZE (c) [hn — 0]

with 2 (¢) = Vip Al (¢)V/, fori=1,2,3.

By partitioning the inverse of the eigenvalue matfik into three bIocksAI(c) for A > ¢, Ag(c) for A = ¢
and Ag(c) for A < ¢, we have identified a convenient decomposition of the statistic into three components: a
first component involving the "large” eigenvalues remains unchanged; a second component gathers the eigenvalus
exactly equal to the threshoiglwhile a third one incorporates the small eigenvalues. As we shall see in S&dfion
this decomposition helps one to better understand the structure of the distributiorreduleizedtest statistic.
By contrast, Lutkepohl and Burda (1997) only keep the eigenvalues greater than the theesinidth cancels out
the last two componentse. Wi (c) = 0 andW. (¢) = 0. Thus discarding the small eigenvalues may result in a
loss of information. However, as Lutkepohl and Burda (1997) ugedistribution with fewer degrees of freedom,
a deeper investigation must be conducted for power assessment. More importantly, in finite samples it will be
difficult to disentangle between the estimates which really correspoihd=@ from those close te, but distinct
from c¢. This makes the estimation procedure trickier and the asymptotic distribution more complicated. Note that
Wi, = W{i(c) for this is the regular component common to both statistics, the usual Wald and the regularized
Wald statistics. Moreover, when there is no eigenvalues exactly equaht¢:) = 0, and the second component
collapses to zero.

6. Results on eigenprojections

6.1. Discontinuities of eigenvectors: an illustration

We discuss now some hon-unigueness and discontinuity issues regarding the eigenvectors of a given matrix. Whil
it is well-known in spectral theory that eigenvectors corresponding to multiple eigenvalues are not uniquely defined
(but only up to the post multiplication by an(\) x m(\) orthogonal matrix withn () indicating the multiplic-

ity of the eigenvalue), econometricians are not cautious about such considerations that could entail convergenc
problems. Second, whereas the eigenvalues are generally known to be continuous functions of the elements of tt
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matrix, this statement does not necessarily hold for the eigenvectors. The main pitfall consists of drawing conver-
gence results for the estimates of the eigenvectors based on the consistency of the sample matrix which criticall
hinges on the continuity assumption of eigenvectors (w.r.t. the elements of the matrix). Even in the determin-
istic case, the eigenvectors are not necessarily continuous functions of the elements of the matrix. To see the
discontinuity, we consider a simple counter-exarhple

Example 6.1 Let A(z) be the matrix function defined as:

1
e 0 <o
i 0 1—=x
1 =z .
ifz>0 .
_x 1]

This matrix function is clearly continuous at= 0, with A(0) = I,. However, forz < 0, the spectral decomposi-
tion of A(z) is:

A(z) = (1+2) H 1 0] +(1—x) m [0 1] (6.2)
[with (1 + z) and(1 — z) being the eigenvalues arftl, 0)' and(0, 1)’ the eigenvectors], while for > 0, it is
1 1 1 1
Az) = ﬁ(l + ) H 1 1]+ E(1 — ) [_1] 1 —1] (6.3)

[with (1 4+ z) and (1 — z) being the eigenvalues an\%(l, 1) and %(1, —1) the eigenvectors]. Clearly, the
eigenvalueg1 + z) and (1 — z) are continuous at = 0 whereas the eigenvectors are not the same whether
x— 0T orz — 0.

Being unaware of this caveat may leadnmngdistributional results through mistakenly applying the continuous
mapping theorem to objects that aret continuous. Nevertheless, there exists functions of the eigenvectors that
are continuous w.r.t. the elements of the matrix. Specifically, for an eigen¥athe projection matrix?(\) that
projects onto the space spanned by the eigenvectors associatell viltle eigenspacé/(\) - is continuous in

the elements of the matrix. This follows from the fact thgt\) is invariant to the choice of a basis. For further
discussion of this important property, see Rellich (1953), Kato (1966) and Tyler (1981).

6.2. Continuity properties of eigenvalues and total eigenprojections

In order to derive the asymptotic distribution of the regularized statistics, it will be useful to review and adapt some
results on spectral theory used by Tyler (1981). £€Y’) denote the spectral set &f, i.e. the set of all eigenvalues

of Y. Theeigenspacef X associated with is defined as all the linear combinations from a basis of eigenvectors
xi, i =1,...,m(\), l.e.

Clearly,dim V' (\) = m()\) . SinceX’'is ag x ¢ matrix symmetric in the metric of a real positive definite symmetric
matrix T (i.e. TX' is symmetric), we have:

R? = V). (6.5)
AeS(X)

2\We are grateful to Russell Davidson for this example.
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Theeigenprojectiorof X associated with,, denotedP()), is the projection operator onid(\) w.r.t. decomposi-
tion (6.5) ofR?. For any set of vectors; in V(\) such thakTx; = ¢,;, whered;; denotes the Kronecker’ s delta,
P(\) has the representation

m(X)
P =) xxT. (6.6)
j=1
P()) is symmetric in the metric of. This yields
AES(Y) A(Zn)ES(Zn)

If v is any subset of the spectral s¢tY’), then thetotal eigenprojectiorfor X associated with the eigenvalues in

v is defined to b&_, ., P()). We report below a lemma given by Tyler (1981, Lemma 2.1, p. 726) that states
an important continuity property for eigenvalues and eigenprojections on eigenspaces for non-random symmetri
matrices of which consistency of sample regularized inverses will follow.

Lemma 6.2 CONTINUITY OF EIGENVALUES AND EIGENPROJECTIONS LetY), be ag x ¢q real matrix symmetric
in the metric of a real positive definite symmetric maifjxwith eigenvalues.; (X,) > A2 (2,) > ... > A (Xh).
Let P, (X)) represent the total eigenprojection fai, associated with\, (X)) ... A\((X,) fort > k. If X)), — ¥
asn — oo, then:

) Ae(Xn) — A (X)), and
i) Prt(Xn) — Prt(X) providedA,_1(X) # Ap(X) and A (X) # Ay (X) -

This lemmatells us that the eigenvalues are continuous functions in the elements of the matrix. The same continuit
property holds for the projection operators [or equivalently for the projection matrices for there exists a one-to-one
mapping relating the operator to the matrix w.r.t. the bases] associated with the eigenvalues and transmitted t
their sum. No matter what the multiplicity of the eigenvalues involved in the total eigenprojetiqry’), this
continuity property holds provided that we can find one eigenvalue before and one after that are distinct.

It will be useful to extend Lemma@.2to random symmetric matrices. To do so, we first consider a.s. con-
vergence (in symbot3) and then convergence in probability (in symb®). To the best of our knowledge,
these results are not explicitly stated elsewhere. In the following we will tacitly assume that a probability space
(2, Az, P) is given and that all random variables are defined on this space.

Lemma 6.3 CONTINUITY OF EIGENVALUES AND EIGENPROJECTIONS ALMOST SURE CONVERGENCE Let
X, be ag x g real random matrix symmetric in the metric of a real positive definite symmetric random rhatrix
and with eigenvalues; (X)) > Xo(X,) > ... > A\(Xy). Let P (X)) represent the total eigenprojection for
X, associated with\, (X,) ... \(Xy,) fort > k. If X, 2% ¥ asn — oo, then:

) Ax(Zn) =5 A(2), and
i) Ppt(Zn) =5 Prt(X) providedA,_1(X) # A(X) and Ay (X) # Ag1(2)

We can now show that the continuity property of the eigenvalues and eigenprojections established in the a.s
case, remain valid in the case of convergence in probability .

Lemma 6.4 CONTINUITY OF EIGENVALUES AND EIGENPROJECTIONS CONVERGENCE IN PROBABILITY.
Let X, be ag x ¢ real random matrix symmetric in the metric of a real positive definite symmetric random
matrix 7;, with eigenvalues\; (X,) > Xo(X),) > ... > A\((Xn). Let P, (X)) represent the total eigenprojection

for X, associated with\, (2,,), ..., \(X,) for t > k. If X, & ¥ asn — oo , then:
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i) Ap(Zn) 2 (), and

i) Ppi(Zn) 2 Ppy(2) providedy,_1(X) # A(2) and \(2) # A1 (5)

6.3. Asymptotic distribution of eigenvalues

In this subsection, we summarize general results on sample eigenvalue behavior established by Eaton and Tyl
(1991, 1994).

Before establishing convergence results for the regularized covariance matrices and the regularized tests stati
tics, we shall first study the convergence rate of the eigenvalues in the general case where the covariance matr
may be singular with (possibly) multiple eigenvalues. To do so, we shall apply a general result given by Eaton
and Tyler (1994) where they generalize classical results due to Anderson (1963, 1987)on the behavior of the san
ple roots (of a determinantal equation). Specifically, under relatively weak conditions Eaton and Tyler (1994)

show the following: if a sequence of randdm x ¢)—matricesX,, satisfying the conditiom,, (X, — %) £ Q

where X is a nonstochastic matrix, then the sample eigenvalues will have the same convergence rate, with

ba[F(Z,) — U(ED)] 5 [Hp (3@, + Qi1]), ¥(Qa)] . Hp(.) and¥(.) are vector-valued functions stack-

ing the eigenvalues of the corresponding objects. A more detailed definition of those vectors will follow. For our
purpose, the convergence rateof the sample eigenvalues is the only thing we need in deriving the convergence
property of the regularized covariance matrices.

Letd; > ds > --- > dj denote the distinct eigenvalues ofjax ¢ symmetric matrixC' and letm; be the

multiplicity of d;, i = 1,..., k. Given the eigenvalue multiplicities @f, it is possible to partition the matrig'
into blocks such ag’;; is them; x m; diagonal block o” andC;; them; x m off-diagonal blocksi, j = 1,... k.
Thus, a functiond ong x ¢ symmetric matrices can be defined by
p(C11)
C
H(C) = A .22) (6.8)
p(Chk,)
H(C) takes values ifR? and p(C;;) consists of then;-vector of ordered eigenvalues of the diagonal bl6gk
i=1,...,k. LetI" be an orthogonal matrix such that
T'AI' =D, (6.9)

where the diagonal matri® consists of the ordered eigenvaluesAdfEaton and Tyler (1991) first establish the
distributional theory for symmetric matrices before extending it to gempexay matrices.

Lemma 6.5 DISTRIBUTION OF THE EIGENVALUES OF A SYMMETRIC SQUARE MATRIX LetS,, be a sequence
of ¢ x ¢ random symmetric matrices. Suppose there exists a nonrandom symmetric Anairika sequence of
constants,, — oo such that

Wy = bn(Sn — A) S W . (6.10)

Then
bu(p(Sn) — p(A)) 5 H(IWT'). (6.11)

For anyp x ¢ real matrix X, the ¥(.) function is a vector-valued function that stacks the eigenvalues of the
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corresponding object as defined below:

VE N
() = f(p(X'2) = : with f(z)=| : (6.12)
Ve VT
whereé; > --- > &, > 0 are the eigenvalues of’ X
Let
T = (df (¢)) = %diag(gflm, LTy (6.13)

In the first part of the theorem below, we gather the special cases where the matay have rank = 0 or
r = ¢ before giving the general result in the second part. In the second part of the theorem, write ghaatrix
X in the form

0 0

wherel (I3)is ap x p (resp.q x ¢) orthogonal matrix, and is ar x r diagonal matrix.D consists of the strictly
positive singular values of'. Partition the matrix,, as

Yol Xnie
X = 6.15
<2n21 Zn22> (6.15)

$=r] (D 0) I (6.14)

whereX, 11 isr x r, Ypi12isr x (¢ —1), Xpo1 1S (p— 1) x rand X902 is (p — ) x (¢ — r). Partition the random

limit matrix Q accordingly. The: x r diagonal matrixD = diag(ﬁ/z, ce }/2) defines a functiot{p onr x r
symmetric matrices. Lefp = %diag(gfl/z, e 7«_1/2). The general cask < r < ¢ can be thought as gluing

together the two special cases- 0 andr = q.

Theorem 6.6 DISTRIBUTION OF THE EIGENVALUES OF RECTANGULAR MATRICES IN THE GENERAL CASE
Let¥(-) be defined as if6.12), and suppose Assumpti@rB8holds.

i) If X =0,then
b ((2,) —#(5)) 5 w(Q) . (6.16)
i) If X' has full rankg, then
b ((2,) —W(X)) & TH(I[2'Q+ QXTI (6.17)
whereH, I" andT are defined in6.8),(6.9) and (6.13).
i) If rank(X) =r,1<r <gq,then
bal(5) -~ w(z)] & |02+ @ul) (6.18)

whereQ = [Q“ Q”} is a well-defined random element, with; being anr x r matrix and Qs a

QQI Q22
1/2

(p—r) x (¢g—r) matrix. Ther x r diagonal matrixD = diag(&,’", ..., 5/2) consisted of the strictly positive
singular values of defines a functiot{p onr x r symmetric matrices a# is defined in(6.8) ong x ¢
symmetric matrices.
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For our purposes, we do not need the knowledge of the whole distribution but only the convergebgeftaie
sample eigenvalues for the convergence property of regularized inversecwhers with the sample size. See
Eaton and Tyler (1994, Propositions 3.1 and 3.4 and Theorem 4.2) for a proof.

7. Asymptotic properties of the regularized inverse

In this section, we derive asymptotic results for tegularizedinverse that hold for a relatively general variance
regularization function (VRF) family.

7.1. The family of admissible Variance Regularization Function (VRF)

We now define the VRF family, and provide a few examples.

Definition 7.1 THE FAMILY OF ADMISSIBLE VRF. G. is the class of admissible scalar VRF, such as for a real
scalar,c > 0:
gl Ry — Ry
A = g(No)

g(X; ¢) is continuous almost everywhere w.nt, except possibly at = ¢, (w.r.t. the Lebesgue measurg)is a
function that takes bounded values everywhere,ggischon-increasing in\.

Note importantly that we allow a discontinuity at= ¢ to precisely embed a spectral-cutoff type regularization
such as a modified Moore-Penrose inverse that is cleatlgontinuous around = ¢, see (7.2).
Some possible choices for the VRF could be:

1 if A>c
g(X;c) = { 1 : (7.1)
m |f A S &
with v > 0. This VRF can be viewed asmodifiedHodges’ estimator applied to the eigenvalues. See Hodges and
Lehmann (1950), LeCam (1953). Interesting special cases include:

i) v=o00,c>0,hence

% if \>c

and thereforelf(c) = A*(c), where
AT (c) =diagl/MI(A > ¢),..., 1/ A 1(A\g > ©),0,...,0]

corresponds to a spectral cut-off regularization scheme [see Carrasco (2007), Carrasco, Florens and Renat
(2007) and the references thereifi]s) is equal to 1 if the relation is satisfied. In particularl; is amodified
version of the Moore-Penrose inverse of

A=diaghiI(A1 > 0),..., A, L(Ag; > 0), Agu+1L(Agi41 > 0) ..., NI (Ag > 0)]

used by Lutkepohl and Burda (1997, henceforth LB). We also consider the case where some eigenvalues ma
be smaller than the threshatgdwith ¢ # 0.

ii) v = 0ande = ¢, with ¢ # 0, hence
if \>c

if AX<c. (7:3)

g(Xie) = {

O || =
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i) ~v > 0withy = ﬁ a > 0,ande = A\, with ¢ # 0, hence

1 if A\>c

if A<c,

Sy

g(X;c) = { (7.4)

A2t

which corresponds to a variation around the Tikhonov regularization (related to the ridge regression) since
1 _ 1 _ A
Ay(e=A) T Aa/A T Ata”

Based on the spectral decomposition defined in equation (6.7), we immediately deduce a spectral decompos
tion for the regularized inverses:

ey =vAV' = Y gxe)P(N), D) =Vadl(Vai= > g[AE)i PINZ)] -
AES(X) A Zn)ES(Zn)
(7.5)
Thus, the dependence orof the regularized inverses comes from the ViRK; ¢). Besides, the threshotdmay
be size-dependerite., g(\, ¢,). This case is a special casecdfxed and will be studied in Section 10.

7.2.  Asymptotic properties of the regularized inverse whem is fixed

Because the random objects considered here are matrices, we must choose a norm suitable to matrices. For tl
reason, we consider the finite dimensional inner product spdge< -, - >), whereS, is the vector space of

¢ X ¢ symmetric matricesS, is equipped with the inner produet Xy, ¥y >= tr[X]X5], wheretr denotes the

trace. Let| - || denote the Frobenius norm induced by this inner prodiect]| |2 = tr[2’Y]. Let A® denote the
regularized inverse of @x ¢ real symmetric matri¥d. In the subsequent propositions, let {1,2,..., ¢}, denote

the set of indices such that > A\, > ... > A, andJ = {1, 2, ..., k} the subset of corresponding to the indices

k

associated with the distinct eigenvaluesifie. d; > dy > ... > d; > ... > dj, sothat)  m(d;) = ¢ > 1and
j=1

1 < k < ¢, with m(d;) denoting the multiplicity ot/;. Let us define a partition af, denotedP (1) such that:

k
PI)={LcLjeJ:L(\L=0JL =1}, T={1,...,q}, (7.6)
i#l i=1
with
Ii={iel: \;=d;}, cardIl; =m(d;) (7.7)
and
Ic)={iel: \y=dj=c},, cardI(c)=m(c) (7.8)

We adopt the convention thdtc) = 0, if there is no eigenvalues equal ¢0 The vector spac®? can be de-
composed aR? = V(d1) @ --- @ V(d;) @ --- ® V(d;) . Eachu € R? can be expressed in the form =
ur+- - Fuj+- - Fug, Withw; € V(d;), j € J inaunique way. The operatd; = P(d;) is such thatPju = u; is
the eigenprojection operator on the eigenspaeg ) alongN; = V(d1)@---®V(dj—1) BV(djy1) - --®V(di) -
Thus,

Pj(X) = P(d;)(X) (7.9)

projects X’ onto the eigenspacg(d;) along ;. Furthermore,zg’?zle =1, PP, = ;,P; . Thereis a
one-to-one mapping fromi to P(I) such that:

Vied: j— I (7.10)
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where the total eigenprojection operafey (e) applied toX,,, with X, 2, ¥, yields by Lemmab.4ii)
Pr,(2,) % Pi(E) = P(d;)(2) (7.11)
and

dim P;; = dim P; = m(d;) = dim V(d;) with 1= ZP > P (7.12)

Property 2 UNIQUE REPRESENTATION OF THE REGULARIZED INVERSE For a giveng(.,c) VRF in theG,
family, the regularized invers&%(c) = V Af(c)V’ of a symmetric matrix. and its sample analog’?(c) =
VnAL(c)V/L admit an unique representation of the form:

k
SRe) =" gldj; ) Py(%) (7.13)
Jj=1

and

Ais € (7.14)

k
- ZPIJ(
j=

where thed;’s denote the distinct eigenvalues Bfwith multiplicity m( i), Ai = Ni(Z); Pr,(Xn) and P;(X)
are defined at equationd.9)-(7.12) with I; defined at equation7.7). If X = 0, P(0)(X) = I,, and X (c) =
9(0; ¢)P(0)(X) = g(0: ¢) I -

ZEI

The uniqueness of the representation of the regularized inverse immediately follows from the uniqueness of the
decomposition involving only distinct eigenvalues. Thus, there is a one-to-one relation between the regularizec
inverse and the VRE(., ¢) in the G, family. An interesting case producing a nonstandard asymptotic distribution
corresponds to using a fixed threshold. In this case, the asymptotic distribution of the regularized test statistic
involves a nonstandard component that can be bounded above as shown in C8rallary

Assumption 7.2 REGULARITY CONDITIONS FOR THE CONVERGENCE OF THE REGULARIZED INVERSEThe
VRFg € G.,andfori =1,...,q, \; = \;(X) are the eigenvalues of@x ¢ semi definite matrix’. At least, one
of the following conditions holds:

i) the VRFg is continuous af; = ¢
i) X N=c

iii) the estimator);(c) of \; is superconsistent at i.e. P[\;j(c) =c] — 1.

n— oo

As long as one of the three above conditions hold, both convergence results of the regularized inverse (Propositior
7.3and7.4) will hold, otherwise it may break down. Let us now state the a.s. convergence for the regularized
inverse where is fixed.

Proposition 7.3 ALMOST SURE CONVERGENCE OF THE REGULARIZED INVERSES Letg € §.. Suppose
XY and X, are g x ¢ symmetric matrices withank(X) = r < ¢ . Let the regularized inverses be defined at
equationg7.13) and (7.14). Let Assumptioii.2hold. If ¥, “3 ¥, then

SRe) S 2R () . (7.15)
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Proposition 7.4 CONVERGENCE IN PROBABILITY OF THE REGULARIZED INVERSES Suppose. and X, are
g X g symmetric matrices such thatnk(X) = r < ¢ . AssumptiorR.3 holds withp = ¢, and Assumptio.2
holds. Let the regularized inverses satisfy Property 2, and decompogition(4.8). Then

Zi(e) = 2 n(e) + Z3h 1 (e) + 35 () (7.16)

where N 1 A N
SR () =ZPIj<2n>mZg(Ai,c) L) gldy; ) Py(2) = Zfi(e) (7.17)

j=1 J i€l Jj=1

1 N
Yoon(c) Pz(c)(En)% D g(hie) B gl )l g,—q Pio(2) = Tah(c) (7.18)
i€l(c)

k 1 A k

That)= > PLEoasd e B D gldpaBi() = D). (719)
j:k1+1{d]v:c}+1 J iEIj j:k1+1{dj:c}+l

IRy B 2l . (7.20)

k

k1 = > 1{a;5c}, k is the number of distinct eigenvalues Bf and P (X) = P(d;)(X) for d;j = ¢, where
j=1

P;(X) = P(d;)(X) is defined at equatiofir.9). I; and(c) are defined in(7.7) and(7.8).

The problematic component for the convergence of the regularized inverse is the second one involving the eigen
value); = d; = c. If the VRFg is continuous ah; = d; = ¢, equation (7.18) holds; if there are no eigenvalues
Ai=dj=cI(c)=0,114,— = 0, and the convention adopted is to g@lg,n(c) = Yl (c) = 0; if there exists a
superconsistent estimator of the eigenvalue &f.18) holds. Otherwise’;?(c) may not converge t&;f(c) . In

other words, the conditions stated in Assumpfio®are necessary conditions for (7.15) and (7.20) to hold.

8. Asymptotic distribution of the regularized Wald tests with a fixed threshold

In this section, we characterize (Propositd) the asymptotic distribution of the regularized Wald statistic for
general distributions forX,,, before giving its specific expression for the Gaussian case (Cordldy The
decomposition of the regularized statistic into three independent components, one regular and two nonregula
ones, provides an insight on the structure of the distribution which yields an upper bound for the test statistic in the
general case (Corollag.3); its expression in the special Gaussian case follows (Cordday

Proposition 8.1 CHARACTERIZATION OF THE REGULARIZED WALD STATISTIC WHEN THE THRESHOLD IS
FIXED. Suppose the assumptions of Proposiffofhold together with Assumptidhl, with ¢ = 3. Suppose
k

the ¢ x ¢ limiting weighting matrixX' satisfies Assumptio®.2, letk; = > 1¢4,>c) be the number of distinct
j=1

eigenvalues of. larger thanc, andW 2 (c) is defined in%.2). Then

WEe) & whc) (8.1)
where
k
Wh(e) = X'Zf(e)X = g(ds; o) X'B(d;)B(d;) X
j=1



= Wi(e) + W(e) + WE(e) , (8.2)

k1
Wi e) = X'2f ()X = g(dj;¢)X'B(d;)B(d;)'X (8.3)
j=1
W) = X' 2B ()X = g(c; c)l{dj:c}X'B(c)B(c)/X , (8.4)
k
W3t(e) = X' Ui (e)X = Y. 9ldj;)X'B(dj)B(d;)'X . (8.5)
=kl (g, —cy +1

Interestingly, whent = 0, the distribution ofil¥’%(c) is not degenerate: the regularized weighting matrix is
given by X%(c) = ¢(0; ¢)1,, so the regularized Wald statistic simplifiesg@®; ¢) X’ X in the general case; in the
Gaussian case, whe¥i = 0, d; = 0 with multiplicity ¢, and the limiting statistic is equal to zero (see equation
(8.6), wherelWf(¢c) = 0). Note also that the components are independent due to the specific decomposition
of the regularized weighting matrix. We can now easily consider the special case Wher&aussian, with

the Lutkepohl and Burda (1997) result obtained as a special case of the CoBRarBesides, if there is no
eigenvalues such that= d; = ¢, Wi*(c) = 0 due to the indicator function, afd@ 2(c) = W{(c) + W(c) for

all the subsequent results stated in this section.

Corollary 8.2 THE REGULARIZED WALD STATISTIC WITH A FIXED THRESHOLD: THE GAUSSIAN CASE
Suppose the assumptions of Propositéf hold, but replace Assumptio?.1 with 2.4, with ¢p = 1y, and
B(dj)/X = \/djxj, Wherea:j = N[O,Im(dj)], fOI’j =1,...,k.

i) If X =0,then
k
Wi(e) £ W) = X' 2R ()X = Zg(dj;c)djx;xj =0. (8.6)
j=1
i) If X 0, then
Wi(e) 5 Wh(e) 8.7)
k
whereW(c) = X' 2R(e) X = Y g(d;; ¢)djv; = W (e) + WE(c) + W (c) with
j=1
k1
Wi(e) = X'Sf(0)X = gldjic)djv; (8.8)
j=1
Wyt(c) = X' 555 ()X = g(¢; )1 {4, =} Vj(c) » (8.9)
k
W) = X'ZE ()X = > glds;e)dyuy (8.10)

J=ki+lga,=cy+1
wherev; ~ x*(m(d;)), andvj() ~ x*(m(c)) .

We can see from this corollary that the three components can be interpreted as a linear combination of chi-squar
variables with the degree of freedom given by the multiplicity of the distinct eigenvalues. Note thatwhen
has rankr < ¢, the last componerit/f(c) that corresponds to the eigenvalues less thawill contain a zero
eigenvaluej.e. d; = 0, whenc # 0. Whenc = 0, in this caséV{(0) = W(0) = 0, W{(0) = W*(0), and
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we obtain the Lutkepohl and Burda (1997) result as a special case. Note that their result only holds for distinct
eigenvalues.

Corollary 8.3 CHARACTERIZATION OF AN UPPER BOUND IN THE GENERAL CASE Suppose the assumptions
of Proposition8.1hold. LetY; = B(d;)'X. Letg € G, with a fixed threshold such that

g(dj;e)d; <1 Vj=1,....k

then,
k

Wh(e) < Y Yy
j=1
The proof is straightforward. We obtain a characterization otipper boundfor general distributions for the
regularizedWald statistic, when is fixed. Such avalid bound will yield aconsistentest under the alternative.
However, using the standard chi square critical point corresponding to the Gaussian case will also produce consit

tent test under the alternative, yet at the cost of size distortions under the null.

Corollary 8.4 CHARACTERIZATION OF THE BOUND. THE GAUSSIAN CASE  Suppose the assumptions of
Corollary 8.2hold. Letg € G., with a fixed threshold such that

g(dj;c)djgl Vj=1,...,k'

then,
Wit(e) < (@), Wal(e) < xP(m(e), Wit(e) < x*(g3)
and

k1 k
wherev; ~ x*(m(d;)), 1 = Zlm(dj). g3 = q —q1 —m(c), andg = Zlm(dj)-
J= J=

In the Gaussian case, we obtain a chi square as an upper bound fregukerizedstatistic, where is fixed. Each
component is distributed as a chi square variable with the degree of freedom given by the sum of the multiplicity of
the distinct eigenvalues involved in the sum. As the decomposition involves three independent chi square variables
the resulting distribution for the overall statistic is also chi square due to its stability; the degree of freedom is then
given by the sum of the degrees of freedom of each component. A convenient chgioeidd beg(d;; c¢)d; = 1,
forallj =1,..., ki +m(c), whichyieldsW(c) ~ x%(q1), andWii(c) ~ x2(m(c)). Although afixed threshold
leads to a nonstandard asymptotic distribution for the regularized statistic, the decomposition of the statistic into
three components naturally provides an upper bound for the nonregular components. In consequence, the critic.
points given by the standard chi square distribution(ifs Gaussian) can be used to provideasymptotically
valid test. However, improved power over those conservative bounds can be achieved by simulations.

We shall now show that the regularized statistic is consistent against a global alternative&yyfiiows a
general distribution.

Proposition 8.5 CONSISTENCY PROPERTY OF THE TEST Suppose the assumptions of Proposi8drhold, and
Wk (c) as defined ing.2). Suppose there exist some eigenvalues of the limiting matsxch thatd; # 0 under
the alternative. Suppose furthéf,, = an(qﬁn — 1) satisfies Assumptidh 1, with ¢ = 1. If 1 — g = A # 0,
and A’ YE(c)A > 0, then

Whe) — . (8.11)

n—oo
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We also characterize the behavior the regularized Wald statistic under local alternatives as in the next proposi
tion.

Proposition 8.6 LOCAL POWER CHARACTERIZATION Suppose the assumptions of Proposiohhold, and
W (c) as defined ing.2). Suppose there exist some eigenvalues of the limiting mBtsch thatd; # 0 under
the alternative, with) = 1. If a,, (1, — o) — A # 0, and A’ $E(c)A > 0, then
WE(c) nf;o X' ZR()X +2X' ZR(e) A+ ATR(0)A (8.12)

We can observe from this result that the limiting quantity involve three components: the first component, a
quadratic form inX, still satisfies the null hypothesis; the second component is a linear fotky ithe third
one represents a noncentrality parameter. Only the last two component will contribute to power. Note that in
the Lutkepohl and Burda (1997) case, their noncentrality parameter based on the modified Moore-Penrose invers
A'XF Ais expected to be smaller than the noncentrality param#&ter(c) A, which may entail a loss of power
despite a smaller critical point, due to a chi square distribution with reduced degree of freedom. Indeed, there may
exist some directions for the alternative, where a spectral cut-off type Moore-Penrose inverse that sets to zero th
small eigenvalues, may destroy power as stated in the next corollary.

Corollary 8.7 LOCAL POWER CHARACTERIZATION DELTA IN THE NULL EIGENSPACE. Suppose the assump-
tions of PropositiorB.6 are satisfied. Suppose further thate V(0), then

L
=

n—oo

Wi(e) X'ZR()X +29(0;¢) X' A+ g(0;0)A'A . (8.13)

We do not expect the test to be consistent against all types of alternatives. There may exist some directions whel
power is reduced or eventually destroyed, whethées in the eigenspade(0) associated with the null eigenvalue

or not. In such a case, the choicegd; c) is critical for power considerations. By settipf); c) = 0, the spectral

cut-off Moore Penrose inverse used by Lutkepohl and Burda (1997) will destroy power.

9. Regularized Wald statistic based on a superconsistent estimator of the eigen-
values atc

We now introduce a new regularized Wald statitig! (A(c); ¢) built on asuperconsistergstimator of the eigen-
values at, denoted&(c). In so doing, a second layer of regularization is introduced througbdifiedHodges-
Lehnman estimator applied to the eigenvalues. More importantly, the superconsistency property of the eigenvalu
estimator can accommodate a discontinuity of the \(RfEA = c¢. The regularization is henceforth twofold: first,

we modify the estimator of the eigenvalue as in (9.1), second the Hodges-Lehnman estimator of the eigenvalues
X(c), is plugged into the weighting matrix and then regularized. Sushpeerconsistengstimator atc can be
designed as follows.

The modified estlmato)\( ) = (Mi())i=1... 4 Of the eigenvalues of & x ¢ semi definite positive matri’
such that for each=1,..., ¢, \i(c) satisfies:
Q 5\1 if |5\z — C‘ >y
\i(c) = o0 bn 9.1
(<) {c if (A —cf <vir, ®-1)

whereb,, is the speed of convergence of the sample eigenvalues as defined in Tlﬁe@re,m's chosen such that
en — oo with 72 — 0 asn grows to infinity, andv is an arbitrary positive constanty; (c) corresponds to
a modlfledHodgess estimator; see Hodges and Lehmann (1950), LeCam (1953), Lehmann and Casella (1998)
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Leeb and Potscher (2008). This estimator enjoystiperconsistengyroperty 3iz). The sign function is defined
as:
1, if x>0
slz] = { 0 if x=0 (9.2)
-1, if x<0.

Property 3 SUPERCONSISTENT ESTIMATOR Under the assumptions given in Theor@® the estimatoi; (c),
defined in(9.1), of A; of theq x ¢ semi definite positive matriX has the following properties for ea¢h 1 < i < g,

i) Phi(c)=c] — 1,if N=c

n— oo

iy P{s[\i(c) —c]=s[\ —c]} — 1,wheres[.]denotes the sign function defined({n2).

n— oo

Property 3) states the usual convergence in probability whilg States thesuperconsistencgroperty of the
modified estimator at. Finally, Property 3ii) states that the modified estimator falls in the appropriate class
depending on whetheX; > ¢, A; = ¢, or A\; < c¢. As emphasized in Assumption2, \; = c deserves a
careful treatment, specifically if a mixture of a continuous distribution and of a Delta-Dirac distributiois at
considered. Although it is rather unlikely to encounter situations whgte c in practice, we wanted to provide a
comprehensive thorough study of all possibilities. Thus, to circumvent the complications aroused by such a case
we rely on asuperconsistergstimator. Recall thak(c) is defined in (7.8), and its estimator is given by

Ie)={iel: N()=¢c}, (9.3)
with I(c) = I(c) = 0, if there exist no eigenvalues = c. Then,

P[I(¢) =I(c)] = P[Ai(c) =c,Vie I(c)| =P[ () {Xi(e)=c}] — 1, (9.4)
i€l(c)

sinceP[Xi(c) = ¢| — 1foralli. Note that only the modified estimatay(c) satisfies (9.4) unlike estimators
with continuous distributions for whick [S\i =c|=0.
In the special case whebg = n'/2, we can take,, = n'/2~% with 0 < § < 1/2, so that:

. Nio i i—c >
Ai(e) = A n 9.5
(c) {c if A —cf <55 9:5)

Thus, if \; = ¢, we have:

P[;\,(c) = c] = P[\/ﬁ];\l — < yn1/2_5] > P[\/ﬁ\j\z -\ < unl/z_é] — 1 (9.6)

sincey/n(Ai — X)) = O,(1) . If \; # ¢, ¥ e > 0, , then

. . nl/2—6

P[IAi(e) = M| < €] = P[|A; — | > VT] = P[Vn|\i —¢| >wn!*°] - 1. (9.7)
n

n— oo

Finally, if a consistent estimator of the number of eigenvalues greaterctisaavailable, we will be able to
simulate the distribution of the superconsistent estimator-based regularized stefigthc); c). Therefore, the
simulated distribution will converge to the right distribution (thatBf®(c)), so that the level of the simulation-
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based test is controlled asymptotically. Let us define now an estimator of the possible multiplicity of

q
mc)=>» 1 tic 1@} (9.8)
i=1

k q
The number of eigenvalues greater thais given byk, = El{d,-_c>0} = > 1\ —c>0) > and its estimator
j=1 i=1

. q o
corresponding té&; = Zl{x(c)ﬂ»o} satisfies the following relation € > 0 : P[\kl — k| < e] — 1.
1=1 ¢ n— oo
Theregularizedinverse based on thmperconsisteMstimatorX(c) = (Xi(c))izlwq yWith Vi, = [4]i=1,. 4
the matrix of eigenvectors, corresponds to:

EXMe)ie) = Valdiag(g(hie)ie)],y Va
= fﬁ’n(j\(c);c) + ~1{27n(5\(c);0) + f?é%m (5\(6);6) , (9.9)
where i
2ﬁ,n (5‘(0)> C) = ZPI]- (En)m(ld) ZQ(S\Z'(Cﬁ C)l{(j\i(c)_c)>0} ) (9.10)
j=1 17 iel;
22% n(;\(c)ac) - g(c, C)mtc) Z 1{5\2-((:):0} X Pf(c)(xn) ’ (911)
ie I(c)
k
() 0) = SRy () (1dj) S 0 Loy 9.12)
j=1 i€l

k
since U I; = {1,...,q}, and wherePy (5,) = Y & (#4s) &}, Py (¥n) = 5 @i(i4d:) @) Theiy's

J=1 i€ I ie I(c)
do not have norm equal to 1, ardc) is defined in (9.8).

Proposition 9.1 DISTRIBUTION OF THE SIMULATION BASED TEST LetA(c) = (Ai(c))i=1...q, the vector of
the superconsistent estimators of the eigenvalues sdtisfy Property 3, andl/*(c) satisfy(8.1). Let the VRF
g € G, ,and the superconsistent estimator-based regularized statistic be:

Wi (A(0); ¢) = X, 578 (A(e); ) X (9.13)
whereX2(\(c); ¢) is defined in equation®.9)-(9.12). Then

plim {WE(A(¢);¢) = WE(e)} =0. (9.14)

n— oo

Thus, this proposition states that the distributioigf (\(c); ¢) converges to the right distribution asymptotically
(given in(8.1)) so that the level of the simulation-based test will be controlled asymptotically.

10. The case with a varying threshold:,

We shall now present the convergence results for the regularized inverses which are fundamental to obtain well
behaved regularized test statistics when the threshold varies with the sample sige=Let Y,,) and\; = \;(X)
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for notational simplicity. First when designing the VBEX; ¢,,), the varying threshold,, must be selected so that

Pr{|Ai = Xil > ea] = Pr{ba(Ai = X)| > baca] — 0 (10.1)
with ¢,, — 0 andb, ¢, — oo as n grows to infinity. Thus;, declines to 0 slower thatys,,, andb,,c,, — oo slower
thanb,, does. Indeed, the threshold must not decline to zero either too fast, or too slow. Selgdtirigis way
ensures that the nonzero eigenvalues of the covariance matrix will eventually be greater than the threshold, whil
the true zero eigenvalues will fall below the threshold and are set to zero at least in large samples. In most cases,
natural choice fob,, = \/n and a suitable choice fer, is ¢,, = n~1/3. This convergence rate plays a crucial role
in Proposition10.1below.

Proposition 10.1 CONVERGENCE OF THE REGULARIZED INVERSE WHEN THE THRESHOLD VARIES WITH THE
SAMPLE SIZE LetX be aq x ¢ real symmetric positive semidefinite nonstochastic matrix Bpd sequence
of ¢ x ¢ real symmetric random matrices. Suppose the assumptions of Théddmld withp = ¢ and let
g € Ge. Let); = \(X,). Suppose further that, - 0 andb,,c,, — oo, If X%(0) and X% (c,) have the
representationq{.13 and (7.14) respectively, then e e

SR B 2R(0). (10.2)

Thus, an important continuity property for the regularized inverse (unlike g-inverses) is established in this propo-
sition that contributes to the econometric literature.

In the following, we establish eharacterizatiorof the asymptotic distribution of thegularizedtest statistic
in the general case. This characterization makes use of a decompositiorregulaizedstatistic into a regular
component and a regularized one. Recall that we want to test the null hypothesis given in equatiore(2.1),

Ho(10) : 9(00) = 1o -

Proposition 10.2 ASYMPTOTIC CHARACTERIZATION OF THE REGULARIZEDWALD STATISTIC WITH VARY -
ING THRESHOLD. Suppose the assumptions of Propositiénl are satisfied. Suppose, also, Assumpfdh
k1
holds, andrank(X') = ¢;. Letk; be the number of non-zero distinct eigenvalugs, > m(d;) = ¢; > 1, and
j=1
g(d;;0) =0,V 5 >k + 1. LetV(X), andV; (X)), be the eigenspace associated with the total eigenprojections

k k
Zle(E), ZlPIj(En) respectively, and;(X), Va(X),), their complements iR?. Then, undei (1),
j=1 j=1

WE(c,) = X, 2R(c) X 5 X' SE0)X = WE(0) (10.3)
Wh(c,) = WE(c,) + WE () (10.4)

W () = X428 L (c) X0 5 X 2R (0)X = WE(0) (10.5)
W (cn) = XLE8% () X0 5 0. (10.6)

Thus, when the thresholg, converges to zero at an appropriate rate, based on the sample eigenvalues con-
vergence rate, the limitingegularizedinverse boils down to the spectral cut-off Moore-Penrose inverse, which
annihilates the nonregular componé#if?(0). Moreover, if we restrict the convergence in law above to the sole
standard Gaussian distributidre., [X,, = a, (¢, — ¢0) = vr[¥(0) — o] — N0, )], we obtain the result
given by Lutkepohl and Burda (1997, Proposition 2, page 318) as a special case (Cdi@/Baryn this case, the
regularized Wald test is asymptotically distributed ag*ég;) variable, withg; denoting the number of nonzero
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eigenvalues greater than the threshold. It is important to note, also, that Lutkepohl and Burda (1997, Proposi
tion 2, page 318) result holds only for distinct eigenvalues, unlike Proposifidhthat is valid under multiple
eigenvalues.

Corollary 10.3 ASYMPTOTIC DISTRIBUTION OF THE REGULARIZEDWALD STATISTIC IN THE GAUSSIAN
CASE WITH VARYING THRESHOLD. Suppose the assumptions of Propositiér2hold. Replace Assumptianl
with 2.4 Suppose further Assumpti@r holds withX; = N [0, I,,,(4,)] for all j. g(d;;0) = dij, vV j < k;andO
otherwise. Then, undét(vy),

WE(cn) = n[1p(8) — vol ZE(ca)[0(8) — o] = Wi (cn) + Wik (cn)

with ) )
Wik (en) = n[p(0) — o] L1, (cn) 0(0) — 2] (10.7)
Wik () = n[1h(8) — o) 255, (en)[1(8) — o] (10.8)
and
Wi (en) 5 WE0) ~ x*(@1) and Wap(cn) 5 0. (10.9)

When the threshold goes to zero at the appropriate speed, the limiting regularized statistic has a standard cl

square distribution with the degree of freedom given by the multiplicity of the nonzero eigenvalues. Meanwhile,

the nonregular component collapses to zero due to the spectral cut-off Moore-Penrose inverse.
Theregularizedtest has power against local alternatives:

Hy:v/n(in(0) — o) — A, A#0. (10.10)
Under this alternative, theegularizedtest has an asymptotic noncentgdldistribution,i.e.
Wh(en) 5 X2 q, ASEA) . (10.11)

For example, in the LB case the modified statistic corresponds to:

W, (en) = nip(0)' VA () V'9p(0), (10.12)
with
WE(c,) = W (c,) + W (¢,) > W,F(¢,) infinite samples (10.13)
whereA T (c,) = dz’ag()\fl, .. .,)\;11,0, ...,0) represents a modified version of the Moore-Penrose inverse of
A=diag(Mi,. .., gs Agi+1,-- -5 Aq) - A T(cy,) corresponds to a spectral cut-off regularization scheme.

11. Simulation results

In this section, we perform Monte Carlo experiments to assess the empirical behavior of the (regularized) Wald
statistics in two different situations: first, we conduct a multi-step noncausality test under the normality assumption,
then we test nonlinear restrictions on parameters in a non-Gaussian case, where the delta method breaks down.

11.1. Multi-step noncausality
To test the null of multi-step noncausalit : () = 0, we use four different versions of the Wald statistc
W =nr(a) £, r(@) (11.1)
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where singularity problems arise under parameter setting (3.1).

11.1.1. Simulation design

We examine three different kinds of parameter settings for the VAR(1) coefficients

Qry  Qgy Oy
Al = |oye oy Oy
Qzy  Qzy Oy

The first two parameter setups correspond to:

—=0.99 gy Oy =09 azy oy
A=A = 0 —0.99 05 |, A1 =Ayn= 0 -0.9 0.5 ],
0 0 —0.99 0 0 —0.9

where the problem of singularity is obtained fef, = «,. = ., = 0. The key parameter here to disentangle
between the regularity point and singularity point under this configuratien. iswith o, = 0 corresponding to
a singularity point, and,, # 0 to a regularity point.

A third parameter setup is examined:

0.3 azy g
A=A =107 03 025(,
05 04 0.3

wherea,, = a,. = 0, anda,, = 0.4 # 0 yields a regular setup. The first two parameter settings involve
parameters close to the nonstationary region, whereas the third one falls inside the stationary region.
Letu; = [uz+ uy: u.,)’ be a Gaussian noise with nonsingular covariance maiyix The threshold values
have been set to
en=Mn" Y3 ¢=0.1,0.001 .

Concerning,, it has been normalized by the largest eigenvalues to account for scaling issues of the data. For the
fixed threshold:, we study a weak and a stronger regularization to investigate its impact on the results. We use
5000 replications in the simulation experiment. The nominal size to perform the tests has beeni%eavith

critical points for the chi-square distribution with full rank given;tz@g%(Q) = 5.99, or with reduced rank given by
X§5%(1) = 3.84. In the tables below, 1867 denote the standard Wald statisti; the spectral cut-off regularized

Wald statistic,IW3 the full-rank regularized Wald statistic using the conservative bound}ianthe regularized

Wald statistic based on a super-consistent estimator of the eigenvatibege distribution is simulated.

11.1.2. Level assessment

We study the empirical behavior of the test statistics under the null hypothesis:

Hy: r(a) = Oy |-l

Qg Qlpy + gy Qyy + QlpzQzy

first in irregular setups (see Table 1, panéls A; = AjgandB : A; = Ay), then in a regular setup (se Table
1, panelC : A; = Aqq).

It is clear from Table 1, panels A and B that the standard Wald stati$tic,does not have its conventional
asymptotic distribution in non-regular setups, either suffering from over-rejections in small samples, or from under-
rejections in large samples; its behavior is more critical when parameter values approach the nonstationary regio
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(Table 1, Panel A). The reduced rank Wald statisti®, displays the same finite sample behaviolas in the
non-regular setups, with more and more size distortions when parameters values get close to the nonstationa
region, but reaches the right asymptotic size when the sample size increases. In contrast, the full-rank regularize
statistic that uses the bount/s, is conservative, as it under-rejects the null hypothesis, whereas the full-rank
regularized statistic based on the superconsistent estimator of the eigenVélyegaches the right nominal

level of 0.05 for large sample sizes, providing evidence that the level is contatlliedstasymptotically. We

also report in the last column the empirical frequency [denote¢7tqu(5\(c))] of the superconsistent estimator

for the smallest eigenvalue. Regarding the regular setup shown in Table 1, panel C, all statistics display the
correct expected size of 0.05 at least asymptotically. However, for the regular setup, the modified Moore-Penros
Wald statistic,IW,, proposed by Lutkepohl and Burda (1997) should use the critical point given by the full-rank
chi-squared distributioni.e.x3,,, (2) = 5.99, instead of the reduced rank., (1) = 3.84 critical point. In
practice, the econometrician does not know a priori which one to use; he is better off using the same full-rank
X§5%(2) = 5.99 associated with the full-rank regularized statislg. If he uses the full-rank critical point given

by X§5%(2) = 5.99 associated with the modified Moore-Penrose statistic, he will converge to the right nominal
size, but if he picks up the wrong reduced one giverx@%(l) = 3.84, the size distortion increases. Indeed, we
report evidence on this claim in Table 1, panel C, where the frequencies shown in parentheses correspond to tf
wrong reduced critical point><(§5%(1) = 3.84) in aregular setup. Note also that we have tried different values for
the fixed threshold, and we recommend = 0.1 to control for the size, especially for the superconsistent-based
estimator whose distribution is simulated. Smaller values of the fixed threshold do not guarantee a control of the
size forWy.

11.1.3. Power assessment

We also study the empirical power for alternatives close to a singularity peint 0:

@)= e # o)

with oy = 4, (6 = 0.0632 or § = 0.1264) whose empirical power is reported in Table 2, panels A and B. We also
consider a second type of alternative for a violation of the second restriction only, while maintaining fulfilled the
first restriction,i.e.

R

Qgz X Qizy)

with o, = § = 0.1264, a,, = 0.4 anday,, = 0, under a regular design:

0.3 0 g
A1 = AH =10.7 0.3 0.25 5
0.5 0.4 03]

see Table 2, panel C. First of all, all power frequencies reported in Table 2 have been locally corrected for size
distortions (only for over-rejections amt for under-rejections) for a fair comparison across statistics.

Strikingly, as shown in Table 2, panel A, although the full-rank regularized test statiBticend W, are
conservative under the null hypothesis near the nonstationary region, they do not entail a loss of power under th
alternative, compared to their oversized competifdisand 1W,. Once the latter have been corrected for size
distortions, they do not over-perform the full-rank regularized statistigsand W, from the viewpoint of power.

More importantly, the locally-level corrected statistid§ and W, areinfeasibletests in practice, as this level
correction requires to know the true value of the parameter. Note an under-performdngerelative to the

others, when the sample size is very small (paneh A= 50). Further, the results reported in Table 2, panel B,
shed light on the better finite sample power properties of the conservative bound test relative to the superconsistel
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Table 1. Empirical levels of tests for multistep noncausdtity: r(«) = 0

Hy:r(a)=0
Panel A: irregular setup
Qe = Oy = 0, = —0.99 , A1 = Ay
Cn=Mn"3 =01,
n Wy Wy W3 Wy freq()\(c))
50 0.3220 0.2766 0.0052 0.0062 1.00
100 | 0.2550 0.2396 0.0006 0.0006 1.00
200 | 0.1764 0.1776 0 0 1.00
500 | 0.0938 0.1158 0 0 1.00
1000 | 0.054 0.0842 0 0 1.00
2000 | 0.0362 0.0664 0 0.0662 0
5000 | 0.0224 0.0560 0 0.0564 0
Hy:r(a)=0
Panel B: irregular setup
Qg = Qyy = QAzy = —-0.9 5 A1 = A20
en = Mn~ /3, ¢ =0.1; [0.001]
n Wi Wo Ws Wy freg(A(c))
50 0.1046 0.1418 0.0648 [0.0944]| 0.1412 1.00
100 | 0.0584 0.0986 0.0384 [0.0442]| 0.1114 1.00
200 | 0.0328 0.0742 0.0236 [0.0242]| 0.0834 1.00
500 | 0.0234 0.0560 0.0170 [0.0172]| 0.0620 1.00
1000 | 0.0182 0.0552 0.0166 [0.0166]| 0.0564 1.00
2000 | 0.0164 0.0512 0.0140 [0.0142]| 0.0966 0
5000 | 0.0152 0.0530 0.0118 [0.0118]| 0.0574 0
Hy:r(a)=0
Panel C: regular setup
gy = Qyy = 05, = 0.3, A1 = Apy
Cn = A~ 1/3, ¢ =0.1; [0.001]
n Wi Wy W3 Wy freq()\(c))
50 0.0442| 0.0254 (0.0656)| 0.0422 [0.0442]| 0.0848| 0.9796
100 | 0.0424| 0.0200(0.0624)| 0.0402 [0.0424]| 0.0798| 0.9964
200 | 0.0442| 0.0198(0.0562)| 0.0426 [0.0442]| 0.0666| 0.9996
500 | 0.0456| 0.0136 (0.0536) 0.0436 [0.0456] 0.0562 1.00
1000 | 0.0504| 0.0160 (0.0592) 0.0484 [0.0504] 0.0588 1.00
2000 | 0.0432| 0.0294(0.0930)| 0.0426 [0.0432] 0.0498 1.00
5000 | 0.0478| 0.0478(0.1444)| 0.0476 [0.0478] 0.0540 1.00
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Table 2. Locally-corrected size empirical power of tests for multistep noncausality-(a) # 0

Panel A: irregular setup
Ay = Qyy = Qzp = —0.99 N Al = AIO
Cp = 5\1n_1/3, c=0.1;
Hy:r(a) #0az =0=0.0632, a,, =0
n Wy W W3 W, freq()\(c))
50 0.6970 0.8380 0.8496 0.8654 1.00
100 | 0.9764 0.9942 0.9972 0.9986 1.00
200 1.00 1.00 1.00 1.00 1.00
500 1.00 1.00 1.00 1.00 1.00
1000 | 1.00 1.00 1.00 1.00 1.00
2000 | 1.00 1.00 1.00 1.00 0
5000 | 1.00 1.00 1.00 1.00 0
Hy:r(a) #0agy =0=0.1264 , a,, =0
n Wi Wy Ws Wy freq(A(c))
50 0.9044 0.9604 0.98 0.9852 1.00
100 | 0.9992 0.9998 0.9998 0.9998 1.00
200 1.00 1.00 1.00 1.00 1.00
500 1.00 1.00 1.00 1.00 1.00
1000 | 1.00 1.00 1.00 1.00 1.00
2000 | 1.00 1.00 1.00 1.00 0
5000 | 1.00 1.00 1.00 1.00 0
Panel B: irregular setup
Oy = Qyy = QAzy = —0.9 ) Al = A2O
en = Mn" 3, ¢ =0.1; [0.001]
Hy:r(a) #0az =0=0.1264, a,, =0
n Wi Ws W3 Wy f?“eq(/\(c))
50 0.4246 0.3888 0.4048 [0.4124]| 0.1714[0.0048] 1.00[1.00]
100 | 0.8058 0.7892 0.7504 [0.8034]| 0.5336 [0.00] 1.00 [1.00]
200 | 0.9830 0.9820 0.9670[0.9782]| 0.9396 [0.00] 1.00 [1.00]
500 1.00 1.00 0.9998 [1.00] 0.9998 [1.00] 1.00 [1.00]
1000 | 1.00 1.00 1.00[1.00] 1.00 [1.00] 1.00 [1.00]
2000 | 1.00 1.00 1.00[1.00] 1.00[1.00] 01[1.00]
5000 | 1.00 1.00 1.00[1.00] 1.00[1.00] 0[1.00]
Panel C: regular setup
gy = OQyy = 05, = 0.3, A1 = Apy
Cn = A~ 1/3, ¢ =0.1; [0.001]
Hi:r(o) #0 ag. =0=0.1264, azy =0, a,y =04
n Wi Wy Ws Wy freg(A(c))
50 0.0918| 0.028 (0.0588) | 0.0854 [0.0918]| 0.0952[0.1106]| 0.9840 [0.9278]
100 | 0.1854| 0.0310 (0.0582)| 0.1692[0.1854]| 0.1982 [0.2576]| 0.9966 [0.9428]
200 | 0.4028| 0.0318 (0.0662)| 0.3736 [0.4028]| 0.4130[0.5186] 0.9996 [0.9336]
500 | 0.8312| 0.0730 (0.1160) 0.8100[0.8312] 0.8310[0.8908]| 1.00][0.7982]
1000 | 0.9866 | 0.2576 (0.3064) 0.9854[0.9866]| 0.9874 [0.9914] 1.00[0.3630]
2000 | 1.00 0.8728 (0.8780) 1.00[1.00] 1.00[1.00] 1.00[0.62]
5000| 1.00 1.00 (1.00) 1.00[1.00] 1.00[1.00] 1.00 [0.00]
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estimator-based regularized statistic whose distribution is simulated. Besides being easier and faster to conduc
W3 also exhibits better power properties in finite sample than its simulation-based compétitoAlso, the
performance ofVs is less sensitive to the value of the fixed threshotdmpared tdV,. Finally, the most striking

result is theunder-performancef the reduced rank modified statistic proposed by Lutkepohl and Burda (1997)
under the regular setup shown in panel C. As expected, by underestimating the true rank of the covariance matri
this reduced rank statistic puts more weight on the first restriction that remains fulfilled in this case. Violation of
the null hypothesis coming from the second restriction will be missed by a statistic that underestimates the rank
which once again makes the full-rank regularized statistics more attractive. Even with a more favorable critical
point given by they?(1) = 3.84 in parentheses, the spectral cut-off regularized statistic has trouble to reach the
power performance achieved by its competitors. Indeed, it requires 2000 observations to achieve reasonable pow
of 87% relative to the others already #0%. Thus, these results on power reinforce the better properties of the
full-rank regularized statistics over the spectral cut-off statistic.

11.2. Deviation from normality: the Delta method breaks down
We now assess the empirical level of the null hypothesis:
Ho(tho) : 9(0) =00 =0
at the nominal size di%. For ease of notation, we shall denote the statistics as follows; the standard Wald test is
Wi =W =np(0n) £ 4 (6n) ; (11.2)

the Moore-Penrose modified Wald statistic proposed by Lutkepohl and Burda (1997) is:

Wo =W (cn) = np(0n) 27 (en)t(0n) ; (11.3)
theregularizedWald test statistic is

W3 = Wii(c) = n®¥(0n) S (c)ip(0n) ; (11.4)

W3 uses the quadratic forme. (x3-o,(p))? as a bound. For instance fpr= 5, the (x5, (p))? is equal to
11.07% = 122.55 at5%, while W andW, use thexg5%(1) = 3.84 as critical point. Finally, theegularizedWald
test statistic, using the superconsistent estimator of the eigenvalues, uses a simulated criti¢a.point,

Wi = Wi (A(c); ) = n*(0) S (A(e); )v(0n) 5 (11.5)
to simulate its distribution, we exploit the information that
mb(én) = (\/ﬁén)/(\/ﬁén) ~ XQ(p)

under the null, by drawing?(p) random numbers.

11.2.1. Level assessment

We can observe from those results that the standard Wald test together with the modified Moore-Penrose te:
proposed by Lutkepohl and Burda (1997) are never close to the nominal $i2¥ oéither with an under-rejection

when the dimension df is low or with a severe over-rejection when the dimensiofiiotreases tp = 10, 14, 16.

In contrast, all the full-rank regularized Wald tests are very close to the nominal size, with an extreme precision for
the simulated version of the test basedWn. However, the choice af is important for theegularizedstatistic
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Table 3. Empirical levels of tests

Hy : 9(0) = 0 ; nominal size= 0.05

cn=Mn"13 c= 0.9; [0.97]

dim(f) =5
n Wi W Ws Wy freq(A(c))
50 0.0192| 0.0192| 0.0538 [0.0468]| 0.0482 [0.0482]| 0.2454 [0.1810]
100 | 0.0132| 0.0132| 0.0642 [0.0554]| 0.0514 [0.0514]| 0.0118 [0.0058]
200 | 0.0148| 0.0148| 0.0656 [0.0562]| 0.0546 [0.0546] 0 [0]
500 | 0.0096| 0.0096| 0.064 [0.0540] | 0.0526 [0.0526] 0 [0]
1000 | 0.0072| 0.0072| 0.0572 [0.0496]| 0.0482 [0.0482] 0 [0]
2000 | 0.0072| 0.0072| 0.0568 [0.0498]| 0.0460 [0.0460] 0 [0]
5000 | 0.0092| 0.0092| 0.0596 [0.0524]| 0.0496 [0.0496] 0 [0]
dim(#) = 10
n Wi Ws Ws Wy freq(A(c))
50 0.1730| 0.1730| 0.0114 [0.0104]| 0.0510 [0.0510] | 0.6138 [0.5480]
100 | 0.1504| 0.1504| 0.0698 [0.0578]| 0.0546 [0.0546]| 0.1458[0.0962]
200 | 0.1282| 0.1282| 0.0712[0.0546]| 0.0498 [0.0498]| 0.0008 [0.0002]
500 | 0.1264| 0.1264| 0.0610 [0.0488]| 0.0444 [0.0444] 0 [0]
1000 | 0.1192| 0.1192| 0.0624 [0.0508]| 0.0460 [0.0460] 0 [0]
2000 | 0.1184| 0.1184| 0.0662 [0.0532]| 0.0504 [0.0504] 0 [0]
5000 | 0.1156 | 0.1156 | 0.0652 [0.0540]| 0.0488 [0.0488] 0 [0]
dim(0) = 14
n Wi Wo W3 Wy freq(A(c))
50 0.4130| 0.4130| 0.0014 [0.0012]| 0.0538 [0.0538]| 0.6204 [0.6148]
100 | 0.3778| 0.3778| 0.0586 [0.0494]| 0.0560 [0.0560]| 0.3862 [0.2820]
200 | 0.3606| 0.3606| 0.0706 [0.0560]| 0.0500 [0.0500]| 0.0070 [0.0022]
500 | 0.3648| 0.3648| 0.0650 [0.0486]| 0.0460 [0.0460] 0 [0]
1000 | 0.3566| 0.3566| 0.0678 [0.0556]| 0.0506 [0.0506] 0 [0]
2000 | 0.3576| 0.3576| 0.0672 [0.0548]| 0.0484 [0.0484] 01[0]
5000 | 0.3524| 0.3524| 0.0674 [0.0554]| 0.0480 [0.0480] 0 [0]
dim(0) = 16
n Wy W,y W W, freq(A(c))
50 0.5384 | 0.5384| 0.002[0.0002] | 0.0536 [0.0536]| 0.5424 [0.5650]
100 | 0.5132| 0.5132| 0.0438 [0.0384] 0.0546 [0.0546]| 0.508 [0.4074]
200 | 0.5068| 0.5068| 0.0702 [0.055] | 0.0498[0.0498]| 0.015 [0.0062]
500 | 0.5022| 0.5022| 0.0676 [0.0514]| 0.0488 [0.0488] 01[0]
1000 | 0.4948 | 0.4948| 0.0678 [0.0510]| 0.0474 [0.0474] 0 [0]
2000 | 0.5058| 0.5058| 0.0724 [0.0540]| 0.0470 [0.0470] 0 [0]
5000 | 0.4938| 0.4938| 0.0662 [0.0514]| 0.0460 [0.0460] 0 [0]
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W35 that uses the bound. The message one can draw from this table is the following: first, the spectral cut-off
Moore-Penrose regularized Wald test proposed by Lutkepohl and Burda (1997) is useless in this example and doe
not add anything to the standard Wald test when normality is violated. SecordgtharizedWald statistic that

uses the bound control the level of the test, but is more sensitive to the threshadon-Gaussian case. Note

also that the bound is exact here. Third, the simulated super consistent regularized Waldagstontrols the

level of the test under this design. The simulation of the test requires only a few seconds. We also report, in the
last column of the table, the frequengﬁméq(i(c))) at which the superconsistent estimator is set to the threshold

c. Itis mostly in small samples that the superconsistent estimator play a role.

11.2.2. Power assessment

As expected, wheml’; and W, under-reject under the null for low dimensionstof they lose power under the
alternativein small samplesompared to the full-rank regularized statisti€g, 4. Hence, full-rank regularized
statistics based on non Gaussian distributions over-perform in term of power, in small sample sizes, when the
dimension off is low. When the dimension &f increases, they can match the power performancéefeésible
level-correctedest, W7 and W,. The correction performed fdi/; and W, is locally and therefore the power
shown in the table is overstated. Their power would even be lower under a global level correction.

12. Conclusion

In this paper, we introduce a new classredularizedinverses, as opposed to generalized inverses, that embeds
the spectal cut-off and Tikhonov regularized inverses known in the literature. We propose three regularized Wald
statistics for general law: the first two statistics rely on a fixed value for the threshold in theyMRE while

the third one lets the threshold vary with the sample size, but requires more information about the sample behavio
of the eigenvalues. The first regularized Wald statistic admits a nonstandard asymptotic distribution in the genera
case, which corresponds to a linear combinatiog®ofariables if the restrictions are Gaussian. Waper bounds

then derived for this first regularized statistic under general laws for the restrictions; such a bound corresponds to
x? variable withfull rank under Gaussianity. Hence, the tesagymptotically valigmeaning that the usual critical

point (given by they? variable withfull rank) can be used, but is conservative. The second regularized statistic
relies on asuperconsistengstimator of the eigenvalues at the thresholadhose distribution can be simulated.
Finally, when the threshold goes to zero with the sample size, we obtain the spectral cut-off modified Wald statistic
of Lutkepohl and Burda (1997) as a special case. Under normality, the test has the asygipthsicibution

whose reduced rank is given by the number of eigenvalues greater than zero. Note that Lutkepohl and Burd:
(1997)'s result only holds for distinct eigenvalues whereas our result accounts for multiple eigen8auesth

we also show that the regularized statistics are consistent against global alternatives, but the spectral cut-off Wal
statistic has reduced power in some directions of the alternative. In brief, our regularization approach, especially
when implemented through the full-rank regularized bound test, has better size and power properties than th
reduced rank statistic along with the conventional Wald statistic. Besides our approach is easy to implement: i
only requires to compute eigenvalues and eigenvectors. It is therefore simple, systematic, and robust to regule
setups unlike Lutkepohl and Burda (1997) 's reduced rank statistic.

More generally, the regularization techniques developed in this paper to deal with asymptotic singularity and
deficient rank problems are not restricted to the sole Wald statistic, but can be extended to other statistics suc
as the Lagrange multiplier statistic, or the likelihood ratio statistic in a GMM context. For instance, Staiger and
Stock (1997, p.569) has pointed out an asymptotic singularity problem in the two-stage least squares context, whe
one coefficient matrix is local to zero while another one is fixed with a parametearly unidentified. In this
case, an asymptotic multicollinearity problem arises betviéeand X : the regressor moment matrix becomes
asymptotically singular.
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Table 4. Empirical power of tests

Hy = 9(6) = 0.075916 # 0

en = Mn" 3, c=0.9; (0.97]
dim(f) =5
n Wy W, Ws W, freq(Mc))
50 0.1384| 0.1384 | 0.2884 [0.2724]| 0.2810 [0.2810]| 0.4994 [0.4388]
100 | 0.3124| 0.3124| 0.5476 [0.5366] 0.5398 [0.5398]| 0.3030 [0.2318]
200 | 0.6990| 0.6990| 0.8712 [0.8686]| 0.8730 [0.8730] 0.1004 [0.0528]
500 | 0.9948| 0.9948| 0.9998[0.9998]| 0.9998 [0.9998]| 0.0022 [0.0006]
1000| 1.00 | 1.00 1.00 [1.00] 1.00 [1.00] 0[0]
2000| 1.00 | 1.00 1.00 [1.00] 1.00 [1.00] 0 [0]
5000| 1.00 | 1.00 | 1.00 [1.00] 1.00 [1.00] 0[0]
Hy - 4(0) = 0.05223916 # 0
Cn = Mn" Y3, ¢ =10.9; [0.97]
dim(f) =5
n Wi W Wi Wy freq(M(c))
50 0.0912| 0.0912| 0.2044 [0.1928]| 0.2008 [0.2008]| 0.4322 [0.3670]
100 | 0.1882| 0.1882| 0.3804 [0.3726]| 0.3736 [0.3736]| 0.1898 [0.1332]
200 | 0.4596 | 0.4596 | 0.7006 [0.6952]| 0.7058 [0.7058] 0.0292 [0.0142]
500 | 0.9546| 0.9546| 0.9888 [0.9882]| 0.9886 [0.9886] 0[0]
1000| 1.00 | 1.00 1.00 [1.00] 1.00 [1.00] 0[0]
2000 | 1.00 1.00 1.00 [1.00] 1.00 [1.00] 0 [0]
5000 | 1.00 1.00 1.00 [1.00] 1.00 [1.00] 0 [0]
Hy :9(0) = 0.00355332 # 0
en = n~" Y3, ¢ =0.9; [0.97]
dim(f) = 10
n Wi Wo Wy Wy freq(A(c))
50 0.052 | 0.052 | 0.0112[0.011] | 0.0568 [0.0568]| 0.6166 [0.5546]
100 | 0.0614| 0.0614| 0.0658[0.060] | 0.0656 [0.0656] 0.1692 [0.1104]
200 | 0.0708| 0.0708| 0.0738[0.0738]| 0.0744 [0.0744]| 0.0022 [0.0004]
500 | 0.1216| 0.1216 | 0.1260 [0.1240]| 0.1164 [0.1164] 0 [0]
1000 | 0.2090| 0.2090 | 0.1962 [0.1998] 0.1954 [0.1954] 0 [0]
2000 | 0.3884| 0.3884| 0.3912 [0.3930]| 0.3908 [0.3908] 0 [0]
5000 | 0.8454 | 0.8454 | 0.8490 [0.8490]| 0.8454 [0.8454] 0 [0]
Hy : () = 0.01056748 # 0
cn = Mn~ Y3, c=10.9; [0.97]
dim(f) = 14
n Wi Wy W3 Wy freg(A(c))
50 0.0678 | 0.0678 0.0682 0.0666 0.5994 [0.6052]
100 | 0.0792| 0.0792 0.0784 0.0808 0.4450 [0.3412]
200 | 0.1072| 0.1072 0.1180 0.1166 0.0208 [0.0110]
500 | 0.2416| 0.2416 0.2490 0.2382 0 [0]
1000 | 0.5082| 0.5082 0.5074 0.5068 0 [0]
2000 | 0.8582| 0.8582 0.8628 0.8612 0 [0]
5000 | 0.9996| 0.9996 0.9998 0.9998 0 [0]
Hy : (0) = 0.01733792 # 0
en = Mn" 3, c=0.9; [0.97]
dim(f) = 16
n W W Wi W, freq(A(c))
50 0.0672| 0.0672| 0.0006 [0.0006]| 0.0716 [0.0716]| 0.4994 [0.5250]
100 | 0.0896| 0.0896 | 0.0810 [0.0726]| 0.1002 [0.1002]| 0.5960 [0.4928]
200 | 0.1436| 0.1436 | 0.1598 [0.1598]| 0.1580 [0.1580] 0.0556 [0.0290]
500 | 0.3672| 0.3672| 0.3934 [0.3934]| 0.3822 [0.3822] 01[0]
1000 | 0.7430| 0.7430| 0.7532 [0.7532] 0.7444 [0.7444] 0 [0]
2000 | 0.9840| 0.9840 | 0.9846 [0.9846] 0.9836 [0.9836] 0[0]
5000| 1.00 | 1.00 1.00 [1.00] 1.00 [1.00] 0[0]
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A. Appendix: Proofs
Proof of Property 1 Using decomposition (4.1) and (4.9), we have:
UXR(e) = VAV'VAT () V! = VAAT(e)V
where we use the fact that thé's are orthogonal matrices. For &l] 0 < A\g(\;¢) < 1, so that:

228(e) = Vdiag[A\jg(\j; 0)] .

/
Flw,qv < g

Regardingii), we have:

TERT = VAPVIVATVIV AV = VAP ATAVRY! = Vdiag[Ng(N\s0)] ., V! <,
since0 < A\g(X;¢) < 1forall A . Regardingii), we have:
Y-XXR)r >0 e Y, -2He)X)> 0 = I,- X)X >0 (A1)

sinceX is semi definite positive. The last implication holds®dy
Regardingiv), for all A > 0, g(\; ¢) bounded, and if(\; ¢) > 0, we have:

Vv
o

1 -1
Ag(A;e) <1 =0<g(Ae) < X <o hence <g()\; c)> - A

Hence,

(ZR(C))_l - XY= Vdiag[(g(/\j;c))_l — \j] V' >0.

Jj=1,-q

Finally for v), the rank is given by the number of eigenvalues greater than zerb"&s) = Vg(\;; ¢)j=1... 4V,
hence
(A>0 = g(X\e)>0) = (rank(ER(c)) > rank(X)) .

O]

PROOF of Lemma 6.3If X, “% ¥, thenthe eventl = {w : X,(w) — X} has probability onei.e.
P(A) = 1. Foranyw € A, we have by Lemm&.2

[Zn(w) = X = [N(Eaw) = Ai(X), j=1,....J].

n—~oo

DenotingB = {w : A\j(Xn(w)) — X;(X2)}, we haved C B, hence we have with probability one resi)lt By

the same argument, we have regijjtfor the eigenprojections.
O

PROOF of Lemma 6.4

If 3, £ 3 with eigenvalues|)\;(%,)}, then every subsequenée,,, } with eigenvalues\(%,, )}, also
satisfiesY,,, ENS By Lukacs (1975, theorem 2.4.3, page 48), there eXiSts, } C {¥,, } such that¥,,, R 3
Hence by Lemm#&.3, we have

) X (Zm) = X(2),
i) Pjt(Zm,) <5 Pjy(X) provided);_1(X) # A (X) and Ay (X) # M1 (X)
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As {¥,} € {Z,} € {&,} with the corresponding eigenvalugs;(X,,,)} € {\;j(Zn,)} € {N(Zn)} ,

by Lukacs (1975, theorem 2.4.4 page 49) it suffices that every subseq{ksice,, )} of {\;(X,)} contains
a subsequencé);(X,,,)} which converges a.s. to get(X,) S Aj(X) . By the same argument, we have

Pii(Zn) 2 Py(2) . O

PROOF of Proposition 7.31f X,, % ¥, then by lemma6.3 i), we have); %3 d;, Vi € I;j , where
I; = {i € I : )\ = d;j}. Under the additional Assumptioh2, and the a.e. continuity of(.,c), we have
g(Aise) “3 g(dj;c) Vi € I; . Moreover, by lemma.3ii), we haveP, (X,) “3 P;(X) . Hence,

k

k
o) =3 P (S0 —— 3 g(sic) = 3 Py, (2 [ dj:¢) — gldj; ©) + —— Zg(xi;@]
= m(d;) i€l; j=1 m(d;) i€l;
k k k
=Y Pr(Zn)g(djsc) + > Pry(& Z (\ije o)l %Y Pi(2)g(djie) (A2)
j=1 j=1 €l; J=1

sinceg(d;; ¢) = iz x md;)g(djs ) = gy Yier, 9(djic) -

J

O
PROOF of Proposition 7.4Using decomposition (4.7)-(4.8), and from equation (7.14), we have:
3 k 1 R
=Y 2Fe) = Pr(E)—=> 9(hic) (A.3)
— — m(d])ielj
k1
whereXf, (c) = Y- Pr(En) sty X 9(hise) s 58,(¢) = Pro(Zn) g 2 9(his0)
j=1 ’LEI GI(C
k
andzfu(@) = 2 Py Soted

j:kl-‘rl{djzc}-l-l

By Lemma6.4i) and ii), eigenvalues and total eigenprojections are continuous. Under Assuriiame
have:

Viel; g(\i,c) & g(djic), and P (2,) & Pi(X).
For

b ZPI

l?

ZPI o) = st 0) + —os gl

zeI i€l;
1 A ul
= Zsz(En)g(dj; c) + ZPIj(En)m D 9ise) —gdjze)] B Y gldjs ) Pi(X)
j=1 j=1 1 e, j=1
sinceg(d;; c) = ﬁdj) x m(dj)g(d;;c) = ﬁdj) >ier, 9(djic) . Hence,
k1 1 . , k1
Efn(c) = ZP[j(Zn)WZg<)\i7C) - Zg(dﬁC)Pj(Z) = ZF(C)
j=1 i€l j=1
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2yin(€) = Prey(Zn)

The proof forZ§?, (c) is similar to that of [, (c). Hence,

k k

SRe= 3 szwn)n@zg@,c)ﬂ Y 0P = SR .

j:k1+1{dj:c}+1 ’iGIj j:kl—‘rl{d‘j:c}—f—l

Therefore () & £B(c) .

PROOF of Proposition 8.1By Proposition7.4, we haveXX(c) LN X%(c) and under Assumptio@.1,
X, 5 X, henceWl(c) = X' YR(e)X, 5 X'SR(c)X = WE(c) . Using representation (7.13) far(c),

and (2.7), we can write:

k

W) = X' 2R(c)X = X’ (Zg(dj; C)Pj(Z’))X = (

k k
Zg(dj;c)X’Pj(E)X> = 9(dj;0)X'B(d;)B(d;)' X .
j=1

j=1 Jj=1
We can further decompose the overall statistic into three blocks depending on the ranking of the eigenvalues w.r.1

k
c, with /6‘1 = Z 1{dj>c}1 i.e.,
j=1

k k1

k1
Wi e) = X'Zf()X =) 9(dj; )lia,»q X' Pi(2)X = g(dj;0) X' Pj(X)X = g(dj; ) X'B(d;) B(d;)'X .
j=1

j=1 j=1

Similarly, Wi(c) = X' X5 ()X = g(c; ) 1ia;=e} X' Pj(oy (X)X = g(c; ¢)14;=c} X'B(c) B(c)' X . Finally,

k k
Wil(e) = X' ()X =Y g(dj; e)1{a;<) X' Pj(2)X = Y. 9ldioX'B(d)B(d)'X .
j=1 j:k1+1{dj:c}+1

O]

PROOF of Corollary 8.2 In the Gaussian case, we havB(d;)'X = ./d;xz;, wherez; = N[O,Im(dj)},
hence

k k k
WHh(c) = X'2F ()X = X’(Zg(dj; C)Pj(E)>X = g(dj;¢)X'B(dj)B(d;)' X =Y _g(dy; c)d;aja;
j=1 j=1 j=1
with the three blocks corresponding to
kl kl
Wi(e) = X' SR (X = g(dj; ) X' B(dj) B(d;) X = > g(d;s c)djarfa; ,
j=1 j=1

Wyt(c) = X' 555 (c)X = g(¢;0)1{4,—y X' B(e) B(¢)' X = g(c; ¢)1{a;—cpcxy ,
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k k

andWyt(c) = X' (c)X = > 9(dj; ¢)X'B(d;)B(d;)' X = > g(dj; c)d;ziw; .
J=kit g =cy+1 J=kitlia,=cy+1
]
PROOF of Proposition 8.5
The quantitya,, [, — 1] can be written as:
Qn [&n - Q;Z)O] = Qnp [1[}11 — 1+ — '(ZJO] = Qan ['([}n - ¢1] +an [¢1 - ¢0] . (A.4)
As X, =a, [% — ¢1] satisfies AssumptioB.1, we have
Wie) = {an[tn — 1] + an 1 — vo] Y ER(){anlthn — 1] + an [t1 — o]}
= Qn [1;11 - @Z)l]lzq}j(c)an[@z)n - "701] + 2CLnWA}n - @Z)l]lzq}j(c)an [7/}1 - 7/10]
an [P — o] T (c)an [11 — 0]
= X/ SR X, 42X, ZR(c)a, A+ a2 A SR (c)A
L X' ZROX +2X' ZR()anA + a2 A SR () A — oo (A.5)

sinceX, = X, ¥E(c) & $E(c), buta,(y) — vo) = anA — o0, asa, grows to infinity. HenceV?(c)

converges to infinity with probability 1. The quantity
X' SR (0)X 42X S (c)anA + a2 A XE(c) A

is asymptotically equivalent to
X' ZR)X + a2 A 2R (c)A (A.6)

due to the dominance principle af A’ 2% (c) A over2X' X (c)A, i.e,

X' 2R ()X +2X' 2% ()an A + a2 AL () A = X' DR ()X + a, [2X' 28 () A + a, A’ 2 () A] .

O
PROOF of Proposition 8.6
Under the local alternative, (¢1, — ¥9) — A # 0, then
Wr?(c) = Qn [qz)n - wln]lzf(c)an [1/A1n - wln] + 2ap [@Z)n - ¢1n],25(0)an [wln - ¢0]
+an [P0 — o] TR (C)an [trin — o]
= X, 5 X0+ 2X, 5 (0)an [1n — v0] + an[t1n — 0] T ()an 1 — o]
5 X'ER(OX 42X 2R (0)A+ A5 (o)A (A7)
asX, 5 X, XE() L ¥ER(c) .
O

PROOF of corollary 8.7 From Propositior8.6, we have:

L
ad

n—oo

WE(e) X' 2R X +2X' 2 ()A+ A'ZR(e)A .
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As A € V(0), P(0)(X)A = A, and we have:

SR(e)A = "g(dy; ) Pi(2)A = g(0;¢) P(0)(2) A = g(0;0) A
d;

sinceP;(X)A = 0, for all eigenprojections on the eigenspaces different fit{@). Hence,

Wl(e) néoo X'ZR()X +29(0;¢) X' A+ g(0;0)A'A .
O
PROOF of Property 31f \; = ¢, then|\; — ¢| = |A; — ;| and
P[;\Z(c) =c] = P[bn\jx,- — | <vey) = P[bnlj\i — \i| < vey] T 1, (A.8)
sinceb,, (A; — \;) = O,(1), andve,, — oo. Hence
P{sAi(c) = =s\—c} — 1, Viel()={iel: hi=c}. (A.9)
On the other hand, the modified estimapfc) is designed such that:
|5\z(0) - )\i| = |5\z(0) - 5\1 + 5\@ - )\i’ = |5\z - )\i| if \5\1 — C| > VZ—” .
Hencey ¢ > 0,
PU;\l(c) — N <¢€| = PU;\Z —c| > VZ—Z] = 1,if A #c (A.10)
sinceZ—: T 0. Thus, if\; > ¢, we haveP[(f\z- —c) > ug—:} T 1, hence
P{S[S\i(c) —d =sN—d} i 1. (A.11)
Also, if \; < ¢, we haveP[(c — A;) > v ~—_ 1,hence
P{s\i(c) — ] = s[\; — ¢} o L (A.12)
O

PROOF of Proposition 9.1As W/i(c) = X! 2E(¢)X,,, andWE(A(c); ¢) = X, B (A(c); )X, , itis suf-
ficient to show that X (A(c);c) & X%B(c) to haveWE(A(c);¢) & WE(c) , where denotes the asymptotic
equivalence. We want to show that > 0

P{W(Ae);e) = WiHe) > e} — 0.
As [WEA(e)ie) = W) = X, ZE(N0);0)Xp — X, R0 Xa| = X} (ZFA(0);0) — L () X, it i
equivalent to showy e > 0, p{||Z2(A(c);c) — ZE(¢)| > e} — 0. More specifically,

n

IZFAe); ) =2 ()l = 127 (Ae); ) =2 () + 2 (&)= Z (o)l < [ Z7(A(e); ) =2 (o) +] ZF ()= Z ()]

n
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butp{|| X% (c) — ZE(c)|| > €} = p{|ZE(c) — ZE(c)|| > ¢} — 0 by Propositiori7.4. Hence, it is sufficient to
show thatZE(A(c);¢) & XE(c) . To do so, let us study
1[5 ()i e) + 25, (Mo)se) + 235 . (Ae)i )] — [Zfi(0) + Z33(e) + Zis ()] |

= ||[211 n()‘( ); ) 211( )] + [ig,n(j\(cﬁc) - Eg( )] [Eszm()\( ); ) 233( )}H
[AZ11 0l + [[AZ22n]| + [[AX335| (A.13)

IZR(Ae);e) = 2R ()|

IN

whereAY; ,, = [ZR (;\(c);c) — X (c)] for i =1,2,3. Consider first:

mn,mn

k
[AZuall = 1D2PL(En) s D 9@ L5, 0000 ZP &)1id,—e>03 ]l -
j=1

ZEI
(A.14)

k
By adding and substracting simultaneously, s, (X%)g(d;; ¢)1{(4;—)>0) We have:

j=1
k
[AX1.] = ||ZPIJ dj; ) 1{(d;—c)>0) — ZPI )9(dj; ) 1(a;—c)>0
7j=1
k 1 . k
+ ' P]j(En)m(dj) Zg()\i(c)i C)l{(j\i(c)_c»o} - ZPj(2>g(dj§ C)l{(dj—c)>0}”
j=1 i€ I 7=1
k k
= D PL(Zn)g(ds; Olia,—es0p — > Pi(2)g(dy; €)1{(a;—c)>0)
j=1 j=1
k 1 )
+ZPI]' (En)m(d) Z [Q(Ai(C% C)l{(j\i(c),c»o} —g(dj;c )1{( fc)>0}] |
j=1 1 ie 1
k
IAZ 1l = 1D [Py (E0) = Pi(2)]g(dj; 0)1{(g;—c)>0)
=1
k 1 .
—i—ZlPIJ (En)m(dj) Z] [g(/\i(c)m)l{( (c)—c)>0} g(d],c)l{(d —c)>0}] |
1= 1€ 1
k

< ||Z[P1j(2n) — Pi(2)]g(dj; €)1{(a;,—e>0

1 ~
X )m(d Z[Q(Ai(0)§C)l{(j\i(c),cbo} —g(d )1{( fc)>0}]H

i€ Ij

k
1AZ 0] < Y I1PL(Z0) = Pi(D)9(dj; )L, —e)>0

j=1
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=+ ZHPI Wl Z [g(j\i(c); C)l{(j\i(c)_cpo} (d], 0)1{( fc)>0}}|
(dj)ie I;
(A.15)
k
[AZ 110l < Z |1Pr; (X0) — Pi(2)|g(djs )1, —c)>0}
k
+ LIPL(E ity T s s, 0-00y ~ 950 -
]:
Vielj={iel: )\ = d;}, for thej indices such thai; # ¢, we have by (A.10) and (A.11)
Ve>0, P[[hi(c) —dj| < €| = Plba|i —c| > ve,] —  1if, dj#c (A.16)
andve >0,
P[|1{(5\i(6)—c)>0} —1{g;—e>03| < €] = P{s[Ai(c) — ] = s[\i — (]} T 1. (A.17)
We can write the quantityy(\;(c); ¢ )1{(A (©)—c)>0} — 9(dj; )1{(4;—c)>03| = |Ay]. Also
‘Ag| = |[9(Ai(c)§c) g(djvc) ( )]1{(A.(C)_c)>0} - g(dj§c)1{(dj—c)>0}|
= |[9(Ai(c)§ C) g(d]7 C)] {(Ai(c)—c)>0} + g(d], )[ {(Ai(e)—e)>0} — 1{(djfc)>0}]’
< |9(5\i(0)5 c) — g(dw C)H{ Xile)—c)>0} + g(d], C)‘l{p\ (¢)—c)>0} 1{(dj_c)>0}| (A.18)

By Property??i), Vi e I; : S\i(c) 2 d;, dj # ¢, andg € G. is such thay is continuous a.e., except possiblycat
hencey(Ai(c);c) & g(dy;c). AS L5, (0)— C)>0} = Op(1), we havelg(Ai(c); c) —g(d; )|1{()\ (¢)—c)>0} = 0. By
equation (A. 17)11 (i(e)—e)>03 ~ H(ds—c) )>0}| 2 0andg(d;; c) = O(1). Hence,\Ag| 20 VieI;,and thej’s
are such that; # c. Besides, the projection operatBr, (X,,) = O,(1), andplim Py, (X)) = P;(X) by Lemma
6.4ii). Hence, we havelim [||AXy1,| > €] = 0 . Note thatg(c;c) = %m(c)g(c; c) = ﬁ S glce) .

i€ I(c)
Thus for the second component, we have:

1
[AZ2nl = HPf(C)(En)m(C) D 9GO 0=y — 9(E g,y Pico) (D) -
i€ I(c)

Similarly to || A%y, ,,||, we add and substraE’g( )g(c; ¢)114,=¢; and by gathering the terms together, we get:

1
|AZ220ll = I[Py (Zn) = Pie)(Z)]9(ci ) 1ia;=) + Pj(c)(zn)m > gleo) [Lisu(0=e) — Hay=ar]
i€ I(c)

1
< [Pry(Zn) = Pi)(2)] 9(es )1 ia,=c | + 1 Pr(py (Zn) > 9(E s 0= — Ha=a] |

(c) ie I(c)
(En) - PI(C)(ZH) + PI(C)(ETL) - Pj(c)(E)]g(c; c)l{dj:c}H

1
m(c) > 960 L= ~ Lol

i€ I(c)
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< 1Py (Zn) = ch)( n)l9(6 ) ta,=cy| + 1 Priey (En) = Pje)(P)ll9(¢; ) 1qa,=}

+ HPj(c)(En)mm Z 9(05 C) [1{5\2.(0)26} - 1{dj:c}]|
i€ I(c)

If \i = dj = ¢, by equation (A 8),P[Ni(c) = ¢] = P[ba|\i — Ni| < ve,] — 1 .By equation (9.4),

PlI(c)=1(c)] =P[ N {)\ =c}] — 1.Hence, by (A.9) we have:
i€l(c)
150} — Ldy=c}] n;@ 0Viel(e).
Moreover,P[f(c) = I(c)] — 1 implies plimPf(C)(En) = plim Py (Xn) = Pj)(X) by Lemmab.4 ii).
Besides P\ (Xn) = Oy(1). Henceplim[|| AL || > €] = 0 . Finally, the proof ofplim [[|AX33,]] > €] =0,
{(Ai(e)—c) <0} ZP )1i(a,—c)<or
zeI

is similar toAXy; ,,. Also, the result follows.
O

Proof of Proposition 10.1We need to show thatm,, .. Pr (|| 25 (c,) — 2F(0)|| > €] =0 for everye > 0.
Let » denote the rank of the matrix of intereSt Three possible cases will be considered in the proot: ¢,
r=0andl <r <gq.Letl ={1,2,...,¢}suchthat\y > Ao > ... > \; > ... > A\, >0,andJ = {1,2,...,k}
the subset of corresponding to the indices of the distinct eigenvalue§30fl1 >dy > ... >dj > ... > dy,

where the multiplicity of the distinct eigenvalug is denotedn(d;), so thatz m(d;) = ¢ > landl <k <gq.
Forj € J, letI; denote the subset dfsuch thatl; = {i € I : \; = d;}, hence the;'s are disjoint sets such as

k
U ={1,...,q}. If there exist some eigenvalugs = 0, thend;, = 0. Let P(d;) represent the eigenprojection
j=1
operator projecting onto the eigenspad{@;) associated witl;.

First let us show that

lim Prlsuplg(\i; ¢n) — g(dj;0)| > €] =0 Y e>0 (A.19)

n—ao i€l

as it will be used extensively throughout the proof. By Lentinéi), we have for ali € I;, PN d;. Besides, as
¢, — 0, we have

Pr{|Ai — dj| > cu] = Pr|ba(Ni — dj)| > bacn] — 0 (A.20)

sinceby,c,, — oo slower tharb,, does, and,, (\;—d;) converges in distribution by Lemn@a6. As\; 2 d;, Vi€

I; andg is continuous a.e., thetim PT[Sup|g()\Z, cn) — g(dj;0)| > €] =0,V e > 0. As j was taken arbitrary, it
n— i€l
holds for any;.
Consider first the case where the limiting mattbhas full rankj.e. rank(X) = r = ¢. Forallj € J : d; > 0,
sincer = ¢, then by Lemmd.41i) and ii), and the continuity o§ a.e., we have:

g(\isen) B g(dj;0) and Pp(Z,) 5 Pi(X).
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Since

1
(d;;0) mid) (d;)g(d;; 0) @) (dj;O)iezI; ;g dj;0) ,
——
m(d;)
we have:
k
SH(en) = > Pr(Zn) md > ghisen) = ZPI [ (dj;0) — g(d;;0) + md > gl A“cn]
7j=1 ze[ zEI
1 .
= ZPI [ (dj;0) + m(dj)g[g(&,cn)g(djvo)]}

k

=Y Pi(£)g(dj;0) =

j=1

£H0),

sinceP;,(X,) & P;(X) and|g(\i; cn) — g(d;;0)| 2 0 by (A.19).

Second, consider the case whefe= 0 with multiplicity m(0) = ¢. In this case X, > ¥ =0, i.e. X,
converges to a zero matrix so that the range of the mappingorresponding ta” is R(Ayx) = {0} and its
nullspace isV(Ay) = R%. Let P,(X) = P(dy)(X) denote the eigenprojection operatorXfassociated with

its zero eigenvalue which projects onto the corresponding eigen3ffige By Lemma6.4 i) and ii), and the
continuity ofg a.e., we have:

g(\isen) B g(di;0) = g(0;0) ,Vie Iy
P, & P(Y),

hence
Zien) = Pr(E glg Nisen) = Pr () [g <0;0>—g<0;0>+Wialg@;cnﬂ
= Pu(S)9(0:0) + P () 3 [oChsicn) - 5(0:0)
= g(0;0)P1(2) = 2(0) (A.21)

sincePr, (5,) = Py(X), Pr,(Zn) = Op(1) and|g(As; cn) —
Finally, suppose. = 0 andd; # 0. Then

9(0;0)] & 0, by (A.19).

125 (en) = RO =

Zg )\17C7L

k
”ZPIJ(
= ”ZPI
= HZPIJ-(Z)

=1

ZEI

{ 0 a0

1
m(d;)

i€l
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Z [9(5\1‘; Cn) —

k
=) Pi(2)g(dy; 0)]
j=1

i T }z

zGI j=1

g(dj; 0)] +ZP1

P;i(X)g(d;;0)]|

9(d;;0) = S Pi(2)g(d;; 0))

Mw

Jj=1



< ujépzjwn)m(ldj) 3 lothsen) —otds0ll+ \f;gwﬁ 0)[P1,(Z0) = (2]
< uijlpzj(xn)m(ldj) 3 lohsen = (0]

+§|g<dj; 0)lI1P1,(Z) = Po(2)]
< u;ﬂjwn)m(ldj) 3 lohsen —olds0)ll+ ;gwﬁonuﬂjwm - P2l

(A.22)

sincePr, (£,) = Op(1), [9(Ai; cn) — 9(0;0)| > 0 by (A.19),9(d;;0) = O(1) and|| Py, () — Py(2)]| * 0, by
Lemma6.4ii).
We can finally conclude that:

lim Pr(|| 28 (c,) — ZR0)| > €] =0.

O
PROOF of Proposition 10.2
By Proposition10.1, we haveX%(c,,) & $%(0). Then by Assumptiog.1, X,, = X, hence
X! SRe)X, 5 X'ZR0)X . (A.23)

Let us project
W??(Cn) = X;zzyjj(cn)Xn >

where

k
5len) = Y oP (S s o)
=1 !

icl;
onto the two orthogonal eigenspac¥’s(X,,) andVs(X,,), such that:

Wi (cn) = Wik (cn) + Wit (cn) |

where
Wi (cn) = X3 211 1 (en) Xon
Wﬁ(cn) = Xalzxg,n(cn)Xn )
with
R o 1 . u 1 3
Enm(cn) = ZPIj (En)ng()‘ia n) = ZPIj(En) 9(dj;0) — g(d;;0) + m(d;) Zg(/\ia Cn)
=1 Ve, j=1 Vel

52



k1
= Zsz(En)g(dj; 0) + ZPIj(En)m(dj) Z [9(Xisen) — g(dj;0)]  (A.24)
j=1 j=1 i€l

sinceg(d;; 0) = ﬁ Zielj g(d;;0). Using the continuity property of the eigenvalues and total eigenprojections
J

given in Lemma6.4 i) and ii), and under the assumption thgt, (c,,)) is continuous a.e., we havg, (X,) 2

P;(X) andVe > 0, e small, lim Pr [sup|g(5\i;cn) —g(dj;0)] > €] = 0, with ¢, — 0 by (A.19). Besides, we

know that projection operators are bofmded in probability. Hence,

k1

Sf len) B g(d; 0)Py(2) = 2f(0) . (A.25)
j=1

Therefore, we have:
c
Wi (cn) = X, 28 L (e) X0 = X' 200X = W0) .
Similarly, we have

k k

1 .
Shale) = X Pu(E) s ale) B Y aldi 0B () = B0) =0
j=k1+1 1 el j=k1+1

sinceg(d;;0) =0forallj =k +1,..., k. As X, £ X, andXfy  (cn) & X (0) = 0, we have:

L
Wan(en) = X3,5555 5 (cn) Xn = X'Z55(0)X = 0= W5'(0) .

O
PROOF of Corollary 10.3
Apply the results of Propositioh0.2with
A c
Xn = \/ﬁ[w(%) — lpo] — N[O, E] =X ,and Tj = N[O,Im(dj)] .
k1 k‘l
W0) = X'ZRO0)X =X'(D g(dj;0)Pi(2) X =) g(dy; o) X' P;(2)X
j=1 j=1
kl kl
= ) gldj )XV (d)V(d) X = g(dy; o)djaja;
7j=1 7j=1
kl kl
= Zd dja?;wj = Zx;:cj ,
7j=1 7=1
k1 n
Wherexj = N[()?Im(dj)} . As Zm(dj) = q1, W1 (0) ~ X(fh)-
j=1
]
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