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Abstract. We present an algorithm for variational inequalitiesV I(F , Y ) that uses a primal-dual version of the
Analytic Center Cutting Plane Method. The point-to-set mappingF is assumed to be monotone, or pseudomono-
tone. Each computation of a new analytic center requires at most four Newton iterations, in theory, and in practice
one or sometimes two. Linear equalities that may be included in the definition of the setY are taken explicitly
into account.

We report numerical experiments on several well–known variational inequality problems as well as on one
where the functional results from the solution of large subproblems. The method is robust and competitive with
algorithms which use the same information as this one.
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1. Introduction

The finite dimensional variational inequality problem (VI) is a very significant extension
to the problem of optimizing a nonlinear function, as it allows for the modelling of systems
involving multiple agents, each pursuing his own objective, while sharing joint resources.
The computation of economic equilibria, Nash equilibria and discretized free boundary
problems is often performed using a formulation as variational inequalities.

The variational inequality problem is a generalization of the linear and nonlinear com-
plementarity problems and of the mixed nonlinear complementarity problem — to which
it can often be reduced, but at the cost of an increase in the number of variables.

Excellent references on variational inequalities are the monograph by Harker [16], the
book by Nagurney [35], the review article of Harker and Pang [17], the short course of
Marcotte [31], and the proceedings book of Ferris and Pang [9].
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The development of algorithms for variational inequalities is an active and challenging
research area. The variational inequality problem can be formulated as finding the zero of
a generalized equation, as a fixed point problem or as a mixed nonlinear complementarity
problem; these reformulations usually require additional assumptions.

The projection or fixed point methods may be viewed as extensions to VIs of subgradient
optimization (Konnov [23]); more sophisticated versions include the extragradient method
of Korpolevitch [24] and its variant by Solodov and Tseng [40]. Another class of approaches,
pioneered by Mangasarian [29], in the case of nonlinear complementarity problems, uses a
reformulation as a system of nonsmooth equations, which can also be viewed as a nonsmooth
optimization problem; analogous smooth or nonsmooth reformulations can be found in
the articles of Facchinei, Fischer, Kanzow [8] and Xiao, Harker [45, 46]. Optimization
formulations involving the primal gap function, to which a proximal term is added, can be
found in Fukushima [10], Kanzow, Qi [20] and Sun, Fukushima, Qi [42]. Ralph and Wright
[38] describe an interior–point algorithm for VIs in a mixed nonlinear complementarity
form.

Most of these algorithms need to make assumptions about the variational inequality, such
as

1. the VI map is single-valued

2. it is differentiable, and the Jacobian can be used

3. the feasible set is given by a set of differentiable constraints.

Another approach, which extends nondifferentiable optimization to VIs, is to use acutting
planedescription of the VI. This approach uses the fact that the VI functional separates
the current point from the optimal set. Classical methods such as Kelley’s cutting plane
method, or by duality the Dantzig–Wolfe column generation, could be used. L¨uthi [26] uses
the ellipsoid method in this context, and Magnanti and Perakis [27] extend this approach to
other centering methods. Lemar´echal, Nemirovskii, Nesterov [25] study the complexity of
a level bundle method. The Analytic Center Cutting Plane (ACCPM), introduced in [11],
uses the centering concept made familiar by interior point methods, i.e.the analytic center,
in the context of column generation or cutting planes, and it has been shown, in practice, to
be more effective than other centering schemes. The view of the VI as a convex feasibility
problem was used by Goffin, Marcotte, Zhu [13] to describe and analyze a conceptual
extension of ACCPM to the VI problem, using the results of [12]. A proximal analytic
center cutting plane method, analyzed very nicely in a conic space, was introduced by
Nesterov and Vial [37], and its complexity studied in the VI case.

The algorithm described here is a fully implementable version of [13], and we describe
in detail a very effective method to compute the next analytic center from the previous one,
using a primal-dual infeasible Newton method. The choice of an updating direction that
involves a centering component leads, in practice, to a method that often needs no additional
recentering Newton steps.

The algorithm applies to VIs defined by a monotone or pseudomonotone multivalued
functional, possibly requiring the computation of subproblems, over a convex setY that
could be defined by a separation oracle, and linear inequalities or equalities. These features
are useful if the Jacobian is expensive or impossible to evaluate, or if it does not exist.
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The explicit accounting for linear equalities is useful for example in the case of network
constraints.

As cutting plane methods do not necessarily generate a convergent sequence in the case
of VIs, we introduce an auxiliary sequence of points, constructed by an averaging process,
involving the primal variables computed by ACCPM, and which displays better convergence
properties than the sequence of centers. Some intuitive justification can be found in Nesterov
and Vial [37].

The article is organized as follows. We review in Section 2 some concepts of variational
inequalities and analytic centers and we describe in Section 3 the algorithm in detail. In
Section 4 we present some technical points concerning ourMatlab implementation of the
method, and conclude in Section 5 with several numerical examples that range from typical
economical equilibria to a pollution permits market model and to financial options pricing.
The method is robust and competitive with algorithms which use the same information
(mapping evaluations, but no Jacobian evaluations).

We use the following notation:2IRm

is the set of all subsets of IRm; given a vectorx,X
is the diagonal matrix withx along the diagonal;e is a vector of ones whose dimension can
be inferred from the context.

2. Basic Concepts

In this section we give the definitions and present the basic concepts of variational inequal-
ities and analytic centers.

2.1. Variational Inequalities

Definition 1 LetF be a point-to-set map from IRm into 2IRm

. LetY be a nonempty convex
subset of IRm. Then a solution to thevariational inequality problem, denoted asV I(F , Y ),
is a pointy∗ ∈ Y such that

F (y∗)t(y − y∗) ≥ 0 for some F (y∗) ∈ F(y∗) and ∀y ∈ Y.

Geometrically, a solutiony∗ is a point ofY such that there exists aF (y∗) ∈ F(y∗) which
makes an acute angle with all feasible directions, i.e.−F (y∗) belongs to thenormal cone
to Y aty∗, denoted asNY (y∗):

−F (y∗) ∈ NY (y∗) := {z : (y − y∗)tz ≤ 0 ∀y ∈ Y };

this can be written as:

0 ∈ F(y∗) +NY (y∗),

which is the formulation as a generalized equation.

Definition 2 A point-to-set mappingF : IRm → 2IRm

is monotoneover a setY if

(F (y1)− F (y2))t(y1 − y2) ≥ 0
∀ F (y1) ∈ F(y1), ∀F (y2) ∈ F(y2), ∀ y1, y2 ∈ Y.
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It is maximal monotoneif the graph ofF , defined as

G(F) = {(y, t) : y ∈ dom Y, t ∈ F(y)}

is maximal, i.e. for any monotone mapF ′,G(F) ⊂ G(F ′) impliesG(F) = G(F ′).
A common example of a maximal monotone mapping is the subdifferential of a convex

function.

Definition 3 A point-to-set mappingF : IRm → 2IRm

is pseudomonotoneover a setY if

F (y2)t(y1 − y2) ≥ 0⇒ F (y1)t(y1 − y2) ≥ 0
∀ F (y1) ∈ F(y1), ∀F (y2) ∈ F(y2), ∀y1, y2 ∈ Y

Definition 4 LetF be a point-to-set map from IRm into 2IRm

. LetY be a nonempty convex
subset of IRm. Then aweak solutionto the variational inequality problem is a pointy∗ ∈ Y
such that

F (y)t(y − y∗) ≥ 0 ∀y ∈ Y and ∀F (y) ∈ F(y).

The following theorem, from [36], relates weak solutions to solutions in the monotone
case.

Theorem 1 Let Y be a nonempty, closed, convex subset of IRm, with nonempty interior,
and letF be a monotone mapping with domaindom(F), int(Y ) ⊂ dom(F) ⊂ Y , then

1. Every solution of the variational inequality is also a weak solution;

2. Conversely, provided either:

• Y ⊂ dom(F) andF is single-valued continuous, or

• F is maximal monotone,

every weak solution solves the variational inequality.

In the case of pseudomonotone mappings, the following theorem was shown by Crouzeix
[5] and Konnov [23]:

Theorem 2 LetY be a nonempty closed convex subset of IRm and letF be a pseudomono-
tone mapping fromY into 2IRm

, with F(y) assumed to be a nonempty convex set for all
y ∈ Y , andF assumed to be upper semi–continuous on Y.

Then every weak solution solves the variational inequality and conversely.

The key observation is that the solution setY ∗ can be described as the intersection of an
infinite number of half-spaces:

Y ∗ = ∩y∈Y ∩F (y)∈F(y) {y∗ ∈ Y | F (y)t(y − y∗) ≥ 0}

This formulation is the basis of thecutting-planeapproach to variational inequalities.
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It is thus possible to solve theV I(F , Y ) as a convex feasibility problem, whereF (y) is
the vector that separatesy from Y ∗. A generic algorithm to find a pointy∗ ∈ Y ∗ would be
as follows:

Step 0: Setk = 0, Y0 = Y

Step 1: Choose a pointyk ∈ Yk
Step 2: Select a vectorF (yk) ∈ F(yk)

SetYk+1 := Yk ∩ {y : F (yk)tyk ≥ F (yk)ty}
Step 3: Check ifyk ∈ Y ∗; if yes then stop.

Setk := k + 1
Return to step 1

Note that the setY could be defined implicitly by a separation oracle, such that whenever
yk 6∈ Y , a feasibility cutseparatingyk from Y is returned and added to the description of
Yk.

The selection of an appropriate stopping criterion is still an issue of some debate. We
have used the primal gap function:

Definition 5 Theprimal gap functiong associated withV I(F , Y ) is defined as

g(y) = min
F (y)∈F(y)

min
z∈Y

F (y)t(z − y).

In generalg(y) ≤ 0 and in particulary∗ is a solution ofV I(F , Y ) if and only ifg(y∗) = 0.
If furthermoreY is polyhedral andF single–valued, the gap can be evaluated by solving a
linear optimization problem. An approximate solution can now be defined, in terms of the
gap function:

Definition 6 For the variational inequality VI(F,Y), the pointy∗ is anε–approximate so-
lution if y∗ ∈ Y and

g(y∗) ≥ −ε.

If F is multivalued then a reasonable stopping criterion is:

min
z∈Y

F (y∗)t(z − y∗) ≥ −ε,

for theF (y∗) ∈ F(y∗) selected in step 2 above.
The following assumption is common to most cutting plane methods, and will be made

for the remainder of this paper:

Assumption 1 The set Y is assumed to be convex and compact.
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2.2. Analytic Centers

The analytic center of a polyhedron defined by a set of linear inequalities was introduced
by G. Sonnevend [41]. An explicit treatment of linear equalities inY is introduced here,
to avoid the traditional approach of rewriting unrestricted variables as the difference of two
positive variables. Unrestricted variables arise through duality when equality contraints are
present, and create instabilities in centering methods.

Consider the set

Y = { y | Aty ≤ c, By = d }

and the associateddual potential function

ϕD(y) = −
n∑
i=1

ln(ci −Atiy) = −
n∑
i=1

ln(si)

wheren is the number of components ofc and the number of rows ofAt, whiles = c−Aty
are the dual slacks. In addition to the boundedness ofY , the following assumption is
required for analytic centers to be well defined.

Assumption 2 The setY satisfies a Slater condition, that is:

{ y | Aty < c, By = d }

is not empty.

Definition 7 Theanalytic centeryc ofY is defined as the point minimizing the dual potential
function over the set̄Y := { y | Aty < c, By = d }:

yc = arg min
y∈Ȳ

ϕD(y).

It is well known that, under the above assumptions, the dual potential function is strictly
convex on{ y | Aty < c, By = d }, and thus the centeryc is unique. The necessary and
sufficient first-order optimality conditions to:

minimizey,s −
∑n
i=1 ln si

subject to Aty + s = c
By = d
s > 0

are thus:

Ax+Btµ = 0 (1)

Aty + s = c (2)

By = d (3)

Xs = e (4)

x, s > 0 (5)
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wherex andµ are the variables associated with, respectively, the inequality and equality
constraints. Equations (1) are referred to as the primal feasibility conditions, (2) and (3)
are the dual feasibility conditions, and (4) the centrality conditions.

These optimality conditions are also those that minimize:

1. the primal potential functionφP (x) = n ln(ctx+ dtµ)−∑n
i=1 lnxi

2. the primal–dual potential fuctionφPD(x, s) = n lnxts−∑n
i=1 lnxisi; the minimum

value of the primal- -dual potential function at the analytic center is the known value
n lnn. Note that for primal and dual feasible solutionsctx + dtµ = xts and thus
φPD = φD + φP .

An approximate analytic center is usually defined as a point(y, x, s, µ) which satisfies
(1–3) and (5), and‖e −Xs‖ ≤ η < 1; the parameterη is thus used to control the quality
of the approximation. This proximity measure could be replaced by one involving the
primal–dual potential function.

3. An Analytic Center Cutting Plane Algorithm

We now describe our algorithm. We make the assumption of apolyhedralset Y ; as
mentioned earlier, a general convexY can be treated by outer approximation (feasibility
cuts).

Consider the problem VI(F ,Y ):

Findy∗ andF (y∗) ∈ F(y∗) such thatF (y∗)t(y − y∗) ≥ 0 ∀ y ∈ Y
whereY = { y | Aty ≤ c, By = d }

whereF is a pseudomonotone or monotone mapping,A is am×nmatrix andB is ap×m
matrix with p < m. We assume thatY is bounded, possibly after the addition of a box
l ≤ y ≤ u.

Then the following algorithm can be used to find anε–approximate solution of VI(F ,Y ):

Step 0: Initialization
Setk = 0, Y0 = Y

Step 1: Analytic Center
Find an approximate analytic centeryk of Yk.

Step 2: New Cut
Compute the cutF (yk)tyk ≥ F (yk)ty
SetYk+1 := Yk ∩ {y : F (yk)tyk ≥ F (yk)ty}

Step 3: Termination Criterion
Compute the primal gapg(yk)
If g(yk) ≥ −ε then stop
Elsek := k + 1
Return to step 1

Step 1, computing an analytic center, fork ≥ 1, is done with a primal-dual Newton
method which uses the last center as a hot start.
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Step 2 consists basically of a function evaluation; the relative time spent on this step varies
with the application, as will become clear in the section on numerical experiments.

Although the gap computation in Step 3 involves solving a linear program, this can usually
be done very quickly, as the size of most VIs is small relative to the size of LPs that can
be solved efficiently. Furthermore, it is not crucial to evaluate the gap at every iteration. If
F(yk) is multivalued, and thus in practice not explicitly available, the gap is replaced by
miny∈Y {F (yk)t(y − yk)}.

The rest of this section is devoted to a method for finding the approximate analytic center
yk+1 of Yk+1, starting fromyk. The efficiency of this step is crucial to the whole algorithm.

3.1. An Infeasible Primal-Dual Newton Step

After k iterations the set of localization is:

Yk = { y | Atky ≤ ck, By = d },

whereAtky ≤ ck includes both then initial inequality constraints and thek generated
inequalities (Step 2 of the algorithm). Let alsonk = n+ k.

Assumption 3 We assume that the original matricesAt andB have maximum rank.

Thus the current matrixAtk has also maximum rank.
At iterationk, the approximate analytic centeryk ∈ IRm of Yk is a solution, together with

0 < xk ∈ IRnk , µk ∈ IRp and0 < sk ∈ IRnk , of the system of equations:

Akx+Btµ = 0
Atky + s = ck

By = d

while

δ := e−Xs with ‖δ‖ ≤ η < 1

The centeryk+1 of Yk+1, the next set of localization, solves:

Akx+ aξ +Btµ = 0 (6)

Atky + s = ck (7)

aty + σ = atyk (8)

By = d (9)

Xs = e (10)

ξσ = 1 (11)

x, s, ξ, σ > 0 (12)

wherea := F (yk). Hereξ andσ are “new” unidimensional variables corresponding to the
new constraint (8), andnk+1 = nk + 1 = n+ k + 1.

The system (6)–(12) is solved iteratively with Newton’s method; the initial point we use
is y = yk, x = xk, s = sk while the new variablesσ andξ are given positive values that
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must be carefully chosen to achieve the recovery of primal and dual feasibility and make the
centering as efficient as possible. For values ofξ = 0 andσ = 0 this initial point is feasible
in the sense of (6)–(9), although it will not be feasible with respect to strict positivity. For
positive initial values ofξ andσ, which are required for interior point methods, the solution
is infeasible to both (6) and (8). A full Newton step is needed to recover the feasibility
conditions (6), (7) and (8).

The choice of a primal–dual method is motivated by the observation that it appears to be
the most efficient interior point method available.

To improve the clarity of the notation, we now drop the indexk, and replace it by a bar,
so that the current center of̄Y := Yk is denoted as(ȳ, s̄ > 0, µ̄, x̄ > 0), andĀ := Ak and
c̄ := ck. The strictly positive values chosen for the new variables are denoted asξ̄ andσ̄.

The Newton stepsdy, dx, ds, dξ anddσ from the initial point are given by the system:

Ādx+ adξ +Btdµ = −Āx̄− aξ̄ −Btµ̄ = −aξ̄ (13)

Ātdy + ds = −Ātȳ − s̄+ c̄ = 0 (14)

atdy + dσ = −atȳ − σ̄ + atȳ = −σ̄ (15)

Bdy = −Bȳ + d = 0 (16)

S̄dx+ X̄ds = e− X̄s̄ =: δ (17)

σ̄dξ + ξ̄dσ = 1− ξ̄σ̄ (18)

From (14) and (17),

ds = −Ātdy
dx = S̄−1(δ − X̄ds)

= S̄−1(δ + X̄Ātdy)

Using (13) and the above we have

Ādx = ĀS̄−1(δ + X̄Ātdy) = −Btdµ− a(ξ̄ + dξ)

from which, defining∆ := ĀS̄−1X̄Āt, Dikin’s matrix, andξN := ξ̄+ dξ, σN := σ̄+ dσ,
the values of the new variables after a full Newton step, we have:

dy = ∆−1(−ĀS̄−1δ −Btdµ− ξNa).

Combining (16) and the definitionH := B∆−1Bt, we obtain

Bdy = −B∆−1Btdµ−B∆−1(ĀS̄−1δ + ξNa) = 0

and

dµ = −H−1B∆−1(ĀS̄−1δ + ξNa)

We also use the notation

P := I −∆−1/2BtH−1B∆−1/2
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r̄2 := at∆−1a− at∆−1BtH−1B∆−1a = at∆−1/2P∆−1/2a

whereP is a projection matrix. Note that∆−1/2 does not need to be computed; aLLt

Cholesky factorization of∆ is all that is needed in the computations. Clearlyat∆−1/2P∆−1/2a =
‖P∆−1/2a‖2 is nonnegative. The following lemma shows thatr̄ = 0 if and only if the
current iteratēy is a solution of the VI.

Lemma 1 If r̄ = 0, thenȳ is a solution to the variational inequality.

Proof:
r̄ = 0 implies thatP∆−1/2a = 0. Or ∆−1/2a = ∆−1/2BtH−1B∆−1a.
Hence:a = BtH−1B∆−1a, i.e. a ∈ Range(Bt).
But ass̄ > 0, Atȳ < c, and thus Range(Bt) is both the normal cone ofY at ȳ and its

opposite. Q.E.D.
The expressions fordy anddµ above and (15) yield

−σN = atdy = −at∆−1(ĀS̄−1δ +Btdµ+ ξNa)
= at∆−1BtH−1B∆−1aξN − at∆−1aξN − at∆−1ĀS̄−1δ

+at∆−1BtH−1B∆−1ĀS̄−1δ

= −r̄2ξN − at∆−1(I −BtH−1B∆−1)ĀS̄−1δ

Introducing the notation

ω := at∆−1(I −BtH−1B∆−1)ĀS̄−1δ = at∆−1/2P∆−1/2ĀS̄−1δ,

we can then write

−r̄2ξN + σN = ω.

If we also rewrite (18) as

σ̄ξN + ξ̄σN = 1 + ξ̄σ̄,

we obtain the values forξN andσN :

ξN =
ξ̄ + σ̄−1 − ξ̄σ̄−1ω

1 + σ̄−1ξ̄r̄2
(19)

σN = r̄2ξN + ω. (20)

Replacingdµ in the expression fordy, anddy in the expressions fordx andds one gets:

dy = −∆−1/2P∆−1/2aξN −∆−1/2P∆−1/2ĀS̄−1δ
ds = Āt∆−1/2P∆−1/2aξN + Āt∆−1/2P∆−1/2ĀS̄−1δ
dx = S̄−1(δ − X̄ds).

(21)

To complete the analysis, let:

K := S̄−1/2X̄1/2Āt∆−1/2P ;

it can be checked that:
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• KtK = P 2 = P

• KKt = KKtKKt, and thusKKt is also a projection matrix, and we letP2 =
I −KKt; KKt is an oblique projection on the null space ofds.

Defining

px := P2X̄
−1/2S̄−1/2δ

ps := (I − P2)X̄−1/2S̄−1/2δ
p̄ := K∆−1/2a,

(22)

the Newton iterate for the old variables is then:

xN = X̄(e+ X̄−1/2S̄−1/2(px − p̄ξN ))
sN = S̄(e+ X̄−1/2S̄−1/2(ps + p̄ξN ))
yN = ȳ −∆−1/2P∆−1/2aξN −∆−1/2P∆−1/2ĀS̄−1δ
µN = µ̄−H−1B∆−1(ĀS̄−1δ + ξNa);

(23)

The expression foryN is composed of a centering term and an updating one:

−∆−1/2P∆−1/2aξN ;

this is a projection, in the metric given by Dikin’s ellipsoid, of the functionalF (ȳ) on the
space of linear equality constraints. Thus the method may be viewed as a variable metric
subgradient method, with a natural step–size (or trust region) given by Dikin’s ellipsoid;
this is the key reason for the efficiency of ACCPM. The scaled Newton direction forx and
s is the sum of centering (px, ps) components and an updating (p̄) component.

The initial valuesξ̄ and σ̄ to be given to the new variablesξ andσ are critical to the
efficiency of a primal-dual infeasible Newton method. Four options are discussed below;
for two of them, we give results on the number of Newton steps needed to recenter.

• Option 1 We note that the central cut analysis of [14] applies directly to our problem,
even if [14] did not involve dual equalitiesBy = d, and thus the algebra is different. That
is, the following results hold:

1. p̄T px = 0

2. ‖p̄‖ = r̄

3. ptxps = 0

4. px + ps = X̄−1/2S̄−1/2δ

5. ‖px ◦ ps‖ ≤
√

2
4

η2

1−η : this is the key lemma on the convergence of the primal–dual
method, due to Mizuno, see [34]

6. ‖px‖ ≤ η√
1−η and‖ps‖ ≤ η√

1−η

7. |ω| = |p̄T ps| ≤ ‖p̄‖‖ps‖ ≤ r̄‖X̄−1/2S̄−1/2δ‖ ≤ r̄ η√
1−η ,
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where◦ denotes the Hadamard or componentwise product. Denotingω̄ := ω/r̄, x+ :=
[xN ; ξN ] ands+ := [sN ;σN ], the following theorem can be proved (see [14]):

Theorem 3 If the infeasibilities are chosen as

ξ̄ = σ̄−1 =
1−

√
1− β(β + ω̄)
r̄(β + ω̄)

,

then
r̄ξN = β,

σN/r̄ = β + ω̄,

and

‖X+s+ − e‖ ≤
(
β4 + (1− β(β + ω̄))2

)1/2
+
√

2
4

η2

1− η + β
η√

1− η . (24)

Thus forη = .04 andβ = 1/
√

2,x+ ands+ are primal and dual feasible, and approximately
centered, i.e.:

‖X+s+ − e‖ ≤ .757,

and thus 3 centering steps (1 dual, 2 primal-dual)1 will suffice to recenter withinη = .04.

Experimental results indicate clearly that the very strong centering (η = .04) required in
the proof of the above theorem is not best in practice. By loosening the recentering criterion
(say toη = .9 or η = .95), centering steps are often not needed at all.

If a loose centering criterion is used it is clearly not possible to guarantee the approximate
centering of the next iterate(x+, s+); this can be managed as the primal– dual (or the
dual or the primal) potential function can be used to guide the algorithm to the next center.
However, in a primal–dual method, the strict positivity ofx+, s+ is absolutely essential (as
the strict positivity ofx+ or the strict positivity ofs+ are required for a primal or a dual
method, respectively).

The conditions for the positivity of the next iterate are:

1. xN > 0 if and only if p̄jξN < (x̄j s̄j)1/2 + (px)j ∀ j

2. sN > 0 if and only if−p̄jξN < (x̄j s̄j)1/2 + (ps)j ∀ j

3. σN > 0 if and only if r̄2ξN > −ω.

4. ξN > 0.

These four conditions amount to a ratio test that may not have, ifη is too large, any positive
solution inξN . Note that, from item 3,ω < 0 makes matters more difficult thanω ≥ 0. In
fact it is easy to see thatη < 1/3 implies that the ratio test will be successful, but this may
lead, at least in theory, to poor centering of(x+, s+). This statement follows (see [14]) as:
xN > 0 andsN > 0 is implied byr̄ξN ≤ 1−2η√

1−η , and|ω̄| ≤ η√
1−η , so that a feasible value

of r̄ξN exists if
η√

1− η <
1− 2η√

1− η ;
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that isη < 1/3.

• Option 2 Another option would be to use instead of the linearized centering equation
corresponding to the new variables

σ̄dξ + ξ̄dσ = 1− ξ̄σ̄

the actual quadratic relation
(ξ̄ + dξ)(σ̄ + dσ) = 1,

which can be written as
ξNσN = 1.

This amounts to enforcing the exact centering for the new variables. This also maximizes
the values ofσN , and thus ofξN in (19) and (20). This is achieved ifr̄ξ̄ = r̄/σ̄ =

√
ω̄2+4−ω̄

2 ,

leading tor̄ξN =
√
ω̄2+4−ω̄

2 andσN/r̄ =
√
ω̄2+4+ω̄

2 , which are both positive for any value

of ω̄. This can also be seen as settingβ =
√
ω̄2+4−ω̄

2 in Theorem 3.
This option cannot guarantee that(xN , sN , ξN , σN ) > 0, as it is identical to option 1 if

a linesearch onξN is used. In practice however, both seem to work, and this option seems
more effective than option 1, if no linesearch is used.

•Option 3 If the above fails, then an alternative approach would be to assume in equation
(17) thatδ = 0, thus ignoring the centering component of the Newton updating step; this is
a pure predictor step, which ignores the centering component of the previous options. The
formulas derived above are all still valid, provided one setsω = 0 andpx = ps = 0.

The ratio test then becomes:

1. xN > 0 if and only if p̄jξN < (x̄j s̄j)1/2

2. sN > 0 if and only if−p̄jξN < (x̄j s̄j)1/2

3. ξN > 0, which impliesσN > 0,

which always has a positive solution inξN . A sufficient condition for this ratio test to pass
is thatξ̄ andσ̄ be set as in the theorem below, with the parameterβ satisfyingβ <

√
1− η.

Theorem 4 If the infeasibilities are chosen as

ξ̄ = σ̄−1 =
β

r̄(1 +
√

1− β2)
=

1−
√

1− β2

r̄β
,

then
r̄ξN = β,

σN/r̄ = β,

and,

‖X+s+ − e‖ ≤
(
β4 + (1− β2)2

)1/2
+ η. (25)
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Thus forη = .08 andβ = 1/
√

2,x+ ands+ are primal and dual feasible, and approximately
centered. i.e.:

‖X+s+ − e‖ ≤ .7872,

and thus 3 centering steps (1 dual, 2 primal-dual) will suffice to recenter withinη = .08.

Proof: The primal-dual proximity measure after the updating step is given by, denoting
p̄ ◦ p̄ by p̄2,

(
X+s+ − e

)
=
(
XNsN − e
ξNσN − 1

)
=
(
−p̄2ξ2

N

ξNσN − 1

)
+
(
−δ
0

)
.

But we have
‖p̄2‖1/2 ≤ ‖p̄‖ = r̄.

Hence

‖X+s+ − e‖ ≤ ‖δ‖+
√

(‖p̄2‖ξ2
N )2 + (1− σNξN )2

≤ η +
√

(r̄ξN )4 + (1− σNξN )2,

and the theorem follows.
In this case ifη is chosen rather loosely, say0.9, a value ofβ <

√
1− η can be viewed

as giving an initial valueβ/r̄ to ξN , and then a linesearch can be used that minimizes the
primal–dual potential.

• Option 4 A fourth approach could consist in usingαδ, with 0 < α < 1, in equation
(17), thus limiting but not ignoring the centering component of the Newton updating step.
We did not test this last option in practice.

3.2. Centering Newton Steps

Once a primal and dual feasible point has been computed, Newton’s method is used for
computing an approximate analytic center of the updated setYk+1. ACCPM [11] used the
primal projective method due to Karmarkar. One could also use a dual Newton method or
a primal–dual Newton method. We describe the primal–dual Newton method first.

Let the bar notation now account for the(k + 1)th generated cut (8),̄A := Ak+1 and
c̄ := ck+1. Then the new analytic center must solve

Āx+Btµ = 0
Āty + s = c̄

By = d

Xs = e

x, s > 0.
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After the update Newton step of section 3.1, the current point(ȳ, s̄, x̄, µ̄) is assumed to
satisfy:

Āx̄+Btµ̄ = 0
Ātȳ + s̄ = c̄

Bȳ = d

‖X̄s̄− e‖ ≤ η < 1
x̄, s̄ > 0.

The Newton iterate(y+, s+, x+, µ+) can be computed exactly as in the previous section,
just dropping the updating component, and thus:

x+ = X̄(e+ X̄−1/2S̄−1/2px)
s+ = S̄(e+ X̄−1/2S̄−1/2ps)
y+ = ȳ −∆−1/2P∆−1/2ĀS̄−1δ
µ+ = µ̄−H−1B∆−1ĀS̄−1δ;

(26)

Mizuno’s [34] Lemma 1 applies and:

‖X+s+ − e‖ = px ◦ ps ≤
√

2
4

η2

1− η
This shows that the recentering steps will improve‖X+s+ − e‖ quadratically as long as

η < 4
4+
√

2
< 0.739, since this implies

√
2

4
η2

1−η < η.
On the other hand, a dual Newton method would take a Newton step for the dual potential,

constrained byĀty + s = c̄, By = d, starting at(ȳ, s̄). This gives the next dual iterate
(y+, s+). The primal iterate(x+, µ+) is then computed by

min
(x,µ)
{‖S+x− e‖ : Ax+Btµ = 0};

the formulas are not given here, but are similar to the ones given above, withX̄ replaced by
S̄−1, and thus using a different factorization. The standard quadratic convergence lemma
is then:

‖X+s+ − e‖ ≤ η2.

If 4−
√

2
4 ≤ η < 1, a dual recentering can be used, as it is, in theory, stronger than a primal-

dual centering. Ifη > 1 then a linesearch involving the primal-dual potential along the
primal–dual Newton direction should be used; see the book by Ye [47, pp. 102–106] for
details.

3.3. Convergence and Averaging

The convergence proofs of centering schemes that do not include a regularization term are
very delicate. L¨uthi [26] and Magnanti and Perakis [27] prove for a variety of volume
reduction schemes that the volume ofYk converges to zero; convergence and complexity
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results require thatF be single–valued and strongly monotone or f-monotone (this is also
known as co–coercive).

The analytic center cutting plane method is not a volume reduction algorithm, and the
convergence proof shows that the size of the largest sphere included inYk converges to zero
[12], and this implies convergence and complexity only under additional assumptions on
F .

Convergence and complexity were shown in [13] under the assumption thatF is single–
valued pseudo–co–coercive2. The following theorem extends the results of [13] to the case
involving linear equalities.

Theorem 5 The cutting plane algorithm which uses approximate analytic centers, and the
primal-dual updating scheme, constructs a setYk that does not contain a sphere of radius

ε̄ after O∗( (m−p)2

ε̄2 ) iterations.3 Under the additional condition onF that it is single-
valued and pseudo-co-coercive, the algorithm terminates with a primal gapg(yk) ≥ −ε in

O∗( (m−p)2

ε2 ) iterations.4

The sequence of analytic centers{y0, y1, y2, . . . , yk, . . .}produced by cutting plane meth-
ods does not need to converge to a solution without these strong assumptions. Nesterov and
Vial [37] exhibit a two-dimensional monotone variational inequality for which the sequence
of analytic centers converges to a point that isnota solution. They also show, for the prox-
imal analytic center cutting plane method, that a sequence of certain convex combinations
of previous centers will converge to a solution for any monotone VI problem.

Drawing an analogy between the Nesterov-Vial algorithm and ours, we construct, cor-
responding to each analytic centeryk, a point ỹk that is a convex combination of thek
previous analytic centers (recall that the initial analytic center is labeledy0). The weights
of the combination that we use are the lastk elements of the primal variablex, which
are approximately the inverses of the slacks for the cuts generated at each of the previous
centers. These weights are normalized by their sum;ỹk is then:

ỹk =
k∑
i=1

x(n+i)∑k
j=1 x(n+j)

yi (27)

Herex(n+j) refers to the(n + j)th component ofxk; also, recall thatn is the number of
initial linear inequality constraints.

The sequence given by theỹk points converges in practice to the solution for the Nesterov-
Vial problem. Also, the speed of convergence improves significantly for all problems tested.
A full explanation and proof of the behaviour of this sequence is not yet available; but this
averaging approach is traditional in many algorithms for fixed point problems and VIs (
[27], [28]).

Note that if the gap is computed at each iteration, two function evaluations are necessary
per iteration:F (yk) to generate the cut andF (ỹk) to obtain the gap value. In step 3 of the
algorithm in section 3, the evaluation of the gapg(ỹk) thus replaces the evaluation of the
gapg(yk).
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4. Implementation of the algorithm

The algorithm was implemented using theMatlab language and environment, version 5.1.
Matlab is a convivial setting for matrix computations and algorithm development. With
the computing intensive tasks devoted to compiled subroutines, it can also be competitive
with C or Fortran codes, see for example the LIPSOL solver of Zhang [48].

• Factorization The update Newton step described in Section 3.1 implies the solution of
a linear system, as well as the solution of a second smaller system when equality constraints
are present. The same thing is true for the recentering Newton step of Section 3.2.

The solution of linear systems is performed by dense Cholesky factorizations. Because of
the density of the introduced cuts, the matrices to be factored are dense; however, they have
the dimensionm ×m of the problem’s size, independent of the potentially large number
of cuts generated.

When equality constraints are present, one additionalp×pmatrix is factored at each step.
We apply, when necessary, the simple technique of overweighing the diagonal elements if
the matrix appears to become singular.

•Sparsity and Products The sparsity of the initial constraints, box and others, is exploited
whenever possible in the matrix products. This is made easy byMatlab’s sparsity handling
capability.

• Initial center An initial analytic center is needed to start the algorithm. When only box
constraints are involved, this is a trivial task. When more complex constraints are present,
the recentering subroutine is applied to a point that is feasible by construction.

• Stopping criterion The gap functiong(y) is used as a stopping criterion. Its evaluation
at the point̃yk (see (27)) corresponds to solving the linear optimization problem

min
z∈Y

F (ỹk)t(z − ỹk).

We use the CPLEX software to solve this linear problem; given the dimension of theY ’s
under consideration —up to a few hundred variables—, this step is very rapid.

• Cuts removal After the addition of several dozens or hundreds of cuts, it is possible to
remove many of them without hindering the convergence of the algorithm while improving
its speed. The approach of removing cuts with the greatest slacks can slightly improve
the speed of the algorithm although convergence cannot be guaranteed. In the experiments
reported here, we keep all cuts.

5. Numerical Results

We report here on our computational experience with theMatlab implementation of
the algorithm. We include examples both with and without equality constraints. Most
problems, except the larger ones, are solved to the precision levelg(y) > −10−4, evaluated
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at the convex combination points (27); this is a stringent criterion which yields very good
accuracies‖yk − y∗‖. In most examples, initial box constraints must be set before the first
iterations. The variables of all the problems happen to be bounded below by 0; the upper
bounds in the problems without equalities were set at1×103, and at1×102 for those with
equality constraints. This choice has to do with the magnitude of the solution, not with the
presence of equality constraints. Some problems are inherently bounded upwards.

Concerning the four options of section 3.1, we proceed as follows. We tested the algorithm
using option 2, both with a tight(η < 0.08) and relaxed(η < 0.9) centering. We also
tested option 3: with a relaxed centering(η < 0.9) and a linesearch on the update step, and
with a tight centering(η < 0.08) but no linesearch. Among these four methods, the safest
is option 3 with tight centering, which is guaranteed to converge. The results with option
1 were always very similar but slightly worse than to those with option 2; we therefore do
not report on those tests. We did not try option 4. Finally, on the large and difficultmmmr
problem, section 5.1, we only tested option 2 (for both tight and relaxed centerings).

Results are reported as follows:Center precisionrefers to the value ofη = ‖Xs− e‖ at
which a point is considered centered. The# iterationsis the number of iterations required
to meet the primal gap stopping criterion; it is therefore also the number of analytic centers,
and of cutting planes, generated for the problem. The# of centering stepsis the total number
of centering steps that were required; this excludes the first step at each iteration, i.e. those
steps that we called update steps. As a rule, either one or no centering step at all is required
at each iteration. Thecpucolumn indicates the seconds or minutes of cpu time that were
required for the completion of the algorithm. All runs except one were performed on an
UltraSparc 1 workstation, model 200E, 128 Mb of memory. The CO2 environmental model
was run on the multiprocessor HP machine of the E.T.H. in Z¨urich.

5.1. An environmental model for pricing CO2 emission permits

This recent extension of the well-known MARKAL model was developed by a group of
researchers at the ETH and the Paul Scherrer Institute in Z¨urich (see [1] and [3]) Their
model, called MMMR for Markal Macro Multi-Regional, integrates the energy models of
three countries to allow the possibility of the trade of pollution emission permits; a country
can thus buy a right to pollute, while the selling country must reduce its pollution by the
same amount.

The MMMR model has two levels. At the international level, the model is aV I(F , Y )
in ten variables and one equality constraint; this VI represents economic equilibrium con-
ditions. The mappingF is the (international) excess supply of different goods, including
pollution certificates, and is a function ofy, the prices of the goods. At the national level, a
large MARKAL-MACRO model (nonlinear objective, linear constraints) is solved for each
country. The national level NLPs take the pricesy as parameters, and return the (national)
excess supply amounts. The link between the two levels is that the international excess
supply is the sum of the national excess supplies. That is,F(y) is evaluated by solving
each of the national level NLPs and adding the national excess supplies achieved by the
national solutions. The equality constraint represents a scaling of the pricesy. One cannot
expect the NLPs to have unique solutions, and thereforeF may be a point-to-set mapping,
ruling out the existence of the Jacobian ofF . Also, the experiments of [1] show that the
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Table 1.Examplemmmrdimension = 10, with option 2

Center precision # iterations # of centering steps gap
0.1 100 101 -1.2e-2
0.9 106 0 -1.0e-2

mappingF is “rather” monotone onY , and “almost” pseudo-monotone (in the sense that
pseudo-monotonicity holds between most pairs of points and monotonicity between many
of them). A further challenge in solving the variational inequality comes from the fact that
simply evaluatingF at a certain point takes several minutes on a fast computer, because of
the large size of the national level NLPs.

We do not report cpu times for this example: 100 iterations can take 10 hours and more,
but spent almost exclusively on the national level NLPs. The 10-dimensionalV I itself,
excluding the function evaluation, is solved in 0.01 second or less per iteration. Results are
shown in Table 1.

5.2. A Walrasian Equilibrium problem:scarf

A Walrasianor General Equilibriumis attained when there are no goods whose demand
exceeds the supply. Scarf ([39]) has described an economy with a number of goods,
consumers and producers, that are related through prices variables and production activities
variables.

With the definitions

p prices of the goods (m by 1)
y activities levels (n by 1)
d(p) consumers demand functions (m by 1)
A constant technology or activity matrix; translates

activity levels into outputs (m by n)
b initial endowment of goods (m by 1)

the equilibrium is determined by the Nonlinear Complementarity Problem (see [39] and
[32] for example)

Atp ≤ 0 y ≥ 0 ytAtp = 0
b− d(p) +Ay ≥ 0 p ≥ 0 pt(b− d(p) +Ay) = 0

This formulation, which includes both primal and dual conditions on top of the comple-
mentarity, is necessary to apply NCP algorithms. It also hides the equivalentV I(F, Y )
with

F (p) = b− d(p), Y = {p | Ap ≤ 0, p ≥ 0}.

This primal-only formulation involvesm variables instead of the NCP’sm+ n.
In [39], two Walrasian equilibrium examples are given, the largest one with 14 goods and

26 production activities. The resulting NCP has 40 variables, but the equivalent VI only
14; the mappingd(p) is of the formdi(p) = (vtip)/pi, wherevi is a constant vector.
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Table 2.Examplescarf dimension = 14

Option Center precision # iterations # of centering steps cpu secs

2 0.9 104 2 2.9

2 0.08 101 101 4.0

3, with search 0.9 102 78 5.3

3, no search 0.08 100 200 4.65

Table 3.Progression inscarf (option 2, center precision 0.9)

# iterations gap y1 y2 y12 y13 y14

1 -308 0.0217 0.0239 0.5665 0.0363 0.0304
50 -0.1429 0.0617 0.0583 0.0629 0.0361 0.0930
103 -1.0792e-04 0.062144 0.058334 0.062012 0.036515 0.092786
104 -9.0878e-05 0.062145 0.058334 0.062012 0.036515 0.092786
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Figure 1. Examplescarf : Gap vs iterations

Numerical results are given in Tables 2 and 3. Figure 1 shows the evolution of the gap
with respect to the iterations. We display both the gap associated to the analytic centers,
and the gap at the weighted average of past centers.

5.3. Problems from the projection-method literature

Recently, Solodov and Tseng [40] presented a projection-type method forV I(F, Y ) which
shares two features with the extragradient method ([24]): the mapping needs not be differ-
entiable, as no Jacobian is used, and in fact needs only be monotone and continuous. These
two projection-type methods have a special interest to us, because they tackle the same class
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Table 4.ExampleqHPHard dimension = 20

Option Center precision # iterations # of centering stepsetime secs
2 0.9 220 0 6.6
2 0.08 214 218 8.3

3 with search 0.9 214 49 13
3 no search 0.08 213 426 10

Table 5.ExampleNash 10 dimension = 10

Option Center precision # iterations # of centering stepsetime secs

2 0.9 76 0 1.9
2 0.08 69 74 2.2

3 with search 0.9 70 22 2.6
3 no search 0.08 70 138 2.4

of problems for which our algorithm is devised: low-monotonicity, no Jacobian, general
Y . We tested two problems reported in [40], that are the two largest ones without special
structure (the authors also solved linear programs and linear complementarity problems
with their method). The first problem, calledqHPhard , is custom-made and its mapping
is the sum of a linear term and a termmax{0, yi}2; it has 20 variables. The second problem,
calledNash10 , is a 10-variable oligopoly problem with a nonlinear mapping, from [15].
In both cases, the setY used is{y ∈ IRm+ | y1 + y2 + . . . + ym = m}. We report our
results in Tables 4 and 5. For the sake of comparison with the results of [40], we report
here the elapsed time (Matlab functionetime ), and we used the stopping criterion from
[40], which is based on projections. With their method and for, respectively,qHPHard
andNash10 , Solodov and Tseng report 555 function evaluations and 251.6 seconds, and
192 function evaluations and 10.6 seconds. They also tested the extragradient method; on
these problems, it is 25% to 50% slower than their own method, but requires 10% to 15%
less function evaluations.

We report our results in Tables 4 and 5, and in Figure 2, below.

5.4. An option pricing model in finance

In the area of finance, the pricing of stock options and other derivative products has become
of paramount importance in the last two decades.

In [19], the authors reformulated the Black-Scholes model for American type options as an
infinite-dimensional VI which, through discretization by finite-differences, is approximated
by a finite-dimensional VI. For a simple American option with one underlying asset, the
discretization takes place along two axes, the current price of the asset and the time to
expire. A time-stepping approach allows the problem to be solved as a sequence of VIs,
one for each time step, all with the same dimension. We solved a problem with the data:

• Strike price:K = $10

• Time span:T = 6 intervals of 2 weeks

• Price span:[$0, $20] in intervals of$0.05.
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Figure 2. ExampleqHPHard : Gap vs iterations

Table 6.Exampleoption dimension = 400

Option Center precision # iterations # of centering steps cpu mins
2 0.9 1304 0 170
2 0.08 1318 1339 340

3 with search 0.9 1272 225 305
3 no search 0.08 1317 2634 542

• Risk-free interest rate:r = 3%

• Diffusion term:σ = 0.2

The resulting sequence of problemsV I(F, Y ) have 400 variables, and have no other
initial constraints than boxes. The mappingF is linear with a non-symmetric Jacobian.
This problem is highly structured and sparse while its size grows very rapidly with finer
discretizations; in a sense, it is very simple and very large. Our purpose here was not to
compete with more specifically-adapted algorithms, but to show that our algorithm can
solve problems with a few hundred variables. We were here only interested in solving a
“real-world” large VI, so that we report only on the first of the six 400-variable problems.
For more details on the model, see [44] or the appendix of the thesis [6]. Huang and Pang
[18] discuss the pricing of options with LCP (Linear Complementarity Problem) algorithms
which take advantage of the inherent linearity and sparsity of this application.

Numerical results are shown in Tables 6 and 7. Given the size of the problem, we stopped
the algorithm when it reached a gap> −10−3. Note that because of boundary conditions,
the values at either end of the solution vector in IR400, i.e. y∗1 , y

∗
2 , . . . and. . . , y∗399, y

∗
400 are

known in advance with rather good precision. Also, the units in Table 7 are dollars, so one
observes that already at iteration 1000, the accuracy is within a tenth of a cent.
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Table 7.Progression inoption

# iterations gap y1 y2 y199 y200 y399 y400

1 -885 10.0500 10.0125 2.6250 2.5875 0.0750 0.0625
500 -0.999 10.0316 9.9844 0.2387 0.2229 0.0223 0.0170
1000 -0.0088 10.0018 9.9518 0.2163 0.2018 0.0021 0.0016
1303 -0.0010 10.0003 9.9503 0.2159 0.2014 0.0006 0.0005
1304 -0.00099 10.0003 9.9503 0.2159 0.2014 0.0006 0.0005

Table 8.Examplechoi dimension = 13

Option Center precision # iterations # of centering steps cpu secs
2 0.9 67 0 13
2 0.08 66 70 13

3 with search 0.9 62 18 13.2
3 no search 0.08 63 124 13.6

5.5. Other problems without linear equality constraints

The problems in this section do not use the capability of the algorithm to handle equality
constraints.

The first example is a Nash equilibrium, the second one a spatial price equilibrium prob-
lem, the third is a traffic assignment problem and the fourth is an energy model. They
are available from MCPLIB [7], and more information on them is available in the specific
references as well as in [7].

• Examplechoi: Choi, DeSarbo and Harker [4] have used a Nash equilibrium in
a model for the pricing of analgesics. Withp the vector of prices of 13 analgesics, the
Nash equilibrium of this application is a solution of theV I(F, Y ); hereF (p) is a vector
with components−dΠj(p)/dpj andΠj(p) is the profit function of thejth firm. The profit
functionΠj(p) is considered to be a function ofpj only, the other prices remaining constant.

In the instance described in [4], the mappingF is nonlinear and is not a gradient mapping,
i.e. its Jacobian is not symmetric. The results are shown in Table 8 and in Figure 3.

• Exampletobin: The second problem is a well-known spatial price equilibrium
model from Tobin [43]. It is a so-calledprice formulation: supply and demand at the
different markets are functions of the prices. In opposition to the quantity formulation, this
one involves no equality constraints. This model has two interacting commodities on five
markets or regions. The transportation cost, demand and supply functions are nonlinear,
and the problem is asymmetric, as well as non-monotone at the solution. See Tables 9 and
10 below. Figure 4 shows, for two levels of recentering precision, the evolution of the gap
with respect to the iterations. We display both the gap associated to the analytic centers,
and the gap at the weighted average of past centers. No satisfactory explanation could be
found for the kink around 720 iterations.

• Examplegafni andbertsekas: This interesting application to traffic assignment
was described in [2]. There are two strictly equivalent formulations of the same problem
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Figure 3. Examplechoi : Gap vs iterations

Table 9.Exampletobin dimension = 42

Option Center precision # iterations # of centering steps cpu secs
2 0.9 703 0 47
2 0.08 688 692 75

3 with search 0.9 697 125 218
3 no search 0.08 687 1368 163

Table 10.Progression intobin (option 2, center precision 0.9)

# iterations gap y1 y9 y17 y40 y41 y42

1 -1e12 500 500 500 500 500 500
250 -113.1288 0.0689 3.9642 12.7263 22.7554 18.7534 29.1753
500 -0.0994 3.7882e-05 3.8827 12.7678 22.7644 18.7604 29.1615
702 -0.00011 7.1856e-08 3.8827 12.7679 22.7644 18.7604 29.1615
703 -0.81e-05 6.99e-08 3.8827 12.7679 22.7644 18.7604 29.1615

Table 11.Examplebertsekas dimension = 15

Option Center precision # iterations # of centering steps cpu secs
2 0.9 197 0 4.9
2 0.08 194 193 7.3

3 with search 0.9 191 36 11.8
3 no search 0.08 195 338 11.5

(see the results in Tables 11 and 12). The first formulation is a nonlinear complementarity
problem (NCP) in 15 variables while the second is a more general mixed complementarity
problem (MCP) in 5 variables. The delay functions are quadratic, and the nonsymmetry of
the problem is controlled through a parameterγ. While both formulations are just special-
ized variational inequality problems and can thus be solved as VIs, the lower dimension of
the MCP is very favorable to the speed of the algorithm.
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Table 12.Examplegafni dimension = 5

Option Center precision # iterations # of centering steps cpu secs
2 0.9 43 0 0.95
2 0.08 41 41 1.4

3 with search 0.9 41 13 1.8
3 no search 0.08 41 79 1.9

Table 13.Exampleetamge dimension = 114

Option Center precision # iterations # of centering steps cpu minutes
2 0.9 2980 7 82
2 0.08 3487 3137 199

3 with search 0.9 3255 348 399
3 no search 0.08 3186 6370 376

•Exampleetamge: This is a general equilibrium model of A. Manne [30]. The model
represents the interactions between the energy sector and the economy of the United States
and comprises 114 variables. See the numerical results in Table 13 below.

5.6. Other problems with linear equality constraints

We present computational experience with two spatial price equilibrium problems that are
readily available in the literature. The so-calledquantity formulationof such problems uses
inverse demand and supply functions, i.e. price functions in terms of the quantities. With
this formulation the equilibrium is defined as a variational inequality problem with (linear)
conservation of flow constraints; the general format is:
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Table 14.Examplenagurney dimension = 8

Option Center precision # iterations # of centering steps cpu secs
2 0.9 61 0 1.2
2 0.08 55 59 1.7

3 with search 0.9 55 19 1.9
3 no search 0.08 56 111 1.9

Table 15.Exampleharker dimension = 26γ = 1

Option Center precision # iterations # of centering steps cpu secs
2 0.9 293 0 15
2 0.08 282 283 19

3 with search 0.9 288 67 30
3 no search 0.08 283 566 24

[π(s∗), c(T ∗),−ρ(d∗)] ·

 s− s∗
T − T ∗
d− d∗

 ≥ 0, ∀ (s, T, d) ∈ K

wheres, T anddare respectively the supply, shipments, and demand quantities,π, candρare
supply, demand, and shipment prices, andK = {(s, T, d)|si =

∑n
j=1 Tij , dj =

∑m
i=1 Tij}

ensures flow conservation.
For a general reference, see [35]. Our algorithm allows us to work directly with this

original formulation.

•Examplenagurney: Our first example is a small problem from A. Nagurney’s book
[35]. It has 2 supply markets and 2 demand markets; with the shipment quantities on the 4
arcs, it has dimension 8. The transportation costs, supply prices and demand prices are all
linear functions. The Jacobian ofF in theV I(F, Y ) formulation is asymmetric, so that no
equivalent convex optimization formulation exists.

The results are given in Table 14.

•Exampleharker: The second equality-constrained example (see [15]) has 5 markets
all acting as demand and supply markets for the traded commodity. There are 16 connecting
arcs for a total of 26 variables. All functions are polynomial and nonlinear. This problem
includes a parameterγ which controls the level of asymmetry of the Jacobian ofF , with
γ = 0 implying a symmetric matrix. Results are shown for two values ofγ, 1 and 15;
see Tables 15 and 16. It is especially interesting to note the influence of asymmetry.
Symmetrized methods such as the ones discussed in [15] are, quite naturally, sensitive to
deviations from symmetry: there theγ = 15 case takes twice the time and the iterations of
theγ = 1 case (4 minutes vs 2 minutes, on a pre-1988 computer). Our algorithm seems on
the other hand to be unaffected by asymmetry.

6. Conclusion

We have presented an algorithm for pseudomonotone or monotone variational inequalities
V I(F , Y ) over convex sets. At each iteration, it requires one function evaluation to generate
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Table 16.Exampleharker dimension = 26γ = 15

Option Center precision # iterations # of centering steps cpu secs
2 0.9 265 0 13
2 0.08 261 261 17

3 with search 0.9 272 70 27
3 no search 0.08 261 522 22

a cut, and a second one if the gap at the weighted average point is to be computed. Beyond
that, each iteration basically consists of solving from one to four linear systems, depending
on the desired recentering precision (which controls the number of centering steps) and the
presence or not of equality constraints. The mappingF need not be differentiable and may
be multivalued. The setY can be defined by linear equalities and inequalities, or implicitly
by a separation oracle.

Our approach may not be competitive with specialized methods for problems with spe-
cial features: LCP’s, differentiable NCP’s and MCP’s, strongly monotone and differentiable
VI’s, etc. However, when the Jacobian is difficult to obtain, or simply not defined (e.g. in
multi-valued cases), it is our opinion that there are few other efficient alternatives. Fur-
thermore, the low level of monotonicity required in practice (pseudo-monotonicity or plain
monotonicity) makes the ACCPM-VI method with linear cuts attractive both in terms of
robustness and speed. This is well illustrated in the MMMR application above.

The update from one center to the next is done very efficiently using option 2: recentering
steps are almost never needed if a loose centering condition is used, and this justifies the
use of a centering term in the updating step. This shows that a primal-dual approach is a
little bit more efficient than a pure primal or a pure dual one.

Acknowledgments

We want to express our gratitude to B. B¨ueler and H.-J. L¨uthi of the E.T.H. Zürich for
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Notes

1. centering steps are discussed later

2. Pseudo–co–coercive with modulusα is defined asF (y1)t(y2 − y1) ⇒ F (y2)t(y2 − y1) ≥ α‖F (y1) −
F (y2)‖2 for all y1, y2 ∈ Y .

3. The notationO∗ indicates that lower order terms are ignored

4. A formal proof of this would require a very significant and lengthy rewriting of the proofs of [12] and [13].
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