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1. Introduction

A growing body of empirical evidence supports the view that important economic data series exhibit
persistent statistical dependence. Indeed, Granger (1966) notes that economic time series display
typical spectral shape of long-range dependence which is distinct from unit-root processes. As
a result, an alternative representation to both short-range and unit-root processes is proposed by
Mandelbrot and Van Ness (1968), Granger and Joyeux (1980), Hosking (1981), through the class of
fractionally differencegrocesses oARFIMAmodels. This new class is particularly appealing for
embedding both ARMA and ARIMA models.

Mandelbrot (1971) was the first to seize the important implicatiorilergd memoryfeatures in
asset returns, and more generally for modern financial economics. More specifically, the presence
of long-term memory may critically affect the pricing of derivative securities. Thus Comte, Coutin
and Renault (2003), Ohanissian, Russell and Tsay (2003) judiciously incorporate a long memory
component in continuous time stochastic volatility models to price options. On the other hand, tra-
ditional tests of the capital asset pricing model and the arbitrage theory are no longer valid since the
usual forms of statistical inference do not apply to time series exhibiting such persistence. Likewise,
test ofefficient marketiypothesis also hang precariously on the presence or absence of long-term
memory

Several empirical studies have supported Mandelbrot’'s findings, among which Greene and
Fielitz (1977), have found long-range dependance in the daily returns of many securities listed
on the NYSE. Fama and French (1988), Jegadeesh (1990, 1991),Poterba and Summers (1988) have
further noted anomalous behavior in long horizon stock returns.

Thus, several methods to test for long memory can be found in the literature which can be
classified in three types: 1) the rescaled range statistic, 2) the periodogram regression test and 3) the
KPSS test.

First, Lo (1991) propose a formal test for long-run memory based oredealed rangstatistic
or R/S statistic, named after the English hydrologist Harold Edwin Hurst (1951).

Mandelbrot (1972, 1975), Mandelbrot and Taqqu (1979), Mandelbrot and Wallis (1968) intro-
duce some refinements to the R/S statistic without distinguishing between short-range and long-
range dependenteBy incorporating this crucial distinction in the R/S statistic, Lo robustify the
R/S statistic to short-range dependence calledribdified R/Sstatistic. This one is then applied
to daily and monthly stock return indexes and contrary to previous findings, Lo (1991) finds no
evidence of long-range dependence once short-range dependence is taken into account.

Secondthe other kind of test consists in regressing the logarithm of the periodogram at low
frequencies on a function of the frequencies; the expected slope is dependent on the long-memory
parameter. This method was introduced by Geweke and Porter-Hudak (1983) and developed by
Robinson (1995). However this test involves the truncation of the ordinates of the periodogram
and arises some severe hias issues. No clear rules exists to provide some guidance about such a
truncation.

1See Mandelbrot (1989) and Merton (1987) for excellent surveys of this literature.

20ne of the most widely used concepts of short-range dependence is the nosisnnof mixingdue to Rosen-
blatt(1956), a measure of the decline in statistical dependence between events separated by successively longer spans of
time.



Third, Lee and Schmidt (1996) also test for short memory by using the KPSS test of the null
hypothesis of stationarity. Described as a test of the trend stationarity hypothesis, the KPSS test is
less general than Lo’s modified rescaled range test. They show nevertheless that the power of the
KPSS test in finite sample is comparable to that of Lo’s modified rescaled range test.

Among these three techniques, the R/S statistic appears to be the easiest and the more straight-
forward to apply. However, the applications of R/S analysis by Mandelbrot and Wallis (1969) and
others do suffer from common shortcomings: (i) They provide no sampling theory with which to
judge the statistical inference of their empirical results; (ii) they use the classical non-robust short-
range R/S statistic; (iii) they do not focus on the R/S statistic itself, but rather on the regression of
its logarithm on samples sizes. In particular, Davies and Harte (1987) show such regression tests to
be significantly biased toward rejection even for a weakly dependent stationary AR(1) process (with
an autoregressive parameter of 0.3). By contrast, Lo (1991) provides a relevany asymptotic sam-
pling theory showing that the modified rescaled range statistic converges weakly under the null of
weak dependence toward the range of a Brownian Bfidgle also characterizes the distributional
properties under the alternative of strong dependence. However, there is no guarantee anymore for
these distributional properties to hold in a stochastic volatility framework.

Indeed, Breidt, Crato and Lima (1998) introduce a long memory component in the conditional
variance representation. A long memory stochastic volatility model (LMSV) is constructed by
incorporating an ARFIMA process in the standard stochastic volatility scheme [see Harvey, Ruiz
and Shephard (1994), Jacquier, Polson and Rossi (1994), Danielsson (1994), Gallant, Hsieh and
Tauchen (1997), Tauchen (1997)...]. The authors propose a spectral likelihood estimator for the
LMSV parameter vector for which they provide a strong consistency characterization. However no
asymptotic distributional theory is available for this spectral estimator, making thus difficult any
significant statistical assessment.

By contrast, we propose a test procedure which remains valid in the absence of asymptotic
distributional theory in the context of the LMSV model.

In this paper, we focus on hypothesis testing in parametric SV models with short and long mem-
ory. Our main objective is to develop both exact tests as well as asymptotically justified procedures
that are markedly more reliable than those based on usual large-sample approximations, especially
in the presence of non-standard asymptotic distributions. The proposed procedures are also designed
to be computationally manageable.

Exploiting the fact that short-range and long-range SV models are parametric models involv-
ing only a finite number of unknown parameters, our basic outlook is to develop finite-sample
simulation-based procedures as opposed to procedures based on establishing asymptotic distribu-
tions. For that purpose, we rely on extensions of the basic idea of Monte Carlo (MC) tests originally
proposed by Dwass (1957) and Barnard (1963). When the distribution of a test statistic does not
depend on (unknown) nuisance parameters, the technique of MC tests yields an exact test provided
one can generate a few i.i.d. (or exchangeable) replications of the test statistic under the null hypoth-
esis; for example, 19 replications are sufficient to get a test with level 0.05; see Dufour and Khalaf
(2001). This technigue can be extended to test statistics which depend on nuisance parameters

3The distribution for the range of the Brownian Bridge is implicitly contained in Feller (1951), and given explicitly by
Kennedy (1976) and Siddiqui (1976) Bs (v) = 142 Y2, (1—4k*v?) exp >*°. B(V) = /x/2, E(V?) = 72 /6.



by considering maximized Monte Carlo (MMC) tests; see Dufour (2005). MMC tests yield exact
tests whenever the distribution of the test statistic can be simulated as a function of the nuisance
parameters: no additional assumption on its distribution is needed. Further, computationally more
tractable versions of this procedure, such as MMC tests on consistent set estimators of model nui-
sance parameters, provide asymptotically valid tests irrespective of the presence of non-regularities
and non-standard asymptotic distributions. Parametric bootstrap tests may also be interpreted as
degenerate MMC tests, where the simulatedalue function is evaluated at a single nuisance-
parameter point estimate. However, the asymptotic validity of the parametric bootstrap method
requires stronger assumptions than the MMC procedure and it may fail to control the level of the
test even asymptotically, especially in non-regular problems (where the MMC procedure remains
valid).

To be more specific, the contributions of the paper can be summarized as follows.

The paper is organized as follows.

2. Framework

2.1. Autoregressive SV model

The basic form of the stochastic volatility model we study here comes from Gallant et al. (1997).
Let us denote by the variable of interest. For examplg, can denote the first difference over a
short time interval, a day for instance, of the log-price of a financial asset traded on security markets.

Assumption 2.1 The procesgy, : t € N} follows a stochastic volatility model of the type:

Ly
Ve =ty = Y cilyii — i) +ur (2.1)
i=1
up = exp(wy/2)ryz; , (2.2)
Ly
Wt — oy = Z awj(wt—j - Nw) + Twt (23)
j=1

wherep,, {cj}fil, Ty Hays {awj}fgl andr,, are unknown parameters ang = (y;, w;)’ is initial-
ized from its stationary distribution.

In the above model, (2.1) is the mean equation, while (2.3) is the volatility equation. We shall
call the model represented by (2.1)-(2.3) the stochastic volatility model of rgerith autoregres-
sive mean of ordet, [ARSV(L,, L,,) for short]. The lag lengths of the autoregressive specifica-
tions used in the literature are typically short. Usual configuration&lajeL,,) = (0, 1), (1, 1) or
(2, 2); see Andersen and Sgrensen (1996), Gallant et al. (1997) and Andersen, Chung and Sgrensen
(1999). An important special case of (2.1) - (2.3) consists in settjng- 0, ¢; = a,; = 0,Vj > 2,
andd = (c, #)" with = 6, wheref; = (ay, ry, 7). We then have:

Yt — :U’y = C(yt—l - ,U'y) + ug |C‘ <1 ) (24)



up = [ry exp(we/2)]2t (2.5)
Wi = AuWi—1 + TV, |aw| < 1. (2.6)

Let M denote the model defined by equations (2.4) to (2.6).
Assumption 2.2 The vectorgz;, v;)’, t € N are i.i.d. according to av (0, I») distribution.

Assumption 2.3 The process; = (y;, w;)’ is strictly stationary.

The ARSML,, L,,) process is Markovian of orddr, = max(L,, L, ). Let us denote by

d= (:uyv Cly -+ 5 CLys Tyy Moy Quls « -+ 5 ALy, Tw)/ (27)

the parameter vector of the model. Hérg} is observed, whildw, } is a latent variable. Accord-
ingly, the joint density of the observation vectgfy = (y1, ..., yr) is not available in closed
form, for it requires evaluating an integral with dimension equal to the whole path of the latent
volatilities. Let

F(yi, ..., yr) =PY1 <1, ..., Yr < yrld] = Fo(ym)d)

denote its unknown distribution function.

We shall now focus on the ARSY, 1) model. To estimate it, we consider a two-step method
whose first step consists in applying ordinary least squares (OLS) to the mean equation which yields
a consistent estimate of the autoregressive parameted of the mean parametgf, denoted by
¢, fi, and the residualg; = u(¢) = y¢ — i, — ¢(ye—1 — f1,,). Then, we apply in a second step a
method of moments to the residuaisto get the estimate of the paramefier= (a.,, 7y, )" Of
the mean and volatility equations. Unlike the other estimators proposed in the financial literature for
estimating SV models, this two-step moment estimator is easy to implement and available in closed
form, an appealing feature for complicated latent variable models. Besides, its simplicity allows
for simulation-based inference and will be further exploited to obtain simulated testing procedures.
In the sequel we will focus on the particular case wheye= 0 but all the results still hold in the
general case.

Under the assumption®.1 to 2.3, with Py = Hy = 0 ande¢; = ay; = 0, Vi > 2, the
perturbation termu; has the following moments for positive even valueg ahdk:

k! k?
pi(01) = E(ug) =7 2072 (1 /2)] exp [ 3 r2 /(1 aw)} , (2.8)
i p(ll61) = E(ufufy)
_ gtk ! k! r2 P
"y 20/2) (5 /2)1 2k/2) (K /2)! exXp [8(1 _a?ﬂ)(J +k +2Jkaw)} . (2.9



The odd moments are equal to zero. In particularjfer 2, j = 4andj = k = 2 andl = 1, we
have:

pa(01) = E(uf) = ry exp[(1/2)r, /(1 — a2,)], (2.10)
pa(61) = E(w)) = 3ryexp[2ry, /(1 — al,)], (2.11)
p2,2(1161) = Elufui_;] = ryexplry, /(1 — ay)]; (2.12)
see Dufour and Valéry (2005). Let
_ pa(61)
w= (2.13)

be the kurtosis coefficient of the process. Itis easy to seethas, with « > 3 as soon as,, # 0
(i.e., when the volatility is constant). Solving the above moment equations correspondirg 20
j =4 andl = 1 yields the following expressions: provided> 3,

 log[ug, 5(1101)] + log [1/343(601)]
N log(r/3)

o

—1, (2.14)

hence

301 _ (3M§(91)
Y pg(00) k

If k < 3, the volatility is constant and it is natural to set

>1/4 , Tw=[(1-a2)log (5/3)]1/2, if x> 3. (2.15)

Ay = Tyw = 0 and Ty = /1’2(01) If K S 3. (216)

Given the latter definitions, it is easy to compute a method-of-moment estimatdt; foe
(aw, Ty, Tw)' replacing the theoretical moments by sample counterparts based on the regiduals
Let f7 denote the method-of-moments estimatof of Typically, E(u?), E(u}) andE(ufu? ;) are
approximated by:

T

T
. o . 1 . . 1 2.
u2=f2u? M4:TZU§; Mz(l):fzugufq
=1 =1

respectively. This yields the following estimators of the stochastic volatility coefficients:
A ifa, > A,

Qyy = ay  iflay| < A, (2.17)
—-A if @, < —A,

iy, o= (303/R)7" iR >3,

2.18
= iy if #<3 (2.18)



Fu = [(1=a2)log (7/3)]/* it >3, (2.19)
=0 if kK <3,
wherei = fi,/[13 and
aw = [loglin(1)] + log (#/3fi5)]/log (#/3) if &> 3, (2.20)
_ if & < 3. '

In (2.17),A is a number close to one which is used to bound the estimator away from the stationary
boundary. This is important to avoid numerical instability. In the simulations and application below,
we usedA = 0.99, but a value closer to one could be considered. Under the assumptions of the
model, the restrictios > 3 must hold with probability converging to one. Provided | < A, the
estimatod; = [, Ty, fw]' is consistent and asymptotically normally distributed; see Dufour and
Valéry (2005) for a detailed presentation of its asymptotic properties.

2.2. The fractionally integrated SV model
Let M, denote the ARFIMA(0,d,0)-SV model defined as follows:

Yo — Hy = c(ye—1 — ) +ve(02) , e <1, (2.21)
vt(02) = [ry exp(wt/2)]z (2.22)
(1-— B)dwt =0 , M i N(Ojag) , (2.23)

whered € (—0.5,0.5) andfy = (d, ry,o%)’. Whend is restricted to this domainy;, is stationary
and invertible [see Hosking (1981)]. We briefly review the first two moments @) obtained
from the properties of the log-normal distribution as it is stated in Breidt, Crato and de Lima (1998):

119(02) = E(v(62)%) = g exp[y(0)/2] , (2.24)
114(62) = E(ve(62)") = 3ry exp[27(0)] , (2.25)

and
1o.5(hl|02) = Elvy(02)*vi—n(02)*] = ry exp[y(0)(1 + p(h))] , (2.26)

where the auto-covariance and autocorrelation functions for the long-memory pfagéssie-
noted by~y(-) andp(-) are given by:

7(0) = agjng{léji, (2.27)
_ Lt —d) (2.28)

P = T —d+ Dra)

[see Brockwell and Davis, (1991), p.522]. Whers restricted tq—0.5,0.5), the process exhibits
a unique kind of dependence that is positive or negative depending on wheihegositive or



negative,i.e. the autocorrelation coefficients af; are of the same sign a5 So slowly do the
autocorrelations decay that whérnis positive their sum diverges to infinity, and collapses to zero
whend is negative. Mandelbrot and others have calleditke0 caseantipersistencereserving the
termlong-range dependender thed > 0 case.

The moment conditions (2.24) to (2.26) will define a just-identified GMM estimata®k, of
(d,ry, cr%)’ for drawing inference on the fractional integration paraméter

3. Testing problems and test statistics

In this section, we set the framework for testing general hypotheség @s,) : F € Ho(¢y)
whereH(v,) is a subset of all possible distributions for the ARSV(1,1) model (2.4)-(2.6) [or for
the ARFIMA(0,d,0)-SV model (2.21)-(2.23)], that is,

Ho(vo) ={F () : F(yry) = Folyr)|0] with 1(0) = 1} (3.1)

whered = (c, '), 1(0) is ap x 1 continuously differentiable function ofand) is the hypothe-
sized value of)(#), such as)p, = 0. Hy (1)) is usually abbreviated as:

Ho(thg) = 9(0) = 1 -

Let & be the unrestricted estimator afﬁﬂ:lthe constrained estimator obtained by minimizing the
following criterion ) A X
M7(0) = [gr(Ur) — w(0))' 92, [gr (Ur) — u(0)] (3.2)

where g (Ur) denotes the vector of empirical moments based on the residual Viégtoorre-
sponding tqu(#). {2, denotes a consistent estimator(af,

(.= lim E{T (97 (Ur) = 1(00)] [g0(Ur) — 1(60)]'} | (3.3)

with 6y denoting the true value &, [§ = 6, for the ARSV(1,1)M; model andd = 6, for the
ARFIMA(0,d,0)-SV. M5 model. Such an estimatdt, can easily be obtained [see Newey and West
(198)] using a Bartlett kernel:

K(T)
k=1
where ’
o= 3 o s0r) — p@lou(Or) — (@) (3.5)
t=k+1

whered is a consistent estimator 6f g;(Ur) = [a7, af, a7a? )’ for the ARSV(1,1)M; model
(2.4)-(2.6), andy, (Ur) = [0:(02)2, 9¢(02)*, 0,(02)20,_1(02)?]’ for the ARFIMA(0,d,0)-SVM,
model (2.21) - (2.23), respectively. In a just-identified framework, the choice of weight m&tric



is irrelevant.

3.1. Specification test

In this section, we propose a specification test to test the null hypothesis that the true model, denoted
by M, corresponds to the ARFIMA(0,d,0)-SV model defined in equations (2.21)-(2.23) against
the alternative ARSV(1,1) model.¢. the M; model defined in equations (2.4)-(2.6)]. Then, the
likelihood-ratio-type test statistic for comparative fit that is investigated here is given by:

&5 = TIM(Dar| M) — MiE(By7| M) (3.6)

where R ) R
M(0|M;) = [gr(U) — (0| M)) 2 Hgr(U) — p(0|M;)], i =1,2. (3.7)

3.2. Hypothesis tests

In the simulations, we will focus on parametric functions of the form
05
b0 =10 g ) =6,
s2

in which case the null hypothes(v,) : 1 (0) = 1, simplifies toHy(v,) : 051 = 6%. For
example, we may hawg,; = d.

We will test two null hypotheses of interest; one corresponds to test no fractional integration
by testingd = 0 (against fractional integration) while the other one, nanaety 0.4 corresponds
to test a parameter value close to the boundaries of the stationarity domain. In particular, in the

= 0.4 case, the standard asymptotic theory might not behave properly anymore as we get closer

to the boundaries of the domain.

Inference on the parameter of interest will be drawn by means of a LR-type statistic. Thus, the
difference between the restricted and unrestricted optimal values of the objective function yields the
following LR-type statistic:

€0 = TIMH®") - M; (D) - (3.8)
Provided
T(M;(0) = Mr(0)] — 0 (3.9)
where X A
Mr(0) = [gr(Ur) — w(0))' 2, [gr(Ur) — u(9)] (3.10)

the LR-type statisti¢ is well-defined.

However, the asymptotic distribution of both LR-type statistics aforementioned for testing
model specification and parameter hypotheses has not been stated analytically. Therefore, using
the standard? critical points may be strongly misleading. Hence, an easy and straightforward
solution to circumvent a defaulting asymptotic distributional theory is to resort to the technique of
Monte Carlo tests which igrovably validunder general regularity conditions [see Dufour (2005)].



4. Monte Carlo tests

The technique of Monte Carlo tests was originally proposed by Dwass (1957) for implementing
permutation tests and did not involve nuisance parameters. This technigque was also independently
proposed by Barnard (1963) and Birnbaum (1974); for a review, see Dufour and Khalaf (2001).
It has the great attraction of providirgact(randomized) tests based on any statistic whose finite
sample distribution may be intractable but can be simulated. We briefly review the methodology
of Monte Carlo tests covering both cases, first without nuisance parameters and then with nuisance
parameters. The technique of Monte Carlo tests provides a simple method allowing one to replace
the unknown or intractable theoretical distributiity|d), wheres = (c, §')’, by its sample ana-
logue based on the statistifs(9), ... , Sy (d) simulated under the null hypothesis. We shall now
describe how MC tests can be performed in practice.

For the sake of clarity, let us first consider the case where no nuisance parameters are present.

1. Using the observed sample, we calculate the relevant staistic

2. Using draws undef{,, we generate N simulated samples ... , Sy.

3. Then we consider the following simulated survival function

1 N
Ol SN} = 37 255
and the associategvalue function

. NGn(y)+1
Ply) = ]ifV(—i—)l

wheres(xz) = 1if z > 0, ands(z) = 0 if =z < 0. If the distribution ofS is continuous an&V
is chosen so that(/V + 1) is an integer, then

Plpn(So) < o] = a, underHy,
yielding an exact test.

In most econometric models, the relevant case is the one where the distribution of the test
statistic depends on nuisance parameters. To deal with this complication, the MC test procedure
can be modified as follows, whefgepresents the true parameter vector.

1. To test the null hypothesis B
Hy:6€ (),

we use first the observed sample to calculate the relevant statistic dendigd by

2. For eachy € (2, we generatéV replications ofS: S1(d), ..., Sn(9).



3. Using these simulations we compute the corresponding simylatatiie function:

) NGyylo] +1
0| = ——7—
PN lyl] Nl
4. The p-value functionpy[Sp|d] as a function ob is maximized over the parameter values
compatible with the null hypothesis?), and Hy is rejected if

sup{pn(Sold) : d € 2} < . (4.2)

If the number of simulated statisti¢é is chosen so that(/N + 1) is an integer, then we have
underHy:
Plsup{pn(So[d) : 6 € 2} < o] < a, (4.2)

that is we control for the level of the test [for a proof, see Dufour (2005)].

Because of the maximization, the critical region in (4.1) is calladaximized Monte Carlo
(MMC) test. MMC tests provide valid inference under general regularity conditions such as almost-
unidentified models or time series processes involving unit roots. In particular, even though the
moment conditions defining the estimator are derived under the stationarity assumption, this does
not question in any way the validity ohaximizedVC tests, unlike the parametric bootstrap whose
distributional theory is based on strong regularity conditions. Only the power of MMC tests may be
affected.

A simplified approximate version of the MMC procedure can alleviate the computational load
of the MMC procedure whenever a consistent point or set estimatésaivailable. To do this, we
shall need to reformulate the setup in order to allow for an increasing sample size.

1. To test the null hypothesis
Ho:(_SGQ(], with 2 € £2, QQ#@,
we use first the observed sample to calculate the relevant statistic dendieg. by

2. We considelCy, T > I a sequence of (possibly random) subset&odfstead off2,, such

that )
Tlim Plo € Cr] =1 underH,. (4.3)
3. For eachy € Cr, we generatéV replications ofS: Spi(6), ..., Srn(9), withT > I .

4. Using these simulations we compute the corresponding simylatatlie function:

NGrn[yld] +1

pralyld] = Nl

10



5. Thep-value functionpry[Sto|d] is maximized with respect ®in Cr, andH) is rejected if
sup{prn(Stold) : 0 € Cr} < a. (4.4)

If the number of simulated statisti¢é being chosen so that(NV + 1) is an integer, we have
underHy:
Tlim Plsup{prn(Sto0ld) : 6 € Cr} <a] <, (4.5)

i.e.,, we control for the level asymptotically.

In practice, it is easy to find a consistent set estimatg whenever a consistent point estimate
o7 of § is available. For instance, any set of the form

Cr={6e :||or—6| <d} (4.6)

with d a fixed positive constant independentTof satisfies (4.3). It is worth noting that there is
no need to maximize thg-value function with respect to possibly unidentified parameters under
the null hypothesis. Thus, parameters which are unidentified under the null hypothesis can be set
to any fixed value and the maximization be performed only over the remaining identified nuisance
parameters. When there are several nuisance parameters, one can use simulated annealing [see
Goffe, Ferrier and Rogers (1994)], an optimization algorithm which does not require differentiabil-
ity. IndeedG [So|d] is a step-type function which typically has zero derivatives almost everywhere,
except on isolated points where it is not differentiable. For an example, where this is done using in
a VAR model involving a large number of nuisance parameters?.see

Finally, if the setCr in (4.4) is reduced to a single point estimate i.e. Cr = {47}, we get
alocal MC (LMC) test R

pr(Stoldr) < o, (4.7)

which can be interpreted asparametric bootstragest. Even ifé; is a consistent estimate 6f

(under the null hypothesis), the condition (4.3) is not usually satisfied in this case, so that additional
assumptions are needed to show that the parametric bootstrap procedure yields an asymptotically
valid test. It is computationally less costly but clearly less robust to violations of regularity condi-
tions than the MMC procedure; for further discussion, see Dufour (2005).

5. Simulation results

In this section, we present some simulation evidence on the finite-sample properties of the pro-
cedures described in the previous sections. In particular, we provide results on the actual level of
LR-type tests for the three main hypotheses discussed: (1) the hypothesis of autoregressive volatility
(against fractionally integrated volatility) by means of a specification test; (2) the hypothesis of no
fractional integration in the volatilityd = 0) (against fractional integratioth = 0); (3) the hypoth-

esis of fractional integration in the volatility for specific value of the paraméterd = 0.4). Three

ways of implementing the tests are considered: asymptotic critical values, parametric bootstrap, and
MMC. We also present results on power for the three types of hypotheses described above.
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The LR-type test statistit R(£2) = £ corresponds to the difference between the restricted and
the unrestricted optimal values of the objective function, witk= £2(9). The weighting matrix2
is estimated by a kernel estimator with fixed-bandwith Bartlett kernel, where the lag truncation is
set ati = 2 [see Newey and West (198)1.

Let S denote the test statistic which takes the form of the LR-type statisticSatide statis-
tic computed from the “pseudo-true” data obtained by simulation under the true data generating
process. The critical regions have the following forms:

Ra = {SO > Xi(y)}

for the standard asymptotic tests, whefg?(v) > x2(v)] = a andv is the number of constraints
tested,

N ~0
Rp = {pn[S0]0 ] < a}

for the bootstrap test, and

Rumce = { sup{prn(Srold) : 6 € Cr} < a},

where
R NGylz|d] + 1
pulals] = FONEAEL
. 1 X
Gnlz; S(N, )] = N;S(Si(é) —z),

5" is a consistent point restricted estimate- (c, 6)’, ¢ is the vector of the SV parametees,
0 = 61 = (aw, ry, Tw)’ for the ARSV modelf = 6, = (d, ry, o,)’ for the ARFIMA(0,d,0)-SV
model], andC'r is a restricted consistent set estimatod of

For MMC tests of the specification hypothesis (ARFIMA(0,d,0)-SV model against ARSV(1,1)
model), the se€'r over which we maximize the simulated- value is:

C = {(e,ry) e — ¢ <0.20, |¢] < 0.99, r, — 7] < 0.20, , (5.1)

and for MMC tests of the no-fractional-integration hypothédis- 0) [ or of fractional-integration
hypothesigd = 0.4) respectively], the set'r over which we maximize the simulated- value is:

O = {( ¢, ry, 0y) : e — & <020, |¢] < 0.99, [, — 7(D| < 0.20, o, — 6V| < 0.20}, (5.2)

wherec¢ is the least squares estimatecdfoased on fitting the AR(1) model (2.1) with no drift],

7y the unrestricted GMM estimate ar@dl(,l), &%1)) is the restricted GMM estimate @¢f,, o) in

the ARFIMA(0,d,0)-SV model [based on minimizing;.(¢) subject to the restrictiod = 0 (or

d = 0.4 respectively)]. Since the number of nuisance parameters is relatively small, maximization
was achieved through a grid search (with points separated by a distan& fufr each coefficient).
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Note that many other restricted consistent estimates of the relevant nuisance parameters could be
used to build the set87.

The nominal level is. = 0.05. The number of replications used for Monte Carlo tests is
N = 99, while the rejection frequencies are estimated wifh= 1000. T is the sample size of the
seriegy; whose data generating process is assumed to be specified as in equations (2.4)-(2.6) for the
ARSV modelM; and as in equations (2.21)-(2.23) for the ARFIMA(0,d,0)-SV model. Calculation
were performed with the GAUSS software (version 3.2.37). The autoregressive paramete(s
and the fractional integration parametkrespectively) are restricted to an interval insjdel, 1)
[(—0.5, 0.5) respectively] to guarantee stationarity and invertibility requirements.

In the power study (Section 5.2), the asymptotic critical pointd@gally level-correctedi.e.
the critical points are modified to ensure that the rejection frequency under the null hypothesis (for
the specific nuisance parameter values considered) is eq0dlstothe corrected critical value is
obtained by simulating the test statistic under the null hypothesis with a large number of replications.

As for simulating the ARFIMA(0,d,0)-SV model, we resort to the infinite-order MA process,
namely

(1-B )dwt =M

or equivalently,

= Ik + d)
_(1— By — B(Ly, =SB th By= -t
w = (1 - B) ™%y, = B(L)n, kZ:O Kl > W B = B P 1)

In practice, the infinite-order MA representation has been truncated-60.

5.1. Level

5.2. Power

6. Empirical application

7. Concluding remarks
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Table 1. Empirical levels of asymptotic, bootstrap and MMC tests.

(A) Specification test

Hy:0 =0, = (d,ry,0,) (ARFIMA(0,d,0)-SV)

ARFIMA(0,d,0)-SV:d = 0.3, ry = 0, = 0.5,

T =50 T =100 T =500
Asy | Boot | MMC | Asy | Boot | MMC | Asy | Boot | MMC
LR| O 3.5 2.3 0 4.4 3.5 0.1 | 47 3.9
T = 1000 T = 2000 T = 5000
Asy | Boot | MMC | Asy | Boot | MMC | Asy | Boot | MMC
LR | 05| 6.7 4.2 18| 7.6 4.8 53| 8.8 6
(B) Hypothesis test
Hy : d =0 (no-fractional integration)
ARFIMA(0,d,0)-SV:c = 0.3, r, =0, = 0.5
T =50 T =100 T =500
Asy | Boot | MMC | Asy | Boot | MMC | Asy | Boot | MMC
LR| O 8.3 0 0.1 | 89 0 0.2 6 0
T = 1000 T = 2000 T = 5000
Asy | Boot | MMC | Asy | Boot | MMC | Asy | Boot | MMC
LR | 04 | 58 0 0.2 | 47 0 09 | 4.2 0
Hy : d = 0.4 (fractional integration)
ARFIMA(0,d,0)-SV:c = 0.3, ry =0, = 0.5
T =50 T =100 T = 500
Asy | Boot | MMC | Asy | Boot | MMC | Asy | Boot | MMC
LR| O 8.3 0.4 0 123 | 0.1 24 | 21.2| 05
T = 1000 T = 2000 T = 5000
Asy | Boot | MMC | Asy | Boot | MMC | Asy | Boot | MMC
LR| 10 | 168| 09 | 258| 169 | 09 |60.3| 128 | 14
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Table 2. Empirical power of asymptotic, bootstrap and MMC tests.

(A) Specification test

Hy:0 =0, = (d,ry,0,) (ARFIMA(0,d,0)-SV)

ARFIMA(0,d,0)-SV:d = 0.3, ry = 0, = 0.5,

T =50

T =100

T = 500

Asy

Boot

MMC

Asy

Boot

MMC

Asy

Boot

MMC

LR

T = 1000

T = 2000

T = 5000

Asy

Boot

MMC

Asy

Boot

MMC

Asy

Boot

MMC

LR

6

(B) Hypothesis test

Hy : d =0 (no-fractional integration)

ARFIMA(0,d,0)-SV:c = 0.3, r, = 0, = 0.5

T =50

T =100

T =500

Asy

Boot

MMC

Asy

Boot

MMC

Asy

Boot

MMC

LR

T = 1000

T = 2000

T = 5000

Asy

Boot

MMC

Asy

Boot

MMC

Asy

Boot

MMC

LR

Hy : d = 0.4 (fractional integration)

ARFIMA(0,d,0)-SV:c = 0.3, ry =0, = 0.5

T =50

T =100

T = 500

Asy

Boot

MMC

Asy

Boot

MMC

Asy

Boot

MMC

LR

T = 1000

T = 2000

T = 5000

Asy

Boot

MMC

Asy

Boot

MMC

Asy

Boot

MMC

LR
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Figure 1. Correlation functions for the S& P 500 index and artificial data.

Empirical Carrelation on S&P 500 returns, corr(r_t~2, r_t—h"2)

0.06
T

0.02
T

0.06 0.10
T T

0.02
T

16

|

l

\‘1

!lll

Y

/\// 4\
LA A TWIRNN .
N AT U Ly, | 3 ,
- ~i- v 2 )~y AR
o % wm m . wm m . m . m = wm o
lag
Empirical Correlation of simulated data, d=0.46, corr(r_t™2, r_t—h"2)

|
!
i

1

l

|

\/\

o X N
| Loy MW L P L) VL
| B ~ ¥ i Al I 1 A\ |
o w  w  m  w  m  w om0 w= w0 o
lag



References

Andersen, T. G., Chung, H.-J. and Sgrensen, B. E. (1999), ‘Efficient method of moments estimation
of a stochastic volatility model: A Monte Carlo studygurnal of Econometric81, 61-87.

Andersen, T. and Sgrensen, B. (1996), ‘Gmm estimation of a stochastic volatility model: A Monte
Carlo study’,Journal of Business and Economic Statistidé3), 328—352.

Barnard, G. A. (1963), ‘Comment on “The spectral analysis of point processes" by M. S. Bartlett’,
Journal of the Royal Statistical Society, Serie833294.

Birnbaum, Z. W. (1974), Computers and unconventional test-statistids, Proschan and R. J.
Serfling, eds, ‘Reliability and Biometry’, SIAM, Philadelphia, PA, pp. 441-458.

Breidt, F. J., Crato, N. and Lima, P. (1998), ‘The detection and estimation of long memory in
stochastic volatility’ Journal of Econometric83, 325-348.

Comte, F., Coutin, L. and Renault, E. (2003), Affine fractional stochastic volatility models with
application to option pricing, Technical report, Université de Montréal.

Danielsson, J. (1994), ‘Stochastic volatility in asset prices: Estimation with simulated maximum
likelihood’, Journal of Econometric61, 375-400.

Davies, R. and Harte, D. (1987), ‘Tests for hurst effeBtgmetrika74, 95-101.

Dufour, J.-M. (2005), ‘Monte Carlo tests with nuisance parameters: A general approach to finite-
sample inference and nonstandard asymptotics in economettizg’nal of Econometrics,
forthcoming.

Dufour, J.-M. and Khalaf, L. (2001), Monte carlo test methods in econometricB, Baltagi,
ed., ‘Companion to theoretical econometrics’, Blackwell Companions to Comtemporary Eco-
nomics, Basil Blackwell, Oxford U.K., chapter 23, pp. 494-519.

Dufour, J.-M. and Valéry, P. (2005), ‘On a simple two-stage closed-form estimator for a stochastic
volatility in a general linear regressiomdvances in Econometrics, volume 20, forthcoming

Dwass, M. (1957), ‘Modified randomization tests for nonparametric hypothesesals of Mathe-
matical Statistic®8, 181-187.

Fama, E. and French, K. (1988), ‘Permanent and temporary components of stock pauessl
of Political Economy96, 246—273.

Feller, W. (1951), ‘The asymptotic distribution of the range of sums of independent random vari-
ables’,Annals of Mathematical Sattisti@®, 427-432.

Gallant, A., Hsieh, D. and Tauchen, G. (1997), ‘Estimation of stochastic volatility models with
diagnostics’Journal of Econometric81(1), 159-192.

17



Geweke, J. and Porter-Hudak, S. (1983), ‘The estimation and application of long memory time
series models'Journal of Time Series Analysds 221-238.

Goffe, W. L., Ferrier, G. D. and Rogers, J. (1994), ‘Global optimization of statistical functions with
simulated annealingJournal of Econometric60, 65-99.

Granger, C. (1966), ‘The typical spectral shape of an economic vari&iehometricad34, 150—
161.

Granger, C. W. J. and Joyeux, R. (1980), ‘An introduction to long-memory time series models and
fractional differencing’ Journal of Time Series Analysis 15-29.

Greene, M. and Fielitz, B. (1977), ‘Long-term dependence in common stock retdonshal of
Financial Economicg, 339-349.

Harvey, A., Ruiz, E. and Shephard, N. (1994), ‘Multivariate stochastic variance mddeiggw of
Economic Studie§l, 247-264.

Hosking, J. (1981), ‘Fractional differencindjometrika68, 165—186.

Hurst, H. E. (1951), ‘Long term storage capacity of reservoirsginsactions of the American Soci-
ety of Civil Engineerd.16, 770-799.

Jacquier, E., Polson, N. G. and Rossi, P. (1994), ‘Bayesian analysis of stochastic volatility models
(with discussion)’ Journal of Economics and Business Statislizgs371-417.

Jegadeesh, N. (1990), ‘Evidence of predictable behavior of security retdoshal of Finance
45, 881—-898.

Jegadeesh, N. (1991), ‘Seasonality in stock price mean reversion: Evidence from the u.s. u.k.,
Journal of Financel6, 1427-1444.

Kennedy, D. (1976), ‘The distribution of the maximum brownian excursiémnals of Applied
Probability 13, 371-376.

Lee, D. and Schmidt, P. (1996), ‘On the power of the KPSS test of stationarity against fractionally-
integrated alternativesJournal of Econometricg3, 285-302.

Lo, A. W. (1991), ‘Long-term memory in stock market pricesgonometriceéb9, 1279-1313.

Mandelbrot, B. (1971), ‘When can price be arbitraged efficiently? a limit to the validity of the
random walk and martingale modelReview of Economics and Statist&% 225-236.

Mandelbrot, B. (1972), ‘Statistical methodology for non-periodic cycles: From the covariance to r/s
analysis’,Annals of Economic and Social Measuremgri259—290.

Mandelbrot, B. (1975), ‘Limit theorems on the self-normalized range for weakly and strongly de-
pendent processeZ, Wahrscheinlichkeitstheorie verw. Gebidtig 271-285.

18



Mandelbrot, B. (1989), ‘Efficient capital markets and martingaleyrnal of Economic Literature
27,1583-1621.

Mandelbrot, B. and Taqqu, M. (197®Rpbust R/S Analysis of Long-Run Serial Correlatidol. 48
of 2, Bulletin of the International Statistical Institute, pp. 59—104.

Mandelbrot, B. and Van Ness, J. (1968), ‘Fractional brownian motion, fractional noises and appli-
cations’,S.I.A.M Reviewl0, 422-437.

Mandelbrot, B. and Wallis, J. (1968), ‘Noah, joseph and operational hydroldggter Resources
Researcht, 909-918.

Mandelbrot, B. and Wallis, J. (1969), ‘Computer experiments with fractional gaussian noises. parts
1, 2, 3’, Water Resources Researsh228-267.

Merton, R. (1987)0On the Current State of the Stock Market Rationality Hypoth&bis Macroe-
conomics and Finance: Essays in Honor of Franco Modiglia@iashbridge: M.I.T. PresR.
Dornbusch, F. Fischer and J. Bossons.

Newey, W. K. and West, K. D. (198J, ‘Hypothesis testing with efficient method of moments
estimators’ International Economic Revie@8, 777—787.

Newey, W. K. and West, K. D. (198}, ‘A simple, positive semi-definite, heteroskedasticity and
autocorrelation consistent covariance matrié¢onometriceb5, 703—-708.

Ohanissian, A., Russell, J. R. and Tsay, R. S. (2003), True or spurious long memory in volatility:
Does it matter for pricing option, Technical report, University of Chicago.

Poterba, J. and Summers, L. (1988), ‘Mean reversion in stock returns: Evidence and implications’,
Journal of Financial Economic22, 27—-60.

Robinson, P. M. (1995), ‘Log-periodogram regression of time series with long range dependence’,
Annals of Satistic3, 1048-1072.

Siddiqui, M. (1976), ‘The asymptotic distribution of the range and other functions of partial sums
of stationary processedater Resources Researth 1271-1276.

Tauchen, G. (1997), ‘New minimum chi-square methods in empirical finaAdeances in Econo-
metrics, Seventh World Congress, ed. by David Kreps, and Kenneth F. Wallis. Cambridge
University Press

19



