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Correlated Defaults and the Valuation of Defaultable Securities

Abstract

We present an intensity-based model of correlated defaults with applica-
tion to the valuation of defaultable securities. The model assumes that the
conditional hazard rate of default is driven by external common factors as
well as other defaults in the system. A proposed recursive procedure can be
used to generate default times with a broad class of correlation structures.
We compare this approach to standard reduced-form models based on condi-
tional independence, as well as recent innovations involving copula functions.
We also illustrate its use with examples on the pricing of defaultable bonds,
and credit default swaps of the regular and basket type.



1 Introduction

The rapid expansion in recent years of the market for credit derivatives has
led to a growing interest in the valuation of these instruments. Basket credit
derivatives, which have payoffs linked to credit events in a portfolio of de-
faultable securities, are particularly a challenge because of their sensitivity
to default correlation in the portfolio.

In this paper, we present an intensity-based approach to the modeling of
correlated defaults. In the spirit of reduce-form models, default is treated
as an unpredictable jump with an exogenously specified hazard rate process,
or intensity.! In contrast to the existing literature, which focuses primarily
on defaultable bonds and single-name credit derivatives, our approach is dis-
tinguished by its construction of multiple defaults with a general correlation
structure, which may prove useful to the valuation of basket credit derivatives
or defaultable securities subject to counterparty risk.

In a typical reduced-form model, it is customary to associate with default
a stopping time 7, defined as

t
T:inf{t:/)\sdsZE}, (1)
0

where A is the default intensity assumed to depend on exogenous state vari-
ables X, and F is a unit exponential random variable assumed to be inde-
pendent of X. Then Ny = 1>,y defines a Cox process representing default,
with intensity A.

In a setting with multiple default times {Ti}le, one can extend the above
definition using a collection of independent unit exponential random variables
{Ei}i[:l. This implies that the default times are independent conditional
on the information contained in X, and default correlation arises because
of correlation at the intensity level. Recently, Hull and White (2001) and
Schonbucher and Schubert (2001) have expressed doubt on the ability of this
type of models to match the level of empirical default correlations.?

'Early examples of reduced-form models include Jarrow and Turnbull (1995), Duffie,
Schroder and Skiadas (1996), Jarrow, Lando and Turnbull (1997), Lando (1998), and
Duffie and Singleton (1999a).

2Partially alleviating this concern, Yu (2003) shows that a wide range of default cor-
relations can arise from different assumptions about what constitute the common state
variables X.



To incorporate more flexibility into the modeling of correlated defaults, we
assume the existence of default intensities that depend on a larger information
set, which includes not only the history of X, but also observations of past
defaults. This captures in an economically intuitive way the fact that defaults
are driven by macroeconomic factors as well as firm-specific links to other
firms.?

A drawback of this assumption is the difficulty in finding a valuation for-
mula that depends only on the default intensities, and not explicitly on the
default times. When 7 is constructed according to (1), Duffie and Singleton
(1999a) and Lando (1998) show that defaultable claims can be priced as dis-
counted expectation of terminal payoffs using a modified short rate adjusted
for default risk. However, when one allows the intensity to depend on other
defaults, this pricing formula fails due to a violation of the “no-jump condi-
tion” given by Duffie, Schroder and Skiadas (1996). In fact, it is unclear how
one could construct the default times under such cases.

We provide a remedy to this problem using the so-called “total hazard
construction” from Norros (1987) and Shaked and Shanthikumar (1987).
Given the conditional hazard rates, or intensities, of a collection of stopping
times, this is a way to generate the stopping times from a set of independent
unit exponential random variables. It results from the fact that the total
hazards (or integrated intensities) accumulated by the stopping times by the
time they occur are independent unit exponential random variables. While
the original prescription calls for stopping times with respect to their internal
history, it is straightforward to extend this construction to cases of a broader
appeal, where the intensities are also modulated by the exogenous process
X.

In a copula-based approach that combines ingredients of a reduced-form
model, Schonbucher and Schubert (2001) propose a modification of (1) with
the E”’s following a joint distribution C (U*,--- ,U'), where U’ = exp (—E")
and C'is a copula function. We show that our approach can be thought of as
an extension of the Schonbucher and Schubert construction where the copula
function is indexed by the sample path of X. In other words, the Schonbucher
and Schubert construction is a special case of our approach where the copula
function is invariant to the history of X.

Our approach also complements Duffie and Singleton (1999b), who sim-

3The idea that default “contagion” might affect the valuation of credit derivatives first
appeared in David and Lo (2001) and Jarrow and Yu (2001).



ulate correlated defaults using a “recursive inverse-CDF” approach, where
the conditional distribution of the next default can depend on state variables
and past defaults. We extend their alternative approach, termed “multi-
compensator simulation,” to situations of equal generality, where the inten-
sities are affected by both past defaults and the history of the state variables.

Recently, Collin-Dufresne, Goldstein and Hugonnier (2003a) show that
the Duffie and Singleton (1999a) pricing formula can be preserved even when
the no-jump condition is violated, if one switches to a measure that places
zero probability on default prior to the maturity of the claim.* While this
formula has been used to derive analytic solutions for defaultable bond prices
in a setting with two issuers, it is not clear whether one could use it under
more general settings, say with a large number of issuers or where the de-
faultable claim is of the basket type. Besides stating that these are setting
where our simulation-based approach may be helpful, we present a procedure
where the CGH formula can be used to derive, analytically in principle, the
marginal distribution of default times in the presence of an arbitrary number
of correlated defaults.

We apply our methodology to the valuation of the following credit-risky
securities:

1. Defaultable bonds. We use the total hazard construction to provide
a complete solution to the case of I = 2 where each firm’s default
intensity depends on the default status of the other firm.> Previous
literature has shown that in this case, defaultable bonds can be priced
by ignoring the counterparty risk for the other firm. Using examples
with more complex specifications of the default intensities, we show
that this intuition holds only for the case of I = 2. We also discuss the
calibration of the model to market prices for defaultable bonds.

2. Credit default swaps of the reqular type. These are insurance-like secu-
rities which provide a payoff in the event of default by a reference asset.
Typical CDS pricing models are only concerned with the credit risk of
the reference asset, while ignoring the credit risk of the CDS buyer and
seller. We use the case of I = 3 to illustrate the impact of the credit
quality of the CDS buyer, seller, and reference asset, as well as their
interaction on CDS pricing.

4This type of “survival measure” also appears in Schonbucher (2000).
A complete solution is also given by Kusuoka (1999) and Collin-Dufresne, Goldstein
and Hugonnier (2003a) using different methodologies from ours.
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3. Credit default swaps of the basket type. These contracts provide a payoff
in the event of one or more defaults in a portfolio of reference assets. By
definition, basket CDS pricing is sensitive to the specification of default
correlation within the basket. We present a case in which the default
intensities depend on a common factor in addition to the default status
of other firms. Our numerical evidence shows that the CDS premium
can be sensitive to both sources of default correlation.

The remainder of this paper is organized as follows. In Section 2 we
explain the construction of the default times and relate it to the existing
literature on correlated default modeling. In Section 3 we present several
examples to illustrate the application of our methodology to the valuation of
defaultable securities. We conclude in Section 4.

2 The Model

2.1 Basic Setup

We consider an economy where information is contained in an R%valued
process X and [ individual default times 7 = (7'1, N ) Specifically,
we assume the existence of a filtered probability space (2, F,{F},o,, P)
satisfying the usual conditions of right-continuity and completeness with re-
spect to P-null sets. Depending upon the specific application, the probability
measure P can be interpreted as the objective measure (risk management)
or the equivalent martingale measure (valuation). To be consistent with our

informational assumptions, we let

Fo=F VFIV---vF (2)
where

FY o= 0(X,,0<s <), (3)

F, = o(NLO<s<t), (4)

and N} = l{t>ri}. In other words, F; is the minimal sigma-field needed to
support both X and 7.

Further specifying the default times, we assume that 7 possesses a strictly
positive Fy-predictable intensity A* with right-continuous sample paths and



satisfying technical integrability conditions. This means that
) ) tAT? )
M; = N} — / Aids (5)
0

is a (P, F,)-martingale. The intensity A\’ can also be interpreted as the F;-
conditional hazard rate of 7, because

. _ E(Nja — N/|F) . P<T <t+AHF)
Atleersy = A}tEHOJr At B A}‘,E%+ At

- (6)

Below, we use these two interpretations of the intensity interchangeably.
Note that this specification of the intensity includes as a special case \i =
N (Xt, Nt_i), a function of the current value of X and N~¢, the default sta-
tus of issuers other than ¢. This specialization will be used throughout our
subsequent examples.

Assuming the existence of an F;-predictable short rate r then completes
the basic setup. This includes the typical situation where r is adapted to
FX, as well as the “flight to quality” case where one or more of the default
times exerts an influence on r.

Remark 1 Kusuoka (1999) constructs a case with I = 2 and no state vari-
ables by transforming two independent Poisson processes. The transfor-
mation makes use of Girsanov’s Theorem for jump processes [see Brémaud
(1981)] with a judicious choice of the Radon-Nikodym derivative. Kusuoka
shows that in general, the survival probability

P (7' >T|F) # 1isnE (exp <— /t Aids) |ft) : (7)

unlike the case where the default times are defined by (1) with F;*-adapted
intensities.

Remark 2 Duffie, Schroder and Skiadas (1996) present a “no-jump condi-
tion,” which states that if the conditional expectation in (7) does not jump at
7%, (7) would be an equality. This condition, however, is violated in the cur-
rent setup, as A’ in general depends on other default times, whose intensities

will jump at 7°.



Remark 3 Collin-Dufresne, Goldstein and Hugonnier (2003a) show that
when the no-jump condition is violated, one has

T
P (7' >T|F) = 1gisy B <exp (—/ )\ids) |f£) , (8)

t
where the expectation is taken under a new probability measure P’ that

assigns zero probability to 7 < T, and ]-t/ is the completion of F; with
respect to the P'-null sets. Roughly speaking, this is because

T
E (1{Ti>T}|ft) = 1{71>t}E/ <€Xp (—/ )\;ds) ‘-Ft,) s (9)
t

if one assumes that

dpP’ r .
dP = 1{Ti>T} exp (/0 )\ids) . (10)

Although the CGH formula can be used to derive analytical solutions of the
survival probability for the case of I = 2, the procedure becomes increasingly
complex as I increases, and it is not clear whether the method is tractable
for the joint distribution of a large number of default times.

2.2 Recursive Construction of Default Times

The above remarks suggest that the unfinished task for the previous setup
is to compute the conditional distribution of the default times using their
Fi-intensities. In this subsection we present a constructive approach, where
the default times can be generated from a set of unit exponential random
variables. Our approach closely follows that of Norros (1987) and Shaked
and Shanthikumar (1987).

Specifically, we start with the case of no state variables. In this case the
filtration F; is the minimal sigma-field supporting the default times, or their
“internal history.” Noting the explicit dependence of X on other default
times, we use the notation \; (t|n) to denote the intensity for firm i given
the observed default times of n other firms, t,,... ,tk,, where it is assumed
that 0 = tg, < t), < --+ < t, <t < 7°. Then, define the total hazard
accumulated by firm ¢ by time ¢ given n observed defaults as



i (tn) =Y Ai (ty, — i, lm — 1) + Ai (£ =ty [n) | (11)
m=1

ti’“m T\ (ulm) du is the total hazard accumulated by firm

1 for a period of lengy‘gh s following the mth default. It is assumed that there
is no default between ¢, and ¢.

A well-known result [see references in Norros (1987) and Shaked and
Shanthikumar (1987)] shows that the total hazards accumulated by the firms
until they default are independent unit exponential random variables. This
suggests the definition of an inverse function that maps a unit exponential
back into the original default time. Define

where A; (s|m) =

A (x|n) = inf {s: A; (s|n) > 2}, x > 0. (12)

The following recursive procedure constructs a collection of random variables
~ ~1 ~I .
T = (T e T )

1. Draw a collection of i.i.d. unit exponentials £ = (El, e ,EI).
2. Let
ki = aliiilgin {A7H(E|0)}, (13)
and let
= A (EM)0). (14)
3. Assume that the values of (?kl, . ,?km‘1> are already given, where

m > 2. Define the set I,y = {ki,... ,km_1} and I,,_; as the set
of firms excluding I,,_;. Recall that 1, (t|m — 1) is the total hazard
accumulated by firm ¢ given the first m — 1 defaults, let

k;m = argmin {A;l (EZ — ’g/}l (?km*1|m — 1) |m — 1)} , (15)
’L'Gjmfl
and let
?km _ /7:km—1 + Al;i (Ekm . wkm (?km—l‘m _ 1) ‘m — 1) . (16)



4. If m = I then stop. Otherwise, increase m by 1 and go to Step 3.

Lemma 1 Construct T according to Steps 1-4. Let F; be the internal history
of T, then 7' has Fi-intensity X', for 1 <i < 1.

Remark 4 Lemma 1 is a direct consequence of Theorem 3.6 of Shaked and
Shanthikumar (1987), which states that 7 2 7, where £ denotes equality
in law. It formalizes the idea that multivariate distributions can also be
specified using the associated conditional hazard rates.

Next, we consider the initial and more interesting case where state vari-
ables X are included. Denote by w € FX a complete sample path of X.
Given w, the intensity \* collapses into a function with explicit dependence
on the default times. As a result of Lemma 1, the preceding steps can be used
to construct random variable 7% with G;-conditional hazard rate )\i, where
G =FXVFLv---vFL Since ' is in fact assumed to be Fi-predictable,
7' has Fy-conditional hazard rate A’ as well. Therefore, we replace Step 1 of
the previous procedure with:

1’. Draw a complete sample path of X. Draw i.i.d. unit exponentials £ =
(E',...,E") independent of X.

We then have the following result:

Proposition 1 Construct 7 according to Steps 1’ and 2-4. Let F; be the
minimal sigma-field needed to support X and 7, then 7' has F;-intensity \',
for1 <i< 1.

Remark 5 When the Fi-intensities are in fact F/*-adapted and there is no
explicit dependence on other default times, the sequence of past defaults is
irrelevant and one recovers the definition of 7 as

=AY (EY) = inf {t: A, (1) > B}, (17)
where

A (1) = /Ot Aods. (18)

This yields the standard construction where the default times are condition-
ally independent given X.



2.3 Comparison with the Copula-Based Approach

Due to the ability of copula functions to isolate the dependence structure in
multivariate distributions [see Nelsen (1999) for an introduction to copulas],
they have become increasingly popular in the modeling of correlated defaults.
In this subsection we take a comparative look at a recent copula-based ap-
proach outlined by Schonbucher and Schubert (2001, SS), which contains
elements of a reduced-form model.

Simply put, this approach assumes that 7¢ is defined as

¢
7' = inf {t : / hids > E’} , (19)
0

where h' is an F;¥-adapted process. However, instead of maintaining that
the unit exponentials (El, LB ) are independently distributed, it assumes
that they are governed by a joint distribution function C' (U ... Ut ), where
U® = exp (—E") and C is a copula function. Note, in particular, that SS show
that A’ is the intensity of 7¢ with respect to the filtration /X v F/, and not
the intensity in the most general sense (with respect to the full filtration 7).

To understand the relationship between the SS copula approach and the
total hazard construction, we again start with a simple case with no state
variables, where a collection of random variables 7 = (7'1, Tt ) have a suf-
ficiently smooth joint distribution F (¢,...,t;) = F (7'1 <t,..., 7' < tI)
and marginal distribution G; (t;) = G;(7° <t;). By Sklar’s Theorem [see
Nelsen (1999)], there exists a copula function C' such that

F(ty,...,t;)=C(Gy(t1),...,Gr(t1)). (20)
Then, let
i 1 dG; (t)
hi= 1—-G;i(t) dt (21)

This is the probability per unit time of 7¢ occurring in the next instant,
conditional on it has not occurred prior to ¢, i.e. the hazard rate of 7¢ when
other defaults are ignored.

When we apply the SS construction using the above hazard rate h* and
copula function C it is clear that the resulting default times will have a joint
distribution given by F'. On the other hand, the total hazard construction



starts from the conditional hazard rates given all available information, in-
cluding observed defaults. As shown by Shaked and Shanthikumar (1987),
this procedure can also yield default times with the joint distribution F. It
is in this sense that the two approaches are “equivalent” ways for modeling
correlated default times with respect to their internal histories.

Turning now to the more general case with the addition of state variables
X, the total hazard construction as described in Steps 1’ and 2-4 gives default
times with joint distribution F,, conditional on a particular sample path
w € FX. If the dependence structure of this distribution is given by a
copula function, then this copula will generally depend on w. On the other
hand, we see that in the SS construction, the copula is invariant to the
sample path of X. As a result, only the marginal distributions of the default
times (ignoring other defaults) change with the state variables, while the
dependence structure does not.® It is in this sense that the copula-based
approach is “static,” whereas the intensity-based approach truly incorporates
the dynamics of the state variables.

3 Applications

3.1 Pricing Defaultable Bonds

For simplicity, we price zero-coupon bonds with zero recovery and under
a constant default-free short rate r. The defaultable bond price is then
proportional to the conditional survival probability, P (7¢ > T|F;). In this
subsection we discuss the behavior of this entity under various assumptions
of the default correlation structure.

3.1.1 The Case of Two Firms

Jarrow and Yu (2001) present a “looping default” case with two firms, where
the default of one firm affects the default intensity of the other firm. In
other words, they assume two default times, 74 and 772, with the following
intensities with respect to the internal history of defaults:

)\24 = a1+a21{t273}, (22)
AP = bi+balysoay. (23)

S0Of course, as discussed in Schonbucher and Schubert (2001), the copula function
changes at the time of an observed default.
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Unable to provide an explicit solution for the distribution of the default times,
they turn to a simpler case with

A a,
AP b1 + balyis,ay.

Namely, they assume that firm A is a “primary” firm not affected by coun-
terparty default and firm B is a “secondary” firm whose default intensity
jumps at the default of firm A. Below, we present a solution to the more
general case using the total hazard construction.

First, note that with no default up to t, the total hazards accumulated
from 0 to t are A4 (t) = ait and Ap (t) = bit. If firm A has defaulted at 1, the
total hazard accumulated by firm B from ¢; to t; +t is Ag (t|t1) = (b1 + be) t.
Similarly, if firm B has defaulted at t5, one can set Ay (t|ts) = (a1 + a9)t.
Using the inverse of these functions, we can construct two default times 7
and 77 from two independent unit exponential random variables E4 and EB
as:

(24)
(25)

EA EA EB
EZ EX ~ EZ
~A ay’ ap — b1’ (26)
o EB 1 A_ apB EA EB
b1 + al1+az (E b1 E > ’ al > by ?
A A B
E2 1 EB _ b_lEA L2 Tl
~B _ ay b1+b2 ay ’oar — b (27)
o EB EA _ EB
by @ 7 by

From this, we derive the joint density of 7* and 77, which is also shared
by the original default times 74 and 77, as

_ [ ar (b by) ettt oy <y
f (tl, t2) = { b, (al + a2) e—(b1—<JL2)1t2—(0L1—f—a2)t17 ty > to. (28)
It follows that the marginal densities of 74 and 77 are
b
ga (tl) (a;)l—i-_azz 1 (6—(a1+a2)t1 _ e—(a1+b1)t1) + ale—(al—&—bl)tl’ (29)
(01 +02) a1/ prtbo)ts  —(artbi)t _
t S S L.Vt 1+b2)ta a1+b1)t2 b (a1+b1)t2 30
95 (t2) a1 — by (e 2 ) +bie , (30)
and their marginal distributions are
ble—(ar‘r(zz)tl o a2€—(a1+b1)t1
Ga(ty)) = 1-— 31
A(t) — , 31
—(b1+b2)ts _ p, o—(ar+b1)ta
Gp(t) = 1-2° 2¢ (32)

a; — by

11



From these expressions, we see that neither G4 depends on bs, nor Gg on
as. In fact, the expression above for G coincides with Jarrow and Yu’s solu-
tion for default times with intensities specified by (24) and (25). Intuitively,
what occurs to firm B after the default of firm A should have no impact on
the distribution of firm A’s default time. This is why in computing G 4, we
can effectively ignore the default dependency for firm B.”

For another interpretation of this result we invoke the Collin-Dufresne,
Goldstein and Hugonnier (2003a) formula, where the survival probability can

be written as
t1
P(r'>t)=FE <eXp (—/ )\fds)) (33)
0

under a change of measure to P’ that puts zero probability on {TA < tl}.
Hence the intensity A\? is almost surely equal to b; under P’. Equation (33)
then suggests that one can correctly obtain the survival probability of firm
A by treating firm B as having a constant intensity b;.

3.1.2 The Case of Three Firms

The case of I = 3 is not merely a mechanical repetition of the case of [ = 2.
Instead, our interest in this case is motivated by several considerations. First
and foremost and as shall be revisited below, this case is relevant to the
modeling of credit default swaps, where the credit quality of the seller, the
buyer, and the reference asset, as well as their interaction may all play a
role in valuation. Second, this is the simplest case where default dependency
matters in a non-trivial sense for the pricing of defaultable bonds. In other
words, the previous intuition that one can ignore the default dependency
of other firms when pricing a defaultable bond does not hold in this case.
Lastly, we use this case to demonstrate a general procedure for using the
CGH formula to derive the marginal distribution of any number of correlated
default times.
We note the definition of the default intensities:

A= a+an Lit>78) + a1zly>rcy, (34)
A = axn+an Ligsray + agslysroy, (35)
)\tC = agp+as 1{t27-‘4} + aggl{tz.,.B}. (36)

"This interesting observation and its interpretation are first given in Bielecki and
Rutkowski (2002, Chapter 9).
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The most general specification would have interactions between the default
times, which we leave out in the interest of brevity.

Solution using the Total Hazard Construction First, we use the total
hazard construction to identify the joint density of the default times. To
derive f (t1,t2,t3) where t; < ts < t3, we note that

A EA
T = —,
aio
B ~A
~B ~A E® —agT
T = 7 +—,
Qoo + a2
~ ~B
7¢ = 784

EC — a30’/7'\A — (a30 + CL31) (’?B

~A
-7

)

ago + az1 + asz

where we assume that

EB o MEA
aio

Qo0 + Q21

30

aio

EC — s pA

asop + a3y

)

(37)
(38)

(39)

(40)
(41)

(42)

Following a similar procedure for the other five permutations of (¢, ts, t3),

we derive the joint density as:

¢
aip (ago0 + an
e—(a10—a21—a31

= —

ao (aso + as
e—(a10—a31—a21

= —

ag (a10 + a2
6*(a20*a12*a32

= —

f(t17t27t3) = <

asgo (aio + a13
6*(a307a13*a23

= —

aso (asp + ase
e—(a2o—a32—a13

~— T —

aso (ago + ass
e—(ago—azg—au

~

13

(ag0 + ag1 + ag3)
t1—(as0+az1—a23)tz—

(a0 + a1z + a3
t3—(a20+a23—ai2)t2—(a10+ai2+ai3)ts ts
)

(CL30 + asq + CL32) X
t1—(a20+a21—as2)ta—(azo+as1+as2)ts t
)

(
X
(

(aso + asy + as) X
ta—(a10+a12—a31)t1—(azo+as1+asz2)ts to
b

(
(ag0 + a2 + ags) x
t3—(a10+a13—a21)t1—(a20+a21+a23)t2

(@10 + ar2 + as3) X
to—(aso+az2—ai3)tz—

X

)
(
)
(

az20+a21+a23)t
20+a21 23)27 t

7t3

ajo+aiz2+ai3)t
10+ai2 13)17152

<ty

<t

<t

<t

<t

< tg

< s,
< tg,
< 3,
< ta,
< t,

< t.
(43)



This joint density comes from differentiating the product density of three in-
dependent unit exponential random variables, treating them as total hazards
accumulated up to the respective default times.

We then integrate out t5 and t3 to obtain the marginal density g4 (¢1) for

TA as:

g2 (1) = arge-er0satass |

20 (alo + a12) (e*(a1o+a12+a3o+a32)t1 o e*(a10+a20+a30)t1) 4
Q20 — G12 — A32
aso (GIO + a13) (ef(a10+a13+a20+a23)t1 o 67(a10+a20+a30)t1) +
azp — G13 — A23
azo (azo + as2) (@10 + a1z + a13) ( 1 1 6—(a30+a32—a13)t1) _
azo + az2 — a13

Q20 — Q32 — A12

1 (1 _ e—(‘120+a30—012—013)t1)) e—(alo+a12+a13)t1 +
Qg0 + a3p — Q12 — Q13
ago (azo + as3) (@10 + a2 + a13) ( 1 | — e~ (@ntax—anh) _
aszp — Gz3 — 413 Qoo 1+ G23 — Q12

1

aso + azp — A12 — A13

(1 _ e(a20+a30a12a13)t1)) e*(a10+a12+a13)t1 ) (44)

This result shows that g4 (¢1) is independent of ag; or as;, which is consis-
tent with the prior intuition. However, g4 (¢1) is not independent of as3 and
aze. In other words, one should not ignore the default dependency between
78 and 7¢ when computing the marginal distribution of 74.

Solution using the CGH Formula One could also use the CGH formula
(33) to find the marginal distribution of 74. First, note that by Lemma 2

of CGH, since the compensated martingale Mtj = th — JAT] Mds, j=B,C
does not jump at 74, the intensities for the default times 72 and 7¢ remain
unchanged under P’. On the other hand, the intensity for 74 is zero under
P’. Since, by the total hazard construction, the joint distribution of default
times is completely determined by their conditional hazard rates, we can
explicitly compute the expectation on the right hand side of (33), letting
)\;4 = ajg + a12lg>-8y + a13lg>-0y and treating 78 and 7¢ as having joint
density determined by

)\tB = a9 + a231{t270}> (45)
)\tC = agy+ a321{t273}' (46)
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This joint density of two default times can be determined by suitably modify-
ing (28). An explicit calculation using this method produces results identical
to (44).

The above illustration suggests that in a system of I interacting default
times, we can obtain the marginal distribution of any given default time
using the CGH formula. The expectation therein should be computed with
respect to the joint density of the other I — 1 default times, ignoring the
impact of the given default time on this remaining collection. Notice that,
although this procedure reduces the dimensionality of the problem by 1, in a
large system it still requires the joint distribution of a large number of default
times, leaving numerical simulation based on the total hazard construction
as the only choice.

3.1.3 A Simple Specification with Multiple Firms

The type of default dependency modeled in this paper is in fact based on
solid empirical evidence. For example, Lang and Stulz (1992) find that
there are significant industry-wide abnormal stock returns in response to a
bankruptcy filing. Newman and Rierson (2003) show that European telecom
credit spreads widened by 10 basis points in June 2000 in response to a large
issue by Deutsche Telekom. Evidence that a single “credit event,” defined as
a large monthly change in an individual corporate bond yield spread, can af-
fect the entire corporate bond market index is presented by Collin-Dufresne,
Goldstein and Helwege (2003b).

To model such contagion effects in a large portfolio (say with I different
names), one may wish to start from something quite general, say

I
A= o+ Y ails, (47)

J=1

where a;; = 0. Here, a;; represents the increase in the ¢th intensity given
a credit event for the jth name. We can then price credit-risky securities
whose payoffs are linked to this portfolio by Monte Carlo simulation based
on the total hazard construction.

Clearly, the above specification would be vacuous in the absence of a
methodology to calibrate the individual coefficients. A sensible approach
following Lang and Stulz (1992), for example, is to estimate the coefficients
from bond price changes in reaction to credit events in the same industry.
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Consistent with this approach, we consider the following simple specifi-
cation:

)\i =a1 + agl{tz.,-p}, (48)

where 7p = min (7'1, R ) is the first-to-default time. This case differs
from the more general specification (47) in two aspects. First, all firms
are assumed to have the same default intensity.® Second, only the first-to-
default is relevant for generating default dependency. The first assumption is
consistent with estimating as from the average price reaction of a large cross-
section of bonds to “typical” credit events. The second can be interpreted
as a reasonable approximation in a population of high quality credits where
defaults are relatively infrequent.

As in the case of I = 3, the marginal distribution of the default times as
described in (48) can be solved in two ways. First, using the total hazard
construction we note that the first-to-default time 7 can be written as

. E' E? ET

TF—mm<_,_,...,_), (49)
a’ a a

and the individual default times are given through their respective unit ex-

ponential random variables as

R S
e L (50)

(l1+6l2

Using the fact that 7p = min (E'/a,7%) where 7 = min (E?%,... ,ET) /a,
and 77, is an exponential random variables with rate (I — 1) a; independent
of ', we can derive the marginal density of 7! as:

(I - 1) aq ((ll + aQ) 67(a1+a2)t1 _ ]alazeffaltl
(_[ - 1) a/l — (l2 :
Second, using the fact that under the probability measure P’, defined in

(10) where i = 1, 7 is an exponential random variable with rate (I — 1) ay,
we can use the CGH formula to compute the survival probability of 7! as

(I — 1) ale*(“lﬂw)tl _ a2671a1t1
Further differentiation yields results identical to (51).

g1 (t1) = (51)

P(r'>t) = (52)

8This assumption is similar to the use of symmetric copulas in default dependence
modeling, which is also motivated by tractability as well as ease of calibration.
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Figure 1: The term structure of yield spreads on defaultable zero-coupon
bonds. We assume that a; = 0.01, ay = 0.001, and I = 2, 5, 10, 50, or oo.
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Remark 6 Taking the limit of I — oo in (52), we see that 7' converges to
a default time with intensity a; + ao in the sense that the survival proba-
bility converges to exp (— (a; + az) t1). Intuitively, as I increases, the first-
to-default occurs sooner. In the limit of I — oo, 7F is equal to 0 and the
intensity of 71 is equal to a; + ay almost surely.

Remark 7 Ignoring the default dependency in this example amounts to
computing the survival probability as

t1
Pincorrect (7_1 > tl) = F (GX]Z) <—/ (al + a/21{527—F}) ds)) ) (53)
0

treating 7r as exponentially distributed with rate Ia;. This is the same as
replacing I —1 in (52) with I. The two are clearly different and the difference
is larger for smaller I, disappearing as I — oo.

In Figure 1, we present a numerical illustration of this case. Specifically,
we assume a constant interest rate, a; = 0.01, as = 0.001, and price a de-
faultable zero-coupon bond. The figure plots the yield spread on such a bond
as a function of maturity for various values of I, assuming that no default has
occurred in the system. As a reference, the thin dotted line represents the
case where the first-to-default has just occurred (or, as mentioned in Remark
7, the case of I — o). The gap between other lines and the thin dotted line
represents the jump in yield spread at the first-to-default, which can be used
to identify the coefficient as.

For example, for an industry that consists of 10 firms, if one estimates
that the spreads on 5-year zero-coupon corporate bonds are equal to 150 bps,
and that a default in the industry adds another 10 bps to these spreads, we
can imply out the default intensity parameters as:

a; = 0.1464, ay = 0.00136. (54)

3.2 Pricing Credit Default Swaps

In this subsection we revisit the three-firm example in Section 3.1.2. The
focus here is on the pricing of credit default swaps (CDS), an insurance-like
security which helps to transfer credit risk. Specifically, we assume that the
buyer of the CDS agrees to make continuous premium payments at a fixed
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rate until the expiration of the contract. The seller agrees to pay $1 at the
expiration of the contract if the reference credit defaults prior to expiration.”

Using the notation from Section 3.1.2, we assume that the CDS buyer has
default time 74 with intensity A?, the seller, 72 with A?, and the reference
credit, 7¢ with \°. We also assume a short rate r to be used for discounting
cash flows. The present value of the premium payment from the buyer is

then
T s
E </ exp (—/ Tudu) y1{5<TA}ds) , (55)
0 0

where y denotes the CDS premium rate and 7T the time to expiration of the
contract. The indicator function reflects the fact that the premium payment
stops given a default by the CDS buyer.

The present value of the seller’s payment at the time of default by the

reference credit is
T
E (exp <—/ rudu) 1{TC§T’TB>T}) : (56)
0

The indicator here shows that the default protection is effective if the ref-
erence credit event occurs prior to the CDS expiration, and then only if
the seller is still alive to honor its obligations. Setting the two sides of the
contract equal in value, we obtain the CDS premium as

E (exp (— fOT Tudu> ].{TC§T7TB>T})
E (fOT exp (— [ rudu) 1{S<TA}dS> .

Remark 8 When A\, A%, AY, and the short rate r are all FX-adapted
processes, equation (57) can be reduced to [following Lando (1998)]:

E (exp (— fOT (ru + )\f) du) — exp (— fOT (ru + A 4 )\3) du))
E (fOT exp (— Ji (ru + AL) du) ds) .

9In a typical CDS contract, the premium payment stops when the reference credit
defaults, upon which the default protection is paid. With our assumptions, CDS pricing is
more sensitive to the assumed default dependency structure. We also abstract away from
realistic features such as recovery rate, physical or cash settlement, cheapest-to-deliver
options, accrued interest, and considerations for debt restructuring. For an excellent
introduction to the conventions of the CDS market, see Berndt et al. (2004).

Y= (57)

y= (58)
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This is similar to an expression for the CDS premium in Longstaff, Mithal
and Neis (2003). The difference is due to our assumptions about the timing
of the cash flows and consideration for buyer and seller credit risk.

Instead of attempting analytical solutions as in Section 3.1.2, we use
Monte-Carlo simulation to numerically evaluate the expectations in (57).
Specifically, we assume a base case with the following parameters: r = 0.05,
T = 5, 190 = Q9o — A3p9 = 005, and 19 = A13 = Q91 = Q93 — A31 — Q32 — 001,
where the coefficients a;; are defined in reference to (34)-(36). We then vary
individual coefficients, keeping others fixed at their base case values, and
examine the corresponding change in the CDS premium y.

The results of this exercise are easy to understand. Generally, anything
that elevates the credit risk of the buyer or reference asset, or reduces the
credit risk of the seller, will increase the CDS premium. This can be a
direct effect, as illustrated in the top three panels in Figure 2, or an indirect
effect, as shown in the other six panels. Notably, an increase in as3 causes
the default correlation between the seller and the reference credit to go up,
reducing the CDS premium. This is the essence of an example on CDS
pricing in Jarrow and Yu (2001). Here we see that default contagion can also
propagate between the buyer and the seller (a2 and as;), and between the
reference and the buyer (a3 and a;3).

The absence of an effect due to changes in ass can be understood as fol-
lows. Since a protection payment requires that the seller does not default
until after the reference credit event, this coeflicient has no effect on the
numerator of (57). Instead, it enters CDS valuation by altering the distri-
bution of the buyer’s default time. If changing a,q constitutes a direct effect
on the distribution of 74, changing a3, a first order effect, then this would
be a second order effect, too small to be picked up by numerical simulations
presented here.

3.3 Pricing Basket Credit Default Swaps

In this subsection we apply the simulation-based approach to the valuation of
basket credit default swaps. An example of a basket CDS is a contract that
pays $1 if the first-to-default out of a portfolio of reference credits occurs prior
to expiration. For simplicity, we assume that the payment (if any) occurs at
expiration, and that the buyer pays a premium at the initiation of the swap.
With a constant interest rate r, this allows us to write the premium on the
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Figure 2: Changes in the CDS premium with respect to the default intensity
parameters. All parameters are at their base case values except for the one
being plotted.
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nth-to-default CDS as
yn =exp (—rT) P (7'(") < T) , (59)

where T is the maturity of the swap and 7™ denotes the nth-to-default time.

Evidently, the pricing of basket CDS is sensitive to default correlation
among the reference credits. The case where all defaults tend to happen at
the same time is clearly different from a case where all defaults are inde-
pendent. To examine the effect of the default correlation structure on basket
CDS pricing, we assume the following default intensity for I reference credits:

A, =a+ bF, + 61 {12r} (60)

which generalizes (48) by including a common factor F. This specification
recognizes that default correlation can arise by two mechanisms: 1) corre-
lation of the intensities through exposure to the same factor F'; 2) default
contagion through a jump in the intensity of size 6 at the first-to-default.
With empirically motivated choices for the coefficients, we can then ask what
fraction of the total default correlation is attributed to each source.

To simulate the default times, we set an overall horizon of, say, N = 100
years, and choose an interval of one year for discretization. Following the
total hazard construction, we first generate a discrete-time sample path of
length NV for the process F;, summarized by {F}}, <j<100- Then, for each

independent unit exponential E*, we find the integer n; such that

ni—2 ni—l
> (a+bF) <E'<Y (a+bF). (61)
j=0 j=0

The smallest such integer n = min (nq,...,ny) is defined as the first-to-

default time. In this procedure, a simple predictable process is used to ap-
proximate F}, thus turning the integral in the definition of the total hazard
into a summation, resulting in equation (61).

Having identified the first-to-default, one can show that the default time
7' can be determined by choosing an integer m; such that

m;—2 n—1 m;—1

Y (a+bFj+6) <E =) (a+bF) <> (a+bFj+56), (62)

j=n j=0 Jj=n
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Figure 3: The effect of the common factor and default contagion on the
marginal distribution and default correlation functions.

and then setting 7* to m;. If nothing less than 100 can be found to satisfy this
inequality, then we record the respective default time as being greater than
100 years. We repeat the above procedure many times in order to generate
the marginal distribution and default correlation functions over the domain
[0, 100].

As an illustration of this procedure, assume that there are 10 firms in the
industry. We take F}; to be the first common factor in the Driessen (2003)
model. This is a square-root diffusion with parameters x = 0.03, = 0.005,
and ¢ = 0.016. In the base case we take a = 0.004 and b = 5.707, which
correspond to Driessen’s Baa intensity parameters. In addition, we assume
that 6 = 0.002. This represents roughly a five percent jump over the long-run
mean of the default intensity.
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To study the effect of the common factor, we set 6 = 0 and change b
while maintaining the long-run mean of the default intensity at the base case
value (which means adjusting the value of a simultaneously). The results are
presented in the upper panels of Figure 3. In the case where b = 0, we let
a = 0.032535. One can see that there is zero default correlation between the
firms and that the marginal distribution reflects a constant intensity equal to
a. As b is increased, the survival (default) probability increases (decreases)
slightly due to the effect of Jensen’s inequality. The elevation of default
correlation, however, is much more noticeable.

In the lower panels of Figure 3, we also verify the impact of default
contagion on the outputs of the model. Specifically, we move away from
the base case by increasing 6 from 0 to 0.004. As indicated by the plot,
this increases default probability for all maturities. Default correlation, on
the other hand, initially increases with ¢ but decreases with 6 at longer
maturities. This is because at longer maturities the contagion effect has
already resulted in increased intensities, while the factor sensitivity of the
intensities has not changed.

We then take this example to the pricing of basket CDS. Specifically,
we assume a portfolio with 30 reference credits with the above intensity, a
constant interest rate of 5%, and a time to expiration of 5 years.

Figure 4 demonstrates how the correlation structure can affect the valu-
ation of basket CDS. First, with the overall mean of the intensity fixed, an
increase in the dependence on the common factor increases (decreases) the
probability that a large (small) number of defaults are observed prior to the
expiration of the swap. This is due to the default clustering effect introduced
by the common factor exposure of the default intensities.

A second way to inject more default correlation into the system is to
increase the parameter ¢, which describes the extent of default contagion. As
shown by the lower panel, an increase in  raises the basket CDS premium
for all n. The first-to-default premium is unchanged, however, as ¢ has no
effect on the distribution of the first-to-default time.

4 Conclusion

We introduce an intensity-based model of correlated defaults that offers more
flexibility than models based on the conditionally independent construction
(i.e. Cox processes). Specifically, we assume that the default intensities are
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driven by external common factors as well as defaults in the system. We
show that the “total hazard construction” of Norros (1987) and Shaked and
Shanthikumar (1987) can be extended to the simulation of default times with
such generalized intensities.

This approach can accommodate a wide range of default dependency
structures. In fact, we show that the Schonbucher and Schubert (2001) hybrid
approach that combines a single-obligor intensity-based model with a copula
function at the portfolio level can be considered as a special case of our
framework. In particular, the state-dependent joint distribution of default
times is completely determined by the default intensities.

Our approach is amenable to a wide range of applications to the valuation
of defaultable securities. We present simple examples of defaultable bonds,
and credit default swaps of the regular and basket type, where pricing is sen-
sitive to default dependency. These examples, however, are only illustrative
in nature, and further research is needed to make use of the full generality
of our approach.
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