
This document contains the scanned handwritten results left by Professor Serge Tardif upon his
death on September 26, 1998. These results consist of statements with proofs, but with little or no
motivation. At Professor Tardif’s request, Bellavance and van Eeden used these results to produce
the article A nonparametric procedure for the analysis of balanced crossover designs published in The
Canadian Journal of Statistics. Tardif’s results are for the case where p is even and ≥ 4.

The document also contains some lengthy proofs that are not included in the Appendix of the
article. Reference to an equation number in the proofs presented in this document refer to the
corresponding equation number in the paper.
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Proof of the covariance structure of ηi={ηijk : 1 ≤ j ≤ mp, 1 ≤ k ≤ p}, i = 1, . . . , n.

Recall that

cov(εijk, εij′k′) =



σ2 if j = j′ and k = k′

ρ1σ
2 if j = j′ and k 6= k′

ρ2σ
2 if j 6= j′ and k = k′

ρ3σ
2 if j 6= j′ and k 6= k′

and ηijk = εijk − εij· − εi·k + εi·· . Then,

Cov(ηijk, ηij′k′) = Cov(εijk − εij· − εi·k + εi·· , εij′k′ − εij′· − εi·k′ + εi··)

= Cov(εijk, εij′k′)− Cov(εijk, εij′·)− Cov(εijk, εi·k′) + Cov(εijk, εi··)

−Cov(εij·, εij′k′) + Cov(εij·, εij′·) + Cov(εij·, εi·k′)− Cov(εij·, εi··)

−Cov(εi·k, εij′k′) + Cov(εi·k, εij′·) + Cov(εi·k, εi·k′)− Cov(εi·k, εi··)

+Cov(εi··, εij′k′)− Cov(εi··, εij′·)− Cov(εi··, εi·k′) + Cov(εi··, εi··).

Now, we have for i = 1, . . . , n,

Cov(εijk, εij′k′) = σ2(1− ρ1 − ρ2)δjj′δkk′ + ρ1σ
2δjj′ + ρ2σ

2δkk′ + ρ3σ
2(δjj′ − 1)(δkk′ − 1);

Cov(εijk, εij′·) =
1
p

p∑
k′=1

Cov(εijk, εij′k′)

=
1
p
[σ2(1− ρ1 − ρ2)δjj′ + pρ1σ

2δjj′ + ρ2σ
2 + ρ3σ

2(δjj′ − 1)(1− p)]

= Cjj′ , say;

Cov(εijk, εi·k′) =
1

mp

mp∑
j′=1

Cov(εijk, εij′k′)

=
1

mp
[σ2(1− ρ1 − ρ2)δkk′ + ρ1σ

2 + mpρ2σ
2δkk′ + ρ3σ

2(1−mp)(δkk′ − 1)]

= C∗
kk′ , say;

Cov(εijk, εi··) =
1

mp2

mp∑
j′=1

p∑
k′=1

Cov(εijk, εij′k′)
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=
1

mp2
[σ2(1− ρ1 − ρ2) + pρ1σ

2 + mpρ2σ
2 + ρ3σ

2(1−mp)(1− p)]

= C, say;

Cov(εij·, εij′k′) =
1
p

p∑
k=1

Cov(εijk, εij′k′) = Cjj′ ;

Cov(εij·, εij′·) =
1
p2

p∑
k=1

p∑
k′=1

Cov(εijk, εij′k′) =
1
p

p∑
k=1

Cjj′ = Cjj′ ;

Cov(εij·, εi·k′) =
1

mp2

p∑
k=1

mp∑
j′=1

Cov(εijk, εij′k′) =
1
p

p∑
k=1

C∗
kk′ = C;

Cov(εij·, εi··) =
1

mp3

p∑
k=1

mp∑
j′=1

p∑
k′=1

Cov(εijk, εij′k′) =
1
p

p∑
k=1

C = C;

Cov(εi·k, εij′k′) =
1

mp

mp∑
j=1

Cov(εijk, εij′k′) = C∗
kk′ ;

Cov(εi·k, εij′·) =
1

mp2

mp∑
j=1

p∑
k′=1

Cov(εijk, εij′k′) = C;

Cov(εi·k, εi·k′) =
1

m2p2

mp∑
j=1

mp∑
j′=1

Cov(εijk, εij′k′) =
1

mp

mp∑
j=1

C∗
kk′ = C∗

kk′ ;

Cov(εi·k, εi··) =
1

m2p3

mp∑
j=1

mp∑
j′=1

p∑
k′=1

Cov(εijk, εij′k′) =
1

mp

mp∑
j=1

C = C;

Cov(εi··, εij′k′) =
1

mp2

mp∑
j=1

p∑
k=1

Cov(εijk, εij′k′) = C;

Cov(εi··, εij′·) =
1

mp3

mp∑
j=1

p∑
k=1

p∑
k′=1

Cov(εijk, εij′k′) =
1
p

p∑
k′=1

C = C;

Cov(εi··, εi·k′) =
1

m2p3

mp∑
j=1

p∑
k=1

mp∑
j′=1

Cov(εijk, εij′k′) =
1

mp

mp∑
j′=1

C = C;
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Cov(εi··, εi··) =
1

m2p4

mp∑
j=1

p∑
k=1

mp∑
j′=1

p∑
k′=1

Cov(εijk, εij′k′) =
1

mp2

mp∑
j=1

p∑
k=1

C = C.

Therefore,

Cov(ηijk, ηij′k′) = Cov(εijk, εij′k′)− Cjj′ − C∗
kk′ + C

= σ2(1− ρ1 − ρ2)δjj′δkk′ + ρ1σ
2δjj′ + ρ2σ

2δkk′ + ρ3σ
2(δjj′ − 1)(δkk′ − 1)

−1
p
σ2(1− ρ1 − ρ2)δjj′ − ρ1σ

2δjj′ −
1
p
ρ2σ

2 − 1
p
ρ3σ

2(δjj′ − 1)(1− p)

− 1
mp

σ2(1− ρ1 − ρ2)δkk′ −
1

mp
ρ1σ

2 − ρ2σ
2δkk′

− 1
mp

ρ3σ
2(1−mp)(δkk′ − 1) +

1
mp2

σ2(1− ρ1 − ρ2) +
1

mp
ρ1σ

2

+
1
p
ρ2σ

2 +
1

mp2
ρ3σ

2(1−mp)(1− p)

= σ2(1− ρ1 − ρ2)[δjj′δkk′ −
1
p
δjj′ −

1
mp

δkk′ +
1

mp2
]

+ρ3σ
2[δjj′δkk′ −

1
p
δjj′ −

1
mp

δkk′ +
1

mp2
]

= σ2(1− ρ1 − ρ2 + ρ3)(δjj′ −
1

mp
)(δkk′ −

1
p
).

2

Proof of Lemma 2.

First we have,

Cov(T ∗
il, T

∗
il′) = Cov(

mp∑
j=1

ηijbi(j,l),

mp∑
j′=1

ηij′bi(j′,l′))

=
mp∑
j=1

mp∑
j′=1

(δjj′ −
1

mp
)(δbi(j,l)bi(j′,l′) −

1
p
)γ

=
mp∑
j=1

(δjj −
1

mp
)(δbi(j,l)bi(j,l′) −

1
p
)γ
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+
mp∑

j′=1

mp∑
j 6=j′

(δjj′ −
1

mp
)(δbi(j,l)bi(j′,l′) −

1
p
)γ .

We now consider separately, in (A) and (B) below, the cases when l = l′ and l 6= l′.

(A) If l = l′ ,

Cov(T ∗
il, T

∗
il′) = mp[(1− 1

mp
)(1− 1

p
)γ] +

mp∑
j′=1

mp∑
j 6=j′

(− 1
mp

)(δbi(j,l)bi(j′,l) −
1
p
)γ

= mp[(1− 1
mp

)(1− 1
p
)γ] + mp[(m− 1)(− 1

mp
)(1− 1

p
)γ]

+mp[m(p− 1)(− 1
mp

)(−1
p
)γ] = m(p− 1)γ .

(B) If l 6= l′ ,

Cov(T ∗
il, T

∗
il′) =

mp∑
j=1

(δjj −
1

mp
)(δbi(j,l)bi(j,l′) −

1
p
)γ

+
mp∑
j=1

mp∑
j′ 6=j

(δjj′ −
1

mp
)(δbi(j,l)bi(j′,l′) −

1
p
)γ

= mp[(1− 1
mp

)(−1
p
)γ] + mp[m(− 1

mp
)(1− 1

p
)γ]

+mp[(mp−m− 1)(− 1
mp

)(−1
p
)γ]

= mpγ[
(mp− 1)

mp
(−1

p
)− m

mp
(1− 1

p
) +

1
mp2

(mp−m− 1)]

= γ[−m +
1
p
−m +

m

p
+ m− m

p
− 1

p
] = −mγ .

Therefore, from (A) and (B) we have

Cov(T ∗
il, T

∗
il′) = mp(δll′ −

1
p
)γ .

The second covariance to find in Lemma 2 is

Cov(L∗
il, L

∗
il′) = Cov(

∑
{j|1≤bi(j,l)≤p−1}

ηijbi(j,l)+1,
∑

{j′|1≤bi(j′,l′)≤p−1}

ηij′bi(j′,l′)+1)

=
∑

{j|1≤bi(j,l)≤p−1}

∑
{j′|1≤bi(j′,l′)≤p−1}

(δjj′ −
1

mp
)(δbi(j,l)+1,bi(j′,l′)+1 −

1
p
)γ

5



=
∑

{j|1≤bi(j,l)≤p−1}

(δjj −
1

mp
)(δbi(j,l)+1,bi(j,l′)+1 −

1
p
)γ

+
∑

{j|1≤bi(j,l)≤p−1}

∑
{j′ 6=j|1≤bi(j′,l′)≤p−1}

(δjj′ −
1

mp
)(δbi(j,l)+1,bi(j′,l′)+1 −

1
p
)γ .

We now consider separately, in (C) and (D) below, the cases when l = l′ and l 6= l′.

(C) If l = l′ ,

Cov(L∗
il, L

∗
il′) = m(p− 1)[(1− 1

mp
)(1− 1

p
)γ] + m(p− 1)[(m− 1)(− 1

mp
)(1− 1

p
)γ]

+m(p− 1)[m(p− 2)(− 1
mp

)(−1
p
)γ]

= m(p− 1)γ[1− 1
p
− 1

mp
+

1
mp2

− 1
p

+
1
p2

+
1

mp
− 1

mp2
+

1
p
− 2

p2
]

= m(p− 1)γ[1− 1
p
− 1

p2
] = m(p− 1)γ[

p2 − p− 1
p2

] .

(D) If l 6= l′ ,

Cov(L∗
il, L

∗
il′) = m(p− 2)[(1− 1

mp
)(−1

p
)γ] + m(p− 1)m[(− 1

mp
)(1− 1

p
)]γ

+[m2(p− 1)2 −m(p− 2)−m2(p− 1)][(− 1
mp

)(−1
p
)γ]

= mγ[−1 +
1

mp
+

2
p
− 2

mp2
− 1 +

1
p

+
1
p
− 1

p2

+
p2 − 5p + 6 + p− 2 + mp2 − 3mp + 2m− p2 + 3p− 2

mp2
]

= mγ[−1 +
1
p

+
1
p2

] = −mγ[
p2 − p− 1

p2
] .

Therefore, from (C) and (D) we have

Cov(L∗
il, L

∗
il′) = mp(δll′ −

1
p
)γ(

p2 − p− 1
p2

)

= m(
p2 − p− 1

p
)(δll′ −

1
p
)γ .
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The third covariance in Lemma 2 is

Cov(T ∗
il, L

∗
il′) = Cov(

mp∑
j=1

ηijbi(j,l),
∑

{j′|1≤bi(j′,l′)≤p−1}

ηij′bi(j′,l′)+1)

=
mp∑
j=1

∑
{j′|1≤bi(j′,l′)≤p−1}

(δjj′ −
1

mp
)(δbi(j,l),bi(j′,l′)+1 −

1
p
)γ

=
mp∑
j=1

(δjj −
1

mp
)(δbi(j,l),bi(j,l′)+1 −

1
p
)γ

+
mp∑
j=1

∑
{j′ 6=j|1≤bi(j′,l′)≤p−1}

(δjj′ −
1

mp
)(δbi(j,l),bi(j′,l′)+1 −

1
p
)γ .

We now consider separately, in (E) and (F) below, the cases when l = l′ and l 6= l′.

(E) If l = l′ ,

Cov(T ∗
il, L

∗
il′) = m(p− 1)(1− 1

mp
)(−1

p
)γ + m2(p− 1)(− 1

mp
)(1− 1

p
)γ

+m(p− 1)(mp−m− 1)(− 1
mp

)(−1
p
)γ

= m(p− 1)γ[
1

mp2
− 1

p
− 1

p
+

1
p2

+
1
p
− 1

p2
− 1

mp2
]

= −m
(p− 1)

p
γ = −m(1− 1

p
)γ .

(F) If l 6= l′ ,

Cov(T ∗
il, L

∗
il′) = m(1− 1

mp
)(1− 1

p
)γ + m(p− 2)(1− 1

mp
)(−1

p
)γ

+m[m(p− 1)− 1](− 1
mp

)(1− 1
p
)γ

+[m(p− 1)[mp−m− 1] + m](− 1
mp

)(−1
p
)γ

= mγ[1− 1
mp

− 1
p

+
1

mp2
− 1 +

1
mp

+
2
p
− 2

mp2

−1 +
1
p

+
1
p
− 1

p2
+

1
mp

− 1
mp2
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+1− 1
p
− 1

mp
− 1

p
+

1
p2

+
2

mp2
] = mγ

1
p

.

Therefore, from (E) and (F) we have

Cov(T ∗
il, L

∗
il′) = −m(δll′ −

1
p
)γ.

2

The ANOVA Table.

The derivation of the sums of squares of the ANOVA table for balanced crossover designs will follow
the theory of the general linear model presented in Chapter 8 of Searle S.R. (1987), Linear Models for
Unbalanced Data. New York: John Wiley & Sons.

In matrix notation, let X(i,j) = (Xij1, . . . , Xijp)′ be the vector of the doubly-centered observations
from the jth experimental unit within the ith replication,
X(i) = (X

′

(i,1), . . . , X
′

(i,mp))
′ the vector of mp2 doubly-centered observations from the ith replication,

and X = (X
′

(1), . . . , X
′

(n))
′ the vector of all nmp2 doubly-centered observations. Then, the linear

model (4) considered for crossover designs can be written in the form X = Zβ + η. The vector of
parameters β = (τ | λ)′ is decomposed in the vector of treatment effects τ = (τ1, . . . , τp)

′
and the

vector of carryover effects λ = (λ1, . . . , λp)
′
. The design matrix is Z = (Dτ | Dλ + 1

pDp
λ) , where Dτ

and Dλ are the design matrices associated with τ and λ and Dp
λ is a matrix where the rows are formed

by vectors with p−1 zeros and a single one. The single one for row ijk is in the column corresponding
to the treatment which the jth experimental unit within the ith replication received in period p.

Partitioning the total sum of squares:

The total sum of squares is given by SStotal = X ′X. The reduction in the total sum of squares
due to fitting the model (4) is denoted R(β) = R(τ, λ) = X ′Zβ̂ where β̂ is the vector of least
squares estimates of β (Searle 1987, page 258). Therefore, the residual sum of squares is given by
SSres = X ′X − R(β). The model sum of squares R(β) can be further partioned into the following
sequential sum of squares (Searle 1987, page 273): the unadjusted treatment effects R(τ) and the
carryover effects adjusted for treatment effects R(λ | τ) = R(τ, λ) − R(τ); or in the alternative se-
quence, the unadjusted carryover effects R(λ) and the treatment effects adjusted for carryover effects
R(τ | λ) = R(τ, λ)−R(λ). Therefore, R(β) = R(τ) + R(λ | τ) = R(λ) + R(τ | λ) .
The adjusted sum of squares used to construct the F-statistics for testing the hypotheses Hτ

0 and Hλ
0

are respectively SSτ = R(τ | λ) and SSλ = R(λ | τ). To find explicitly these sum of squares we need
R(τ), R(λ) and R(τ, λ). First we have,

R(τ, λ) = X ′Zβ̂ = X ′Dτ τ̂ + X ′(Dλ +
1
p
Dp

λ)λ̂

= X ′Dτ τ̂ + X ′Dλλ̂ +
1
p
X ′Dp

λλ̂ =
p∑

l=1

Tlτ̂l +
p∑

l=1

Llλ̂l +
p∑

l=1

Flλ̂l

=
p∑

l=1

Tlτ̂l +
p∑

l=1

Llλ̂l because Fl = 0 .
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Also, the unadjusted sum of squares for the treatment effects is given by

R(τ) = X ′Dτ τ̃ =
p∑

l=1

Tlτ̃l = nmp

p∑
l=1

τ̃l
2 by (12)

and the unadjusted sum of squares for the carryover effects is given by

R(λ) = X ′Dλλ̃ +
1
p
X ′Dp

λλ̃ =
p∑

l=1

Llλ̃l +
p∑

l=1

Flλ̃l =
p∑

l=1

Llλ̃l because Fl = 0

=
nm(p2 − p− 1)

p

p∑
l=1

λ̃l
2

by (15) .

Now, the adjusted sum of squares due to the carryover effects after the treatment effects have been
included in the model is given by

R(λ | τ) = R(τ, λ)−R(τ) =
p∑

l=1

Tlτ̂l +
p∑

l=1

Llλ̂l −
p∑

l=1

Tlτ̃l

=
p∑

l=1

Tl(τ̂l − τ̃l) +
p∑

l=1

Llλ̂l =
1
p

p∑
l=1

Tlλ̂l +
p∑

l=1

Llλ̂l by (13)

=
1
p

p∑
l=1

λ̂l[Tl + pLl] =
nm(p2 − p− 2)

p

p∑
l=1

λ̂l
2

by (14) .

Finally, the adjusted sum of squares due to the treatment effects after the carryover effects have been
included in the model is given by

R(τ | λ) = R(τ, λ)−R(λ) =
p∑

l=1

Tlτ̂l +
p∑

l=1

Llλ̂l −
p∑

l=1

Llλ̃l

=
p∑

l=1

Tlτ̂l +
p∑

l=1

Ll(λ̂l − λ̃l) =
p∑

l=1

Tlτ̂l +
p∑

l=1

Ll(
p

p2 − p− 1
)τ̂l by (16)

=
p∑

l=1

τ̂l[Tl +
p

(p2 − p− 1)
Ll] =

p

(p2 − p− 1)

p∑
l=1

τ̂l[
(p2 − p− 1)

p
Tl + Ll]

=
nmp(p2 − p− 2)

(p2 − p− 1)

p∑
l=1

τ̂l
2 by (17).

To complete the ANOVA table, we need to find the expectation of the mean squares under model (4).
We first find the expectation of Tl and Ll under model (4):

E(Tl) =
∑ ∑ ∑

{i,j,k|di(j,k)=l}

(τdi(j,k) + λdi(j,k−1) +
1
p
λdi(j,p))

9



= nmpτl + nm

p∑
l′=1,l′ 6=l

λl′ +
nm

p

p∑
l′=1

λl′

= nmpτl + nm

p∑
l′=1

λl′ − nmλl = nmpτl − nmλl

and

E(Ll) =
∑ ∑ ∑

{i,j,k|di(j,k−1)=l}

(τdi(j,k) + λdi(j,k−1) +
1
p
λdi(j,p))

= −nmτl + nm(p− 1)λl +
nm

p

p∑
l′=1,l′ 6=l

λl′

= −nmτl + nm(p− 1)λl +
nm

p

p∑
l′=1

λl′ −
nm

p
λl

= −nmτl + nm(p− 1− 1
p
)λl.

Then, from (14) we have

E(λ̂l) =
1

nm(p2 − p− 2)
(nmpτl − nmλl)

+
p

nm(p2 − p− 2)
[−nmτl + nm(p− 1− 1

p
)λl]

= λl ;

from (17) we have

E(τ̂l) =
(p2 − p− 1)

nmp(p2 − p− 2)
(nmpτl − nmλl)

+
1

nm(p2 − p− 2)
[−nmτl + nm(p− 1− 1

p
)λl] = τl ;

from (15) we have

E(λ̃l) =
p

nm(p2 − p− 1)
[−nmτl + nm(p− 1− 1

p
)λl] = λl −

p

(p2 − p− 1)
τl ;

and from (12) we have

E(τ̃l) =
1

nmp
[nmpτl − nmλl] = τl −

1
p
λl .

Now, to find the expectation of the mean squares for the unadjusted treatment effects, note that

V ar(τ̃l) = V ar(
1

nmp

n∑
i=1

Til) =
1

nm2p2
V ar(T ∗

il)

10



=
1

nmp
(1− 1

p
)γ by Lemma 2.

Thus,

E(τ̃l
2) = V ar(τ̃l) + [E(τ̃l)]2 =

1
nmp

(1− 1
p
)γ + (τl −

1
p
λl)2

and therefore

E[
R(τl)

(p− 1)
] =

nmp

(p− 1)

p∑
l=1

E(τ̃l
2) = γ +

nmp

(p− 1)

p∑
l=1

(τl −
1
p
λl)2 .

To find the expectation of the mean squares for the adjusted carryover effects, note that

V ar(λ̂l) = V ar[
1

nm(p2 − p− 2)
Tl +

p

nm(p2 − p− 2)
Ll]

= V ar[
1

nm(p2 − p− 2)

n∑
i=1

T ∗
il +

p

nm(p2 − p− 2)

n∑
i=1

L∗
il]

= V ar{ 1
nm

n∑
i=1

[
1

(p2 − p− 2)
T ∗

il +
p

(p2 − p− 2)
L∗

il]}

=
1

nm2
V ar[

1
(p2 − p− 2)

T ∗
il +

p

(p2 − p− 2)
L∗

il]

=
1

nm2
[

1
(p2 − p− 2)2

V ar(T ∗
il) +

2p

(p2 − p− 2)2
Cov(T ∗

il, L
∗
il)

+
p2

(p2 − p− 2)2
V ar(L∗

il)]

=
1

nm2
[

1
(p2 − p− 2)2

mp(1− 1
p
)γ − 2pm

(p2 − p− 2)2
(1− 1

p
)γ

+
p2

(p2 − p− 2)2
m

(p2 − p− 1)
p

(1− 1
p
)γ] by Lemma 2

=
γ

nm(p2 − p− 2)2
[(p− 1)− 2(p− 1) + (p2 − p− 1)(p− 1)]

=
γ

nm(p2 − p− 2)2
[(p2 − p− 2)(p− 1)] =

(p− 1)γ
nm(p2 − p− 2)

.

Therefore,

E[
R(λ | τ)
(p− 1)

] =
nm(p2 − p− 2)

p(p− 1)

p∑
l=1

E(λ̂2
l )

11



=
nm(p2 − p− 2)

p(p− 1)

p∑
l=1

{V ar(λ̂l) + [E(λ̂l)]2}

= γ +
nm(p2 − p− 2)

p(p− 1)

p∑
l=1

λ2
l .

To find the expectation of the mean squares for the unadjusted carryover effects, note that

V ar(λ̃l) = V ar[
p

nm(p2 − p− 1)
Ll] = V ar[

p

nm(p2 − p− 1)

n∑
i=1

L∗
il

=
p2

n2m2(p2 − p− 1)2

n∑
i=1

V ar(L∗
il)

=
p2

nm2(p2 − p− 1)2
[
m(p2 − p− 1)

p
(1− 1

p
)γ] by Lemma 2

=
(p− 1)γ

nm(p2 − p− 1)
.

Therefore,

E[
R(λ)

(p− 1)
] =

nm(p2 − p− 1)
p(p− 1)

p∑
l=1

E(λ̃2
l )

=
nm(p2 − p− 1)

p(p− 1)

p∑
l=1

{V ar(λ̃l) + [E(λ̃l)]2}

= γ +
nm(p2 − p− 1)

p(p− 1)

p∑
l=1

(λl −
p

(p2 − p− 1)
τl)2 .

To find the expectation of the mean squares for the adjusted treatment effects, note that

V ar(τ̂l) = V ar[
(p2 − p− 1)

nmp(p2 − p− 2)
Tl +

1
nm(p2 − p− 2)

Ll]

= V ar[
(p2 − p− 1)

nmp(p2 − p− 2)

n∑
i=1

T ∗
il +

1
nm(p2 − p− 2)

n∑
i=1

L∗
il]

=
1

nm2
[

(p2 − p− 1)2

p2(p2 − p− 2)2
V ar(T ∗

il) +
2(p2 − p− 1)
p(p2 − p− 2)2

Cov(T ∗
il, L

∗
il)

+
1

(p2 − p− 2)2
V ar(L∗

il)]

12



=
1

nm2
[

(p2 − p− 1)2

p2(p2 − p− 2)2
mp(1− 1

p
)γ − 2(p2 − p− 1)m

p(p2 − p− 2)2
(1− 1

p
)γ

+
1

(p2 − p− 2)2
m(p2 − p− 1)

p
(1− 1

p
)γ] by Lemma 2

=
(p2 − p− 1)(p− 1)
nmp2(p2 − p− 2)2

γ[(p2 − p− 1)− 2 + 1]

=
(p2 − p− 1)(p− 1)
nmp2(p2 − p− 2)

γ .

Therefore,

E[
R(τ | λ)
(p− 1)

] =
nmp(p2 − p− 2)

(p− 1)(p2 − p− 1)

p∑
l=1

E(τ̂2
l )

=
nmp(p2 − p− 2)

(p− 1)(p2 − p− 1)

p∑
l=1

{V ar(τ̂l) + [E(τ̂l)]2}

= γ +
nmp(p2 − p− 2)

(p− 1)(p2 − p− 1)

p∑
l=1

τ2
l .

Finally, to find the expectation of the residual sum of squares, we first need to find the expectation
of X ′X:

E(X ′X) =
n∑

i=1

mp∑
j=1

p∑
k=1

E(X2
ijk) =

n∑
i=1

mp∑
j=1

p∑
k=1

{V ar(Xijk) + [E(Xijk)]2} .

Recall that,

V ar(Xijk) = V ar(ηijk) = (1− 1
mp

)(1− 1
p
)γ

and

E(Xijk) = τdi(j,k) + λdi(j,k−1) +
1
p
λdi(j,p)

[E(Xijk)]2 = τ2
di(j,k) + λ2

di(j,k−1) +
1
p2

λ2
di(j,p)

+2τdi(j,k)λdi(j,k−1) +
2
p
τdi(j,k)λdi(j,p) +

2
p
λdi(j,k−1)λdi(j,p) .

But because the crossover design considered is balanced, we have

n∑
i=1

mp∑
j=1

p∑
k=1

τ2
di(j,k) = nmp

p∑
l=1

τ2
l

13



n∑
i=1

mp∑
j=1

p∑
k=1

λ2
di(j,k−1) = nm(p− 1)

p∑
l=1

λ2
l

n∑
i=1

mp∑
j=1

p∑
k=1

1
p2

λ2
di(j,p) =

nm

p

p∑
l=1

λ2
l

n∑
i=1

mp∑
j=1

p∑
k=1

2τdi(j,k)λdi(j,k−1) = 2nm

p∑
l=1

∑
l′ 6=l

τlλl′

= 2nm[
p∑

l=1

p∑
l′=1

τlλl′ −
p∑

l=1

τlλl] = −2nm

p∑
l=1

τlλl

n∑
i=1

mp∑
j=1

p∑
k=1

2
p
τdi(j,k)λdi(j,p) =

2n

p

mp∑
j=1

λdi(j,p)

p∑
k=1

τdi(j,k) = 0

n∑
i=1

mp∑
j=1

p∑
k=1

2
p
λdi(j,k−1)λdi(j,p) =

2n

p

mp∑
j=1

λdi(j,p)[
p∑

k=1

λdi(j,k) − λdi(j,p)]

=
2n

p

mp∑
j=1

λdi(j,p)(−λdi(j,p)) = −2n

p

mp∑
j=1

λ2
di(j,p) = −2nm

p

p∑
l=1

λ2
l .

Therefore,

E(SSres) =
n∑

i=1

mp∑
j=1

p∑
k=1

{V ar(Xijk) + [E(Xijk)]2} − E[R(τ)]− E[R(λ | τ)]

= nmp2(1− 1
mp

)(1− 1
p
)γ + nmp

p∑
l=1

τ2
l + nm(p− 1)

p∑
l=1

λ2
l

+
nm

p

p∑
l=1

λ2
l − 2nm

p∑
l=1

τlλl −
2nm

p

p∑
l=1

λ2
l

−(p− 1)γ − nmp

p∑
l=1

(τl −
1
p
λl)2

−(p− 1)γ − nm

p
(p2 − p− 2)

p∑
l=1

λ2
l

= [n(mp− 1)(p− 1)− 2(p− 1)]γ + nmp

p∑
l=1

τ2
l
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+
nm

p
(p2 − p + 1− 2− p2 + p + 2)

p∑
l=1

λ2
l

−2nm

p∑
l=1

τlλl − nmp

p∑
l=1

(τ2
l −

2
p
τlλl +

1
p2

λ2
l )

= (p− 1)[n(mp− 1)− 2]γ .

Hence, we have the following ANOVA table for balanced crossover designs using n replications of m
Latin squares of order p ≥ 3:

source of variation sum of squares degrees of freedom expectation of mean square
under the full model

treatment effects R(τ) = SS∗τ = nmp

∑p

l=1
τ̃2

l
p − 1 γ + nmp

(p−1)

∑p

l=1
(τl −

1
p

λl)
2

(unadjusted)

carry-over effects R(λ | τ) = SSλ =
nm(p2−p−2)

p

∑p

l=1
λ̂2

l
p − 1 γ +

nm(p2−p−2)
p(p−1)

∑p

l=1
λ2

l
(adjusted)
or

carry-over effects R(λ) = SS∗
λ

=
nm(p2−p−1)

p

∑p

l=1
λ̃2

l
p − 1 γ +

nm(p2−p−1)
p(p−1)

∑p

l=1
(λl −

p

(p2−p−1)
τl)

2

(unadjusted)

treatment effects R(τ | λ) = SSτ =
nmp(p2−p−2)

(p2−p−1)

∑p

l=1
τ̂2

l
p − 1 γ +

nmp(p2−p−2)
(p2−p−1)(p−1)

∑p

l=1
τ2

l

(adjusted)

residual SSres =

{ ∑n

i=1

∑mp

j=1

∑p

k=1
X2

ijk
− SS∗τ − SSλ

or∑n

i=1

∑mp

j=1

∑p

k=1
X2

ijk
− SS∗

λ
− SSτ

(p − 1)[n(mp − 1) − 2] γ

15


