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Résumé 
Durant la dernière décennie, la nouvelle réglementation du secteur bancaire a mené à 
un recours massifs aux notations financières. À titre d’exemple, on peut citer 
l’ensemble de recommandations stipulées par le Comité de Bâle sur le Contrôle 
Bancaire. Également, le modèle CreditMetrics, développé par la banque d’affaire JP 
Morgan en 1997, fait usage de ces notations financières pour la mesure du risque de 
crédit. Ainsi, on a pu assister à une amplification de l’activité de notation : un plus 
grand nombre de dettes et d’entreprises est noté par les agences spécialisées à l’instar 
de Moody’s et Standard & Poor’s. Une telle tendance sera bénéfique pour les 
prochaines études empiriques portant sur le sujet. 
 

Généralement, on analyse l’évolution du risque de crédit d’un ensemble des dettes via 
les matrices de transition. Ces matrices indiquent, par classe de risque, les 
probabilités de passage d’une note à une autre durant un horizon de temps déterminé. 
Ainsi, une estimation efficace de ces probabilités est cruciale pour la mesure de la 
Valeur à Risque d’un portefeuille d’obligations ou l’évaluation des dérivés de crédit. 
 

Au premier essai, on développe une nouvelle technique d’estimation des matrices de 
transition basée sur le théorème de Bayes. Cette nouvelle technique nous permet de 
conclure que la probabilité de défaut est strictement positive pour toutes les classes de 
risque et pour tout horizon de temps considéré. Également, il sera aisé de définir les 
intervalles de confiance de toute probabilité de transition grâce à cette estimation 
Bayesienne : une caractéristique permettant de répondre aux impératifs de la 
réglementation qui exige des tests hors échantillon.  
 

Les probabilités de défaut retrouvées par l’estimation Bayesienne sont utilisées pour 
la détermination de l’écart de crédit (spread) expliqué par le défaut, en appliquant le 
modèle développé par Dionne, Gauthier, Hammami, Maurice et Simonato (2005). 
Nos résultats démontrent que ces écarts de crédit sont supérieurs à ceux obtenus via 
l’estimation cohorte de la matrice de transition, pour des dettes à courte maturité. 
 

Le deuxième essai porte sur la corrélation des migrations. Une mauvaise estimation 
de cette corrélation peut induire une sous-évaluation du capital économique d’une 
banque et ainsi nuire à sa stabilité financière. Également, Duffie, Kapadia et Saita 
(2007) ont rappelé l’intérêt de bien analyser la corrélation des défauts afin d’évaluer 
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certains actifs financiers tels que les swaps de défaut sur panier (basket default 
swaps). Ainsi, une estimation efficiente de la corrélation des migrations est nécessaire 
pour la mesure du risque de crédit. 
 

Cependant, l’estimation et le report des 3136 corrélations de migration possibles en 
considérant 8 classes de risque ne seraient pas pratiques pour un gestionnaire de 
portefeuille. Ainsi, on adopte la méthodologie de Jafry et Schuermann (2004) qui 
consiste à calculer un indice de mobilité résumant l’ensemble des probabilités de 
transition d’une matrice. À partir des séries temporelles de ces indices de mobilité 
pour chacun des secteurs économiques aux U.S.A, on vérifie l’existence d’un 
phénomène de transmission des crises au sein du même secteur. La transmission des 
crises à travers les secteurs est étudiée par la suite en se basant sur un modèle VAR 
avec changement de régime. Nos résultats démontrent l’existence de deux régimes 
(faible et forte corrélation) ainsi qu’un phénomène de contagion entre certains 
secteurs. À titre d’exemple, la dégradation des notes financières au secteur industriel 
américain durant le régime de forte corrélation induit une dégradation des notes du 
secteur bancaire durant le prochain trimestre.  
 

Au troisième essai, on analyse l’énigme du choix de portefeuille proposée par Canner, 
Mankiw et Weil (1997). L’idée est de tester une conclusion de Elton et Gruber (2000) 
stipulant qu’un ratio obligations/actions décroissant en fonction de la tolérance face 
au risque n’implique pas nécessairement une contradiction par rapport à la théorie 
moderne de choix de portefeuille et n’introduit pas de doute sur la rationalité des 
choix individuels. À partir de données de 470 portefeuilles individuels d’une 
entreprise de courtage, on vérifie la pertinence de la mesure de tolérance au risque 
utilisée par Canner et al.(1997). Ensuite, on obtient que le ratio obligations/actions 
décroît en relation avec la tolérance face au risque. Finalement, on vérifie l’existence 
du théorème de séparation à deux fonds dans les données sur les actifs disponibles 
aux investisseurs de notre échantillon. 
 

Mots clés : Notation financière, matrices de transition, estimation Bayesienne, spread 
de défaut, indice de mobilité, contagion, rationalité de l’investisseur, énigme du choix 
de portefeuille, tolérance au risque, théorème de séparation, ratio obligations/actions. 
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Abstract  
 

Bank regulation urged an increasing use of credit ratings during last decade. For 

instance, we may cite the package of rules to assess the required capital as 

recommended by the Basel Committee on Banking Supervision. Moreover, the 

CreditMetrics model, developed in 1997 by JP Morgan, utilizes these credit ratings as 

a key input to measure credit risk. As a result, we notice an increase of the credit 

rating activity: credit rating agencies such as Moody’s or Standard & Poor’s, assign 

ratings for a higher number of issues. Thus, more valuable and accurate information 

could be obtained from these larger data samples.  

 

Usually, the credit risk dynamics are captured via transition matrices. A credit rating 

transition matrix corresponds to a summary of probabilities for a particular rating to 

migrate to other ratings within a period of time. Thus, an accurate estimation of these 

probabilities is needed to measure the Credit Value at Risk of bonds portfolio or to 

price defaultable securities and credit derivatives. 
 

In the first essay, we develop a new method for estimating the rating transition matrix 

based on Bayes theorem. We show that default probabilities are non-zero even for the 

highest rated classes and short maturities. Besides, the Bayesian technique allows us 

to derive confidence intervals for the transition probabilities. Such ability conforms 

the regulatory concerns about out of sample testing. Then, we use our Bayesian 

default probabilities to determine the corporate bond spreads explained by default 

risk. We adopt the same methodology as described in Dionne, Gauthier, Hammami, 

Maurice, and Simonato (2005) to compute the default spreads. Our results show that 

the default spreads are higher than those obtained by cohort technique for short 

maturities. 
 

The second essay deals with migration correlation. An omission or an inaccurate 

estimation of that correlation will induce a misestimation of the regulatory capital 

and, consequently, will embrittle the company's financial stability. Moreover, Das, 

Duffie, Kapadia, and Saita (2007) document that default correlation analysis is 



 vi
 

needed for asset pricing such as basket default swaps. Thus, an efficient estimation of 

the migration correlation is necessary to assess the credit risk. 
 

However, reporting all migration correlations seems confusing: 3136 migration 

correlations should be estimated if we consider 8 credit rating classes. Thus, we 

follow Jafry and Schuermann (2004) to summarize the rating transition matrix into a 

scalar (a mobility index). Once time series of theses indices are obtained for each 

U.S. business sector, we check if the crisis transmission phenomenon exists within 

each business sector. Then, we test for possibly crisis transmission phenomenon 

among sectors by estimating a Markov Switching Vector Autoregressions model. The 

results obtained provide evidence of high and low correlation regimes and prove 

default contagion among some sectors. For example, more downgrades in the U.S. 

industrial sector during the high correlation regime imply more downgrades in the 

U.S. banking sector during the next three months. 
 

The third essay proposes an empirical test to the asset-allocation puzzle posed by 

Canner, Mankiw, and Weil (1997). These authors conclude that the recommendations 

of some financial advisors are inconsistent with optimal allocation as predicted by 

modern portfolio theory.  
 

Our study considers individuals’ portfolio choices instead of recommendations from 

financial advisors. From data on the portfolio composition of 470 clients of a 

brokerage firm, we have presented a careful verification of the reliability of the risk-

tolerance measurement used by the authors. Then, we have obtained that the 

bonds/stocks ratio does decrease in relation to risk tolerance by using individuals’ 

portfolios. This result complements the findings of Canner, Mankiw, and Weil (1997) 

and Elton, and Gruber (2000). Finally, we have verified the existence of the two-fund 

separation theorem in the assets data available to the investors in our sample 

 
Keywords: Credit rating transition matrices, Bayesian estimation, default spread, 

mobility index, credit contagion, investor rationality, asset allocation puzzle, risk 

tolerance, separation theorem, bonds/stocks ratio. 
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Chapter 1 

A Bayesian Framework for Explaining the Rate Spread 
on Corporate Bonds 
     

1.1 Introduction 
 

The implementation of the Basel II accord scheduled to the end of 2007 has increased 

the academic and professional interest to credit risk modeling. Therefore, many 

techniques are developed by the industry such as the KMV model based on Merton's 

(1974) framework, the CreditRisk+ designed by Credit Suisse (1997) and the 

CreditMetrics model developed in 1997 by JP Morgan. A key input of the latter 

model is the credit rating transition matrix provided by rating agencies like Moody's 

or Standard and Poor's. 
     
The credit rating transition matrix is essentially an overall summary of the 

probabilities for a particular rating to migrate to other ratings (including default) 

within a period of time. It should capture the true dynamics of corporate bond credit 

quality. A change in the rating reflects the assessment that the company's credit 

quality has improved (upgrade) or deteriorated (downgrade). Thus, an accurate 

estimation of the transition probabilities is useful for practitioners. It allows, for 

example, to measure the Credit Value at Risk of bonds portfolio or to price 

defaultable securities and credit derivatives. For instance, Jarrow, Lando, and 

Turnbull (1997) have used these transition probabilities to model the term structure of 

credit risk spreads. 
     
A wider use of the credit rating transition matrix in the future is expected as a 

consequence of the increasing number of rated firms1 and the large practice of 

Internal Ratings Based (IRB) approach. Indeed, the Basel Committee on Banking 

Supervision (BCBS 2001) recommended the IRB approach since it secures incentive 
                                                 
1 The Moody's database documents less than 1300 ratings for the U.S. firms during the eighties, versus 
more than 2500 ratings since 1997. 
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compatibility and additional risk sensitivity for the banks: two key objectives of the 

New Basel Capital Accord. Moreover, Treacy and Carey (2000) document that the 

internal credit ratings were adopted increasingly by banks during the last two decades. 

Thus, the estimated transition probabilities should be more accurate and practitioners 

should be more convinced to utilize such risk management tool. 
     
Many techniques are already available to estimate the transition probabilities. The 

cohort and the generator methods, described in details in the following section, are 

widely analyzed by previous studies. The first is attractive by its simplicity while the 

second is useful to estimate rare migration probabilities. Indeed, highly rated firms do 

not default in the short term and a nil default probability will be obtained by applying 

the cohort technique. However, the Basel Committee on Banking Supervision (BCBS 

2005) urges banks to consider a minimal one-year probability of default standing at 

0.03% when calculating their capital requirements. 
     
In the present study, we propose a new estimation technique based on Bayes theorem. 

Such technique allows for migration probabilities strictly higher than zero even for 

non observed events. A second benefit of the Bayesian technique consists on the 

possibility to derive a statistical distribution of each element of the credit rating 

transition matrix. Therefore, the confidence sets, the raw and central moments are 

easily obtained. 

     

The transition probabilities, obtained via the Bayesian technique, will be the key 

inputs to evaluate the corporate spread explained by the default risk. To do so, we will 

consider the discrete time model provided by Dionne, Gauthier, Hammami, Maurice, 

and Simonato (2005) to assess the default spread as a function of the recovery rate 

and the default probability of a corporate bond. 

 

The remainder of our paper is structured as follows: the next section reviews the usual 

techniques of estimation of the credit rating transition matrix. The third section 

describes our Bayesian technique: we document and motivate our choice of the prior 

distribution and the likelihood function and we expose the obtained posterior 
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distribution. The data description and the estimation results are available in section 

1.4. The fifth section relates to the default spreads for corporate bonds measured by 

use of Dionne et al. (2005) model and the default probabilities derived from the 

Bayesian technique. Finally, concluding remarks will follow in section 1.6. 

1.2  Literature review 
 

Transition matrices are at the center of modern credit risk management. The reports 

on rating migrations published by Standard and Poor's and Moody's are studied by 

credit risk managers around the world and several of the most prominent risk 

management tools, such as JP. Morgan's CreditMetrics and McKinsey's Credit 

Portfolio View are built on estimates of rating migration probabilities. 

 

Two main techniques are already cited by previous studies to estimate the transition 

probabilities. We cite the classical cohort method, and the generator method. A brief 

description of these techniques, their assumptions and limits are now presented: 

1.2.1 The cohort method 
 

The transition probabilities reported by the rating agencies are generally computed by 

use of the cohort technique. The key input of such method is the total rating 

migrations observed during a specific period and summarized in the matrix N below. 

 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
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N

L

MOM

L

0

111

    (1.1) 

    

 where  represents the total number of firms rated at the i-th class of risk at the 

beginning of the period and rated at the j-th class at the end of the same period. The 

total number of risk classes, including default, stands at K. 

ijn
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Given these migrations, we can estimate the rating transition probability from class i 

to class j (denoted by ) as follows: ijp̂

 

∑
=

= K

j
ij

ij
ij

n

n
p

1

ˆ     (1.2) 

     

Finally, the whole estimated rating transition probabilities are summed up in the 

following matrix  cohortP̂
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The major limit of this cohort technique consists on the estimation of rare events. If 

the migration from class i to class j does not occur during the specified period, the 

estimated transition probability  will be equal to zero. However, such statement is 

not acceptable for regulatory and logical reasons. First, we recall the minimal one-

year probability of default standing at 0.03% recommended by the Basel Committee 

on Banking Supervision when calculating the capital requirements for banks. 

Secondly, if during a specific period there are no transitions from class i to class k, but 

there are transitions from class i to class j and from class j to class k (but by other 

firms), then the estimated  should be non-zero, since there is a chance of 

successive transitions, even if this event does not happen for one single firm in the 

sample. 

ijp̂

ikp̂

1.2.2 The generator method 
 

Lando and Skødeberg (2002) provide a new approach to deal with the estimation of 

rare events. By use of a continuous time data, one should estimate, as a first step, the 

following generator matrix Λ. 
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where  corresponds to the total number of firms in the rating class i during the 

time s, and  relates to the number of migrations from the rating class i to the 

rating class j observed over the period T. Therefore, any period of time spent by a 

firm in the class i will be detected through the denominator 

( )sYi

( )Tmij

     
The second and final step to estimate the (K * K) transition probabilities in a time 

period t consists on computing the matrix exponential of Λ multiplied by t. In other 

words, 
 

( )tPgenerator Λ= expˆ      (1.6) 
 

where 
 

( ) ( )∑
∞

=

Λ
=Λ

0 !
exp

k

k

k
tt      (1.7) 

 

Applying this generator method allows generally for strictly positive transition 

probabilities estimates even for rare or non observable events. However, two limits 

prevent us using such a technique in practice. In general, the continuous time data is 

not provided by ratings agencies. Moreover, the high stability of particular issues 
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(namely the sovereign compared to the private issues)2 is problematic: the estimated 

transition probability for some rare events could be equal to zero even by using 

continuous time data and the generator method. 

1.3 Bayesian estimation of the transition probabilities 
 
In the present section, we will develop our methodology, based on Bayes theorem, to 

estimate the transition probabilities. Such methodology is attractive for practitioners 

since it prevents nil estimates of the all the migration probabilities even for highly 

stable issues and discrete time data. Moreover, it could generate, analytically, a 

statistical distribution for each element of the transition matrix. Thus, descriptive 

statistics and confidence sets of each transition probability are easily established. 
     
The obtained statistical distribution, known as the posterior distribution, needs as key 

inputs a prior distribution and the likelihood function. Both inputs are now described. 

1.3.1 Prior distribution 
 

The prior distribution represents our prior information about the parameters that will 

be estimated. Such prior information could be provided by previous studies, or by 

expert opinion. As an example, suppose a parameter θ that cannot be negative 

theoretically (number of defaults per year for example). The chosen prior distribution 

for θ, such as the Chi square or the Poisson, should be one that can incorporate the 

available information on the range of θ. In the opposite, the normal distribution would 

be an inadequate choice since it allows negative values for the parameter. 

 

Besides, the choice of the prior information will induce the posterior distribution of 

the parameter: different priors will lead to different estimates. To avoid such 

dependence on priors, one may choose vague or diffuse prior information3. 

     

                                                 
2 See Standard & Poor's (2007) report for comparative statistics. 
3 Such prior could be found using Jeffrey’s rule or Maximal Data Information Prior (known as MDIP) 
criterion. 
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In order to select a convenient prior distribution, we should take into account the two 

fundamental properties of the transition probabilities. The first property concerns the 

unitary sum of transition probabilities belonging to the same row. The second 

property relates to the boundaries of the transition probabilities: each migration 

probability must belong to the [0 , 1] interval. Analytically, we should have: 

 

{ }
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⎧

≤≤

∈=∑
=

10
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b
ij

K

j

b
ij

p

Kip K
     (1.8) 

  

where  relates to the migration probability from class i to class j by use of the 

Bayesian technique. 

b
ijp

     

The Dirichlet distribution looks as a promising candidate to model our prior 

information. Such multivariate distribution conforms both fundamentals properties 

discussed above. Therefore, each row ( )b
iK

b
i pp ,,1 K  of the transition matrix follows a 

Dirichlet distribution with K parameters ( )iKi αα ,,1 K . In other words, we have: 

 

( ) ( )iKi
b
iK

b
i Dirpp αα ,,,, 11 KK →     (1.9) 

 

with 0≥ijα  for . Then, we can derive the distribution function: { Kj ,,1K∈ }
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α
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K   (1.10) 

  

where Γ(.) designates the Gamma function: ( ) ∫
+∞ −−=Γ

0

1 dtet t
ij

ijαα  
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Moreover, the Dirichlet distribution is highly flexible. The variation of its parameters 

implies different features. Let's examine the 3 dimensional case (K = 3). As shown in 

Figure 1.1 below, changing each of the 3 parameters ( )321  , , ααα   leads to a new 

shape of the distribution. The top left case ( )1321 === ααα  looks more suitable to 

represent a diffuse prior whereas the bottom right case ( )10321 === ααα   

corresponds to the prior information with the highest accuracy (among the 4 cases 

considered). 

     

 (Figure 1.1 about here) 

 1.3.2 Likelihood function 
 

The second input of Bayesian estimation is the likelihood function. The choice of the 

likelihood function depends on the mechanics of the problem to hand. It is the same 

problem faced using classical inference: which model should one choose for the 

available data? 

     

Often, knowledge of the structure by which the data is obtained may suggest 

appropriate models such as Binomial sampling or Poisson counts. For our case, the 

observed migrations can be captured by a Multinomial distribution. The  firms 

belonging to the i-th rating class at the beginning of the period will migrate to one of 

the K rating classes. Thus, we have the equality: 

iN

 

∑
=

=
K

j
iji nN

1
    (1.11) 

  

where  designates the total number of firms rated at the i-th class of risk at the 

beginning of the period and rated at the j-th class at the end of the same period. 

ijn

     

Therefore, the Multinomial distribution of the  firms is derived conditional on the 

parameters  defined earlier. In other words, 

iN

b
ijp
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j
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b
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ijp
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ppnn

1

1

11

!

!
,,,,Pr KK  (1.12) 

1.3.3 Posterior distribution 
 

Once we defined the prior distribution and the likelihood function, we can derive the 

posterior distribution by use of the Bayes Theorem. The distribution function of the 

estimated probabilities ( )b
iK

b
i pp ,,1 K , conditional on the observed migrations 

( )iKi nn ,,1 K  is the following: 

 

( ) ( ) ( )b
iK

b
iiKi

b
iK

b
iiKi

b
iK

b
i ppnnppfnnpp ,,,,Pr*,,,,,,Pr 11111 KKKKK ∝      (1.13) 

 

Deriving this distribution function leads us to: 
 

( ) ( )∏
=

−+
∝

K

j

nb
ijiKi

b
iK

b
i

ijijpnnpp
1

1
11 ,,,,Pr α
KK   (1.14) 

 

which corresponds to the kernel of a Dirichlet distribution with K parameters, namely 

( )iKiKii nn αα ++ ,,11 K . Thus the Dirichlet distribution corresponds to a conjugate 

prior which is a useful feature: it allows for updating estimated results by adding new 

data. 
     

Thus, the Bayesian technique allows us to specify the whole distribution of each row 

of the transition matrix. However, for practical reasons, we should report only some 

statistics of the derived distributions. For example, the mean of the estimated 

probability of  equals: b
ijp
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α

α
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Focusing on this point estimate allows us to conclude with three main remarks. First, 

the mean estimated migration probability is an increasing function with reference to 

. Secondly, it decreases with reference to : the impact of the priors will be 

minimized when considering large samples. This is not be surprising since larger 

samples are synonymous of higher accuracy. Finally, by considering more classes 

(increasing K) we diminish all point estimates. 

ijn iN

     
The variance of each estimated transition probability equals: 
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  (1.16) 

1.4  Empirical results 
 

Once we have exposed our Bayesian framework to estimate the transition 

probabilities, we will compare the results obtained if applying such technique with 

those induced by the cohort method. To do so, we start by describing the data used. 

The comparative results follow. 

1.4.1  Data description 
 

Our database consists on the yearly transition matrices available from Moody's, from 

1987 to 1996 for the U.S. industrial bonds. Thus, we take into account only the rating 

of each firm at the beginning and at the end of each year. The withdrawn issues are 

discarded from the analysis since they cannot be explained by a deterioration of the 

credit quality. Finally, we consider 8 classes of risk, namely Aaa, Aa, A, Baa, Ba, B, 

Caa-C and default. Such classification is privileged by previous studies to deal with 

the data scarcity. The total migrations observed during the whole period are 

summarized in the following table. 

 

(Table 1.1 about here) 
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From Table 1.1, we notice that all bonds rated Aaa, Aa or A at the beginning of the 

year did not default by the end of the same year. Thus, by applying the cohort 

estimation, the default probability for each of these bonds equals zero. The other 

estimated transition probabilities obtained by the cohort or Bayesian techniques will 

be discussed in the next subsections. 

1.4.2  Cohort transition probabilities 
 

Based on migrations shown in Table 1.1, we obtain the following cohort transition 

probabilities 

 

(Table 1.2 about here) 

 

We remark the high stability of the ratings during a year, especially for investment 

grade issues. More than 88% of these issues keep the same rating within a year, 

whereas only 66% of the Caa-C rated issues remain in the same class within the same 

period. 

1.4.3  Bayesian transition probabilities 
 

The Bayesian estimation needs the determination of the prior distribution parameters. 

In other words, we have to make assumptions about the  terms defined in (1.9). For 

instance, we assume a pre-defined structure of these terms that captures some stylized 

facts. For our case, we suppose that: 

ijα

 
ji

ij
−= θα  { } { }1,,1 and ,,1 −∈∈∀ KiKj KK   (1.17) 

 

with .1≤θ  

     

Thus, knowing the scalar θ allows us to derive the K(K - 1) terms ijα . Moreover, with 

such a structure, we give more emphasis to the diagonal elements of the transition 
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matrix. As cited by previous studies, the highest transition probabilities correspond 

usually to the non migration cases. The transition probabilities should decrease for the 

off-diagonal elements: the far we are from the diagonal, the lower is the transition 

probability. The structure defined above takes into account the gap between the initial 

and the final ratings to derive the ijα . 

     

A particular discussion should be accorded to the (θ = 1) case. For such a situation, 

we give the same importance for all transition probabilities. In other words, we 

consider the least informative prior, i.e. the prior that provides no additional 

information when estimating the transition probabilities. 

     

However, a θ strictly lower than one looks more realistic. Indeed, we notice generally 

that more than 50% of the issues remain in the same rating within the year4. Also, 

minor rating changes (for example from Aaa to Aa) are generally more frequent than 

higher rating changes (from Aaa to B for example). We can take into account such 

information by choosing a θ lower than one. 

     

By setting a θ equal to (1/4), we obtain a prior information that conforms some 

stylized facts: the proportion of issues keeping the same rating within a year is higher 

than 60% and decreasing transition probabilities are observed for higher gaps between 

the initial and final ratings. Thus, by applying the expression (1.15) to our database, 

we obtain the following average transition probabilities by use of the Bayesian 

estimation5. 

 

(Table 1.3 about here) 

 

We notice the usefulness of the Bayesian technique: it allows for non zero transition 

probabilities, on average, even for the non observed transitions such as the migration 

from the Aaa to default. Also, we remark the monotonicity property: a lower credit 
                                                 
4 Such feature is also observable from our database. More than 66% of the issues had kept the same 
rating within the year. 
5 Others values of θ will be considered later to assess the robustness of our results. 
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quality is synonymous of higher estimated default probability. Moreover, we recall 

the possibility to derive analytically the standard deviation of each transition 

probability. Following the result in (1.16), the standard deviations of the estimated 

transition probabilities are equal to: 

 

(Table 1.4 about here) 

 

From Table 1.4, we notice higher levels for the standard deviations of the rating 

classes with fewer observations at the beginning of the year. For example, the total 

number of A and Caa-C rated issues at the beginning of the year stands, respectively, 

at 5205 and 256. The average standard deviation for the first rating class equals 

0.132% while the same average for the second class equals 1.100%. 

     

Furthermore, we can draw the statistical distribution of each Bayesian transition 

probability. The following plots display the statistical distribution of some of them6: 

 

(Figure 1.2 about here) 

        

From Figure 1.2, we notice the skewness of some statistical distributions: the 

estimated transition probability from Baa to default is right skewed whereas the 

estimated probability to remain in Aaa class looks left skewed. 

     

Also, the Bayesian technique allows us to derive the confidence sets of each transition 

probability, as done by Christensen, Hansen, and Lando (2004). Simulating the 

obtained posterior distributions (a Dirichlet distribution for each rating class), allows 

us to derive the following 99.9% confidence intervals for the Bayesian transition 

probabilities. 

 

(Table 1.5 about here) 

                                                 
6 These univariate statistical distributions are obtained via 100 000 simulations from the Dirichlet 
distribution. 
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Again, we notice the monotonicity property from Table 1.5. The lower and upper 

bounds of estimated default probabilities never increase for higher credit quality 

issues. 

     

Finally, it is worth noting that all the previous results relating to the Bayesian 

estimation are derived by assuming a θ equal to (1/4). Thus, we should check the 

robustness of our results by considering different values of the θ parameter. To do so, 

we simulate the Bayesian transition probabilities by applying expressions (1.14) and 

(1.17) for various values of θ. We consider a θ equal to one (synonymous to a diffuse 

prior) and (1/2). Table 1.6 below reports the mean and 99.9% confidence intervals for 

one year default probabilities by assuming different values of θ. 

 

(Table 1.6 about here) 

 

Four main remarks should be noticed from Table 1.6. First, we observe the superiority 

of the Bayesian technique, with comparison to the cohort technique: the average 

default probability is strictly higher than zero for each issue and each θ considered. 

Secondly, the confidence intervals obtained with θ = 1/2 or θ = 1 for Aaa, Aa, A rated 

issues, include the minimal one year default probability (0.03%) set by the Basel 

Committee on Banking Supervision (BCBS 2005). A nil one year default probability 

would be obtained for the same issues if applying the cohort technique.  

 

The third remark concerns the monotonicity property. For instance, upper bounds of 

the Aaa default probabilities are higher then those of Aa rated issues with θ = 1/2 or   

θ = 1. Such result should not be considered as counterintuitive since it indicates only 

the boundaries of confidence intervals. We expect wider confidence intervals for Aaa 

rated issues (with comparison to Aa rated issues) as a consequence of their lower 

sample size7 and consequently their higher standard deviation derived from (1.16)8. 

                                                 
7 Following Table 1.1, the total number of Aaa and Aa rated issues stands at 612 and 2050 respectively. 
8 For θ = 1 (respec. θ = 1/2), the standard deviation of the Aaa probability of default equals 0.161% 
(respec. 0.014%) whereas it stands at 0.049% (respec. 0.006%) for the Aa probability of default. 
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Let's focus on the θ = 1 case: the upper bound of the Aa default probability is larger 

than the lower bound of Aaa default probability. Thus, we cannot confirm that the Aa 

default probability is lower then the Aaa default probability. By same reasoning, we 

cannot reject the monotonicity property for the whole Bayesian default probabilities 

displayed in Table 1.6. 

     

Finally, we notice the impact of a selected prior distribution on the estimated default 

probabilities. A higher θ increases the default probabilities especially for issues never 

defaulting during the observed period (namely Aaa, Aa and A rated issues). Thus, by 

increasing θ, we accord relatively more confidence to the expert opinion (with 

reference to the information provided from the database). 

1.5  Default spreads 
     

In order to assess the impact of our Bayesian estimates on risk management, we will 

compare the default spreads9 obtained by use of the cohort method and those of the 

Bayesian technique. To do so, we will consider the discrete time framework of 

Dionne et al.(2005) to derive the default spreads from the default probabilities. 

     

Following Dionne et al.(2005), the default spread at time t of a defaultable bond, 

maturating in (T - t) periods, equals: 

 

( ) ( )tT
p

TtS
t

tT

−Δ
−= −ln

,      (1.18) 
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9 The corporate rate spreads which can be attributed to default risk. 
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where  designates the probability, under the risk-neutral measure Q, that the default 

will occur in exactly u periods from now and 

uq

ρ  corresponds to the recovery rate. 

     

For the present study, we will focus on the default spread of the investment grade 

bonds, namely the issues rated Aaa, Aa, A or Baa with maturities ranging from one to 

ten years. By analogy to Elton, Gruber, Agrawal, and Mann (2001), we will consider 

the recoveries rates reported by Altman and Kishore (1998). In other words, the 

recovery rates for Aaa, Aa, A and Baa issues stand at 68.34%, 59.59%, 60.63% and 

49.42%, respectively. 
     
Let's start by computing the cohort and Bayesian default probabilities. A θ equal to 

(1/4) is considered to derive the Bayesian probabilities. Table 1.7, below, reports the 

cumulative default probabilities for investment grade issues for maturities ranging 

from one to ten years. 
 

(Table 1.7 about here) 
 

From Table 1.7, we detect the impact of our Bayesian estimates especially for Aaa 

rated issues. The cumulative default probabilities of Aaa issues obtained by both 

techniques (cohort and Bayesian) roughly converge for maturities higher than five 

years. The cumulative default probabilities convergence is faster for the remaining 

issues. 
     
Recall that the adjustment recommended by the Basel Committee on Banking 

Supervision relates only to short maturities. The convergence noticed in Table 1.7 is 

in favour of our Bayesian specification: for short maturities, we obtain non zero 

default probabilities, even for highly rated issues. The default probabilities for longer 

maturities are similar to those obtained by cohort technique. 
     
We notice that the default probabilities used in (1.19) to measure the default spreads 

correspond to the marginal default probabilities and not to the cumulative 

probabilities reported in Table 1.7. Recall that the marginal probability of default 
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during year u indicates the conditional probability of defaulting during year u, 

knowing that no default occurs before. Thus, denoting by τ  the year of default, the 

marginal probability of default during year u is the following: 
 

( ) ( )
( )

( ) ( )
( )11

1
1

1;1
−=−

−=−=
=

−>
−>=

=−>=
uP

uPuP
uP

uuPuuP
τ

ττ
τ

ττττ             (1.20) 

  

where ( uP = )τ  denotes the cumulative default probability during year u. 

     
By applying (1.18) and (1.19), we obtain the following default spreads for investment 

grade issues and maturities ranging from one to ten years. 
 

(Table 1.8 about here) 
 

Again, we observe the similarity of cohort and Bayesian techniques for long 

maturities. For shorter maturities, the corporate spreads explained by default risk is 

higher by applying the Bayesian technique. 

1.6  Conclusions 
 

In this paper we presented an alternative approach for estimating the one-year 

transition matrix based on a Bayesian framework. The results reveal that the default 

probabilities resulting from this study are non-zero for the highest ratings unlike what 

is reported in Moody's and Standard and Poor's transition matrices. Moreover, this 

Bayesian technique allows deriving confidence intervals for the transition 

probabilities and, thus, conforming the regulatory concerns about out of sample 

testing 

         

We then focused on the estimation of the default spread using the Bayesian transition 

matrix. The results obtained show that the corporate spreads explained by default risk  

are higher for short maturities and high rated issues, relatively to those computed 

from the cohort transition matrix. Both techniques lead roughly to the same default 

spreads for longer maturities. 
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As an extension, we should test if the results obtained are specific to the likelihood 

function and the prior distribution used for the Bayesian estimation. Simulation 

methods could be used if the posterior distribution cannot be expressed analytically. 
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Table 1.1: Total yearly migrations for the U.S. industrial bonds from 1987 to 1996 
 

Table 1.1 reports rating migrations for the U.S. industrials bonds from 1987 to 1996. 

8 classes of credit risk are considered, including the default state. 
  

 Aaa Aa A Baa Ba B Caa-C D 

Aaa 570 41 1 0 0 0 0 0 

Aa 16 1823 205 3 2 1 0 0 

A 2 86 4819 255 34 8 1 0 

Baa 2 86 213 3061 156 26 3 3 

Ba 1 11 22 168 3055 315 12 71 

B 1 1 8 22 181 2411 84 240 

Caa-C 0 0 0 2 5 25 169 55 

 

 

 

 

 

Table 1.2: Cohort transition probabilities for the U.S. industrial bonds (%) 
 

Following Table 1.1 and Equation (1.2), we obtain these transition probabilities for 

the 8 classes of credit risk. 
  

 Aaa Aa A Baa Ba B Caa-C D 

Aaa 93.14 6.70 0.16 0.00 0.00 0.00 0.00 0.00 

Aa 0.78 88.93 10.00 0.15 0.10 0.05 0.00 0.00 

A 0.04 1.65 92.58 4.90 0.65 0.15 0.02 0.00 

Baa 0.06 0.32 6.13 88.09 4.49 0.75 0.09 0.09 

Ba 0.03 0.03 0.60 4.61 83.81 8.64 0.33 1.95 

B 0.03 0.10 0.27 0.75 6.14 81.73 2.85 8.14 

Caa-C 0.00 0.00 0.00 0.78 1.95 9.77 66.02 21.48 
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Table 1.3: Mean Bayesian transition probabilities (%) 
 

Considering a θ = (1/4) and following Table 1.1 and Equation (1.15), we obtain these 

mean Bayesian transition probabilities for the 8 classes of risk. 
  

 Aaa Aa A Baa Ba B Caa-C D 

Aaa 93.10 6.73 0.17 2.6e-03 6.4e-04 1.6e-04 4.0e-05 1.0e-05

Aa 0.79 88.91 10.00 0.15 0.10 0.05 4.8e-05 1.2e-05

A 0.04 1.66 92.57 4.90 0.65 0.15 0.02 1.9e-05

Baa 0.06 0.32 6.13 88.07 4.49 0.75 0.09 0.09 

Ba 0.03 0.03 0.61 4.61 83.80 8.64 0.33 1.95 

B 0.03 0.10 0.27 0.75 6.14 81.72 2.85 8.13 

Caa-C 9.5e-05 3.8e-04 1.5e-03 0.78 1.97 9.80 66.00 21.45 

 

 

 

 

 

Table 1.4: Standard deviation of Bayesian transition probabilities (%) 
 

Table 1.4 reports the standard deviation of Bayesian transition probabilities obtained 

by considering a θ = (1/4) and following Table 1.1 and Equation (1.16). 
  

 Aaa Aa A Baa Ba B Caa-C D 

Aaa 1.023 1.011 0.168 0.020 0.010 0.005 0.003 0.001 

Aa 0.196 0.693 0.662 0.085 0.069 0.049 0.002 7.6e-04

A 0.028 0.177 0.363 0.299 0.112 0.054 0.019 6.0e-04

Baa 0.041 0.096 0.407 0.550 0.351 0.146 0.05 0.050 

Ba 0.027 0.028 0.128 0.347 0.610 0.465 0.095 0.229 

B 0.034 0.059 0.096 0.159 0.442 0.711 0.306 0.503 

Caa-C 0.006 0.012 0.024 0.548 0.863 1.849 2.946 2.553 
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Table 1.5: Confidence intervals of Bayesian transition probabilities (%) 
 

Table 1.5 displays the 99.9% confidence interval of each Bayesian transition 

probability. 100 000 simulations from the Dirichlet distribution are used, by 

considering a θ = (1/4).  Panel A reports the lower bounds of each confidence interval. 

Panel B reports the upper bounds. 

  

Panel A: Lower bounds of Bayesian transition probabilities (%) 
  

 Aaa Aa A Baa Ba B Caa-C D 

Aaa 89.31 3.84 1.7e-04 0.00 0.00 0.00 0.00 0.00 

Aa 0.29 86.49 7.94 0.01 1.9e-03 2.3e-05 0.00 0.00 

A 6.3e-04 1.14 91.33 3.98 0.35 0.03 1.1e-05 0.00 

Baa 9.9e-04 0.09 4.89 86.21 3.44 0.36 4.3e-03 4.1e-03

Ba 1.8e-05 1.4e-05 0.27 3.52 81.70 7.21 0.10 1.29 

B 1.8e-05 4.9e-03 0.06 0.33 4.78 79.29 1.94 6.58 

Caa-C 0.00 0.00 0.00 0.01 0.24 4.77 55.91 13.94 

 

 

 

Panel B: Upper bounds of Bayesian transition probabilities (%) 
  

 Aaa Aa A Baa Ba B Caa-C D 

Aaa 96.02 10.43 1.26 0.37 0.24 0.10 0.01 2.6e-06

Aa 1.59 91.06 12.31 0.59 0.49 0.37 0.03 6.2e-03

A 0.19 2.28 93.73 5.95 1.08 0.40 0.15 8.0e-03

Baa 0.29 0.72 7.53 89.80 5.75 1.33 0.34 0.35 

Ba 0.21 0.21 1.11 5.83 85.76 10.25 0.73 2.79 

B 0.27 0.41 0.70 1.40 7.68 84.00 3.96 9.89 

Caa-C 0.02 0.20 0.50 3.84 6.13 16.75 75.07 30.57 
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Table 1.6: Default probabilities for various prior's structures (%) 
 

Panel A of Table 1.6 reports the mean Bayesian default probabilities for various 

values of parameter θ. Panel B reports the 99.9% confidence interval of each 

Bayesian default probability via 100 000 simulations from the Dirichlet distribution.  

 

 

Panel A: Mean Bayesian transition probabilities (%) 
 

 Cohort θ = 1/4 θ = 1/2 θ = 1 

Aaa 0.00 1.0e-05 0.001 0.16 

Aa 0.00 1.2e-05 0.001 0.05 

A 0.00 1.9e-05 0.001 0.02 

Baa 0.09 0.09 0.09 0.12 

Ba 1.95 1.95 1.95 1.97 

B 8.14 8.13 8.14 8.15 

Caa-C 21.48 21.45 21.47 21.21 

 

 

 

Panel B: Confidence intervals of Bayesian transition probabilities (%) 
  

 Cohort θ = 1/4 θ = 1/2 θ = 1 

Aaa 0.00 [0.00 ; 2.6e-06] [0.00 ; 0.30] [7.4e-05 ; 1.20] 

Aa 0.00 [0.00 ; 6.2e-03] [0.00 ; 0.11] [2.7e-05 ; 0.36] 

A 0.00 [0.00 ; 8.0e-03] [0.00 ; 0.05] [9.9e-06 ; 0.14] 

Baa 0.09 [4.1e-03 ; 0.35] [4.5e-03 ; 0.35] [0.01 ; 0.40] 

Ba 1.95 [1.29 ; 2.79] [1.28 ; 2.80] [1.30 ; 2.83] 

B 8.14 [6.58 ; 9.89] [6.58 ; 9.88] [6.56 ; 9.92] 

Caa-C 21.48 [13.94 ; 30.57] [13.91 ; 30.65] [13.74 ; 29.99] 
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Table 1.7: Cumulative default probabilities (%) 
 

Table 1.7 displays the cumulative default probabilities for investment grade bonds 

with maturities ranging from 1 to 10 years, by applying the cohort and Bayesian 

techniques. A θ = (1/4) is considered for the Bayesian technique. 
  

Years Cohort Bayesian 

 Aaa Aa A Baa Aaa Aa A Baa 

1 0.00 0.00 0.00 0.09 1.0e-05 1.2e-05 1.9e-05 0.09 

2 0.00 6.0e-03 0.03 0.33 5.6e-05 6.1e-03 0.03 0.33 

3 4.6e-04 0.02 0.11 0.72 6.3e-04 0.02 0.11 0.72 

4 2.0e-03 0.05 0.22 1.25 2.3e-03 0.05 0.22 1.25 

5 5.5e-03 0.09 0.39 1.91 6.0e-03 0.09 0.39 1.91 

6 0.01 0.15 0.60 2.68 0.01 0.15 0.60 2.68 

7 0.02 0.23 0.87 3.54 0.02 0.23 0.87 3.54 

8 0.04 0.34 1.18 4.48 0.04 0.34 1.18 4.48 

9 0.06 0.47 1.54 5.49 0.06 0.47 1.54 5.49 

10 0.09 0.63 1.96 6.55 0.09 0.63 1.96 6.55 
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Table 1.8: Default spreads (%) 
 

Table 1.8 displays the default spreads (corporate rate spreads which can be attributed 

to default risk) for investment grade bonds with maturities ranging from 1 to 10 years, 

by applying the cohort and Bayesian techniques. A θ = (1/4) is considered for the 

Bayesian technique. 
 

Years Cohort Bayesian 

 Aaa Aa A Baa Aaa Aa A Baa 

1 0.00 0.00 0.00 0.04 3.2e-06 4.8e-06 7.4e-06 0.04 

2 0.00 1.2e-03 6.6e-03 0.08 8.9e-06 1.2e-03 6.6e-03 0.08 

3 4.8e-05 2.8e-03 0.01 0.12 6.4e-05 2.9e-03 0.01 0.12 

4 1.6e-04 4.9e-03 0.02 0.16 1.8e-04 4.9e-03 0.02 0.16 

5 3.5e-04 7.3e-03 0.03 0.20 3.8e-04 7.3e-03 0.03 0.20 

6 6.2e-04 0.01 0.04 0.23 6.6e-04 0.01 0.04 0.23 

7 1.0e-03 0.01 0.05 0.26 1.0e-03 0.01 0.05 0.26 

8 1.5e-03 0.02 0.06 0.29 1.5e-03 0.02 0.06 0.29 

9 2.1e-03 0.02 0.07 0.32 2.2e-03 0.02 0.07 0.32 

10 2.8e-03 0.03 0.08 0.35 2.9e-03 0.03 0.08 0.35 
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Figure 1.1: Different features of the Dirichlet distribution 
 

Figure 1.1 displays the flexibility of the Dirichlet distribution. By changing each of 

the 3 parameters ( )321  , , ααα ,  we obtain a new shape of the distribution. The top left 

case ( 1321 === )ααα  looks more suitable to represent a diffuse prior whereas the 

bottom right case ( 10321 )=== ααα   corresponds to the prior information with the 

highest accuracy (among the 4 cases considered). 
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Figure 1.2: Statistical distributions of some Bayesian transition probabilities 
 

Based on 100 000 simulations from the Dirichlet distribution and θ = (1/4), we obtain 

the following statistical distributions for some specific Bayesian transition 

probabilities. 
 

 
 

 
 



Chapter 2 

Migration Dependence among the U.S. Business 
Sectors  
 
 

2.1  Introduction 
     

The New Basel Accord (BCBS 2004) urges financial institutions to measure and 

evaluate credit risk by using credit rating matrices. These inputs are generally 

provided by external credit rating agencies such as Standard & Poor's and Moody's or 

obtained directly by internal ratings. Both methods are widely used in practice but we 

can mention the analysis of Treacy and Carey (2000) who documents that these 

internal credit ratings were adopted increasingly by banks during the last two 

decades. 
 

Evaluating the total loss on a portfolio resulting from the default of a company's 

obligors should take into account the migration correlation. An omission or an 

inaccurate estimation of that correlation will induce a misestimation of the regulatory 

capital and, consequently, will embrittle the company's financial stability. Moreover, 

Zhou (2001) and Das, Duffie, Kapadia and Saita (2007) document that default 

correlation analysis is needed for asset pricing. Such data is fundamental when 

evaluating a basket default swap or a Collateralized Debt Obligation. Thus, an 

efficient estimation of the migration correlation is necessary to assess the credit risk. 
 

Gagliardini and Gouriéroux (2005) provide an efficient way to estimate the joint 

migration probabilities and the migration correlations. However, two major limits are 

advanced to their methodology. First, they do not consider the contagion effects: the 

transmission of credit shocks from one firm or sector to the remaining firms. The 

studies of Giesecke and Weber (2004, 2006) evaluate the credit losses on portfolios 

by considering both the cross-sectional correlation (a consequence of the common 

factors affecting all firms) and the credit contagion (caused by the business links 
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between firms). Das et al.(2007) show, empirically, the need to consider contagion 

effects when modelling default correlation. The second limit concerns the practical 

aspect: the number of migration correlations to report grows exponentially with the 

number of credit classes considered. Identifying K classes of credit risk, including the 

default state which is an absorbent state, will generate [K(K-1)]2 migration 

correlations. Thus, the 8 classes of credit risk considered by major rating agencies 

will induce a calculus of 3136 correlations. This dimensionality problem will be 

amplified once we distinguish between growth and recession cycles or between 

different business sectors. 
 

In fact, the time variation of default correlation should be considered by practitioners. 

The Das, Freed, Geng and Kapadia (2006) study documents the presence of two 

regimes of default correlation when focusing on the U.S. public non-financial firms 

from 1987 to 2000. Moreover, these authors explain the limits of the CreditMetrics 

methodology. They argue that "asset return correlations are relatively stable over 

time" when compared to the default correlation. 
 

Thus, we propose the use of the mobility indices mentioned by Jafry and Schuermann 

(2004) to test for the existence of correlation migration and contagion effects between 

business sectors. Moreover, we will check if this dependence is cyclical. The mobility 

indices allow us to summarize the whole transition matrix by a scalar. We can, then, 

verify if the entire sector is, on average, in an upgrade or downgrade stage. This 

recapitulation will circumvent the dimensionality limit cited above. It will permit, 

also, the disentanglement of credit contagion and the cross-sectional correlation. 
 

In addition, we test if rating changes in a specific business sector affect the next rating 

changes for the same sector. We held a second test to analyze possible linkages 

between rating transition probabilities and the business cycle. For example, the study 

of Nickell, Perraudin and Varotto (2000) reveals that the business cycle affects the 

rating transition matrix: higher downgrading probabilities are observed during 

recessions compared to expansion periods. 
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Based on quarterly rating transitions provided by Moody's for the period January 

1980 to April 2005, we evaluate the mobility indices for corporate issuers belonging 

to various U.S. business sectors. The results obtained confirm the presence of  a crisis 

transmission phenomenon within some business sectors. They also prove the 

suspected linkage between macro economic factors and transition probabilities. A 

third result relates to the dependence between the various sectors. Generally, we are 

able to identify two Markov switching regimes for the migration correlation between 

two business sectors. Furthermore, the contagion effects vary according to each 

regime. These shock transmissions are measured by the impulse response functions. 
 

The remainder of our paper is structured as follows: the next section introduces 

briefly the mobility indices and their applications. The third section describes the 

data: the transition matrices provided by Moody's and the macro economic variables. 

We will explain our choice of a specific mobility index in section 2.4. We analyze the 

obtained mobility indexes for each business sector in the fifth section and we estimate 

migration dependence among sectors in the sixth section. Finally, concluding remarks 

will follow in section 2.7. 

2.2  Mobility indices 
     

Shorrocks (1978) was the first to introduce the concept of mobility indexes. Such a 

metric is produced to sum up the dynamic part of a transition matrix (off-diagonal 

probabilities). Therefore, it maps the whole matrix to a scalar and allows easier 

comparison among several transition matrices. For example, Jafry and Schuermann 

(2004) apply these metrics to compare the credit transition matrices obtained by 

various estimation techniques. Many mobility indices are cited in the literature. They 

can be classified into three categories. 

2.2.1 Cell by cell distance metrics 
     

These metrics are generally obtained via a simple addition of the off-diagonal 

elements of a transition matrix. Suppose the (K*K) transition matrix P and the 
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identity matrix I(K), where K corresponds to the total number of credit classes. Also, 

let xij the transition probability from class i to class j. 
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  The most intuitive metrics belonging to this category can be defined as following: 
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where ijx~  indicates the elements of the mobility matrix P~  defined in Jafry and 

Schuermann (2004) as the difference between P and I. 

 

        IPP −=~               (2.4) 

2.2.2 Eigenvalue based metrics 
     

Geweke, Marshall and Zarkin (1986) discussed various mobility indices based on the 

eigenvalues of P. Here are few examples of these metrics: 
 

  DEVA1=1-|det(P)|              (2.5) 
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   DEVA2=1-|λ2(P)|              (2.6) 
 

           DEVA3= ( )
( )2λlog

5.0log                        (2.7) 

 

where det(...) denotes the determinant, and λi (...) denotes the i-th eigenvalue (sorted 

from largest to smallest absolute value). 

 

The third metric is known as the half-life measure. It allows the calculus of the time 

needed for the system to decay to 50% of the steady state (the default state when 

considering credit rating matrices). 

2.2.3 Singular value based metrics 
     

Jafry and Schuermann (2004) devised a new mobility index. They prove that the 

average of the singular values of the matrix P defined in (2.4) gives an idea about the 

dynamic part of a transition matrix. This new metric is obtained as following: 
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Finally, we can mention the metric proposed by Arvanitis, Gregory and Laurent 

(1999). They suggest that the similarity between two matrices (P and Q for example) 

could be detected according to the following ratio: 
 

QP
QPPQ

DEVE
*
−

=                   (2.9) 

  

where ‖...‖ designates the norm of the matrix. 
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The ratio defined in (2.9) is delimited between zero and two: a nil ratio indicates that 

P and Q have the same eigenvectors. However, this eigenvector based metric presents 

a major limitation: we can only have an idea about the resemblance among two 

matrices. It is impossible, for example, to assess the mobility magnitude of a given 

matrix or to consider the identity matrix as a benchmark. 

2.3  Data 

2.3.1 Transition matrices 
     

The key input of our study is the rating transition matrices provided by Moody's. We 

focus on the corporate issuers domiciled in the United States between January 1980 

and April 2005. By observing quarterly the rating of each issuer, considering only the 

8 major categories (Aaa, Aa, ..., Caa-C, default) and excluding the "withdrawn 

rating", we obtain 208 361 issuer ratings. We notice that the total number of 

withdrawals stands at 3340. A brief investigation of the database shows that the 

"withdrawn rating" is not synonymous with high default risk. 

 

(Table 2.1 about here) 

 

As shown in Table 2.1, some Aaa rated issues are withdrawn during the following 

quarter (as a result of debt expiration, for example). Thus, we will follow 

Carty's(1997) methodology and exclude the "withdrawn rating" when estimating the 

migration matrices1. 

 

Figure 2.1 below indicates that the total number of ratings is increasing over time: 

less than 1300 ratings per quarter are observed during the eighties, versus more than 

2500 ratings per quarter since 1997. This situation is explained by the new issues 

(6099) exceeding the sum of withdrawals and defaults (standing at 3340 and 1073 

respectively). 

 

 
1 For more details about withdrawn rating's adjustment, we refer to Cantor and Hamilton (2007). 
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(Figure 2.1 about here) 

 

In the present study, we are dealing with the correlation between business sectors. 

Consequently, we must consider each sector separately in order to assess its default 

risk and to test its dependence with the remaining sectors. To do so, we build up 

quarterly rating transition matrices for each business sector. The descriptive statistics 

relative to the quarterly number of ratings per sector are displayed in Table 2.2. 

 

(Table 2.2 about here) 

 

As noticed for pooled data, Figure 2.2 shows an increase over time in the number of 

the ratings per quarter for each sector (except transportation sector). 

 

(Figure 2.2 about here) 

 

A second remark concerns the "Miscellaneous sector". It includes all business sectors 

defined by Moody's with an average ratings per quarter less than 100. We establish 

such a rule to avoid dealing with estimated transition probabilities characterized by 

large confidence intervals. 

2.3.2 Macro economic variables 
     

Several past studies have reported the linkage between default risk and the business 

cycle. In the present study, we will test if the evaluation of default risk via the 

mobility metrics allows us to assess this linkage. To do so, we will consider some 

macroeconomic variables already cited in the literature. The first data consists on the 

classification of historical periods of the U.S. economy. The National Bureau of 

Economic Research (NBER) lists 16 quarters of recession and 85 quarters of 

expansion from January 1980 to April 2005. This business cycle classification was 

used, for instance, by Bangia, Diebold, Kronimus, Schagen and Schuermann (2002). 

By distinguishing expansion periods from recession periods, they conclude a 
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statistically significant variation of the estimated migration matrices across the two 

cycles. 

 

The real GDP growth is the most common variable used by past studies to measure 

the link between default risk and the business cycle. For instance, Koopman and 

Lucas (2005) use the real GDP growth as a proxy of the economy growth. This data is 

available from the U.S. Bureau of Economic Analysis (www.bea.gov). 

 

A third group of variables is provided by the U.S. Bureau of Labor Statistics 

(www.bls.org): we obtain time series of the unemployment rate and the Consumer 

Price Index (CPI) from the first quarter of 1980 to the first quarter of 2005. The CPI 

time series is used to assess the inflation rate. Both time series (unemployment and 

inflation rates) should be determinants of the strength of the economy: low 

unemployment and inflation rates are usually the targets of economic policy. 

 

Another macroeconomic variable worth reporting is the real interest rate. A high real 

interest rate generally induces difficulties in servicing the debt. Therefore, we will 

investigate the link between our mobility metrics and the real interest rate. This 

variable is derived from the U.S. 3 months T-bill rate provided by the International 

Monetary Fund and the inflation rate cited above. 

 

Finally, we will consider a macroeconomic index previously used by Figlewski, 

Frydman and Liang (2006). These authors test whether the Chicago Fed National 

Activity Index (CFNAI hereafter) is a determinant of default risk. This index is 

provided monthly by the Chicago Federal Reserve and summarizes 85 existing 

monthly indicators of U.S. economic activity. A positive value of the CFNAI 

indicates a growth above the trend whereas a negative value corresponds to a growth 

below the trend. 
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2.4  Mobility measure selection 
     

In order to deal with the dimensionality problem mentioned in the introduction, we 

have to summarize the quarterly observed migration matrix of each sector into one 

scalar. Thus, we will estimate, in a first step. the transition matrix for each sector and 

for each quarter. The cohort method will be used to estimate such a matrix2. The 

second step consists on calculating the mobility index for the estimated transition 

matrix. We will obtain, then, a time series of the mobility index for each U.S. 

business sector. 

 

However, a large number of mobility measures are cited in the literature. Therefore, it 

would be judicious to select a unique and "informative" metric for our analysis. If we 

focus on the cell by cell distance metrics, we easily observe that the DC1 and DC2 

measures, defined in (2.1) and (2.2) respectively, should be discarded. These two 

metrics take into account all the elements of the mobility matrix defined in (2.4) 

without distinguishing between upgrades and downgrades. Thus, we can not conclude 

if the considered business sector is mainly upgrading or downgrading during a 

specific quarter: this is a crucial information when dealing with default risk. 

 

Also, the DEVE measure, defined in (2.9), can not be useful for our study. This 

measure permits only the comparison between two matrices and does not provide 

information about the direction of migrations. Thus, we will keep, as a first selection, 

the DC3 metric, the eigenvalue based metrics (namely, DEVA1, DEVA2 and DEVA3) 

and the singular value based metric (DSV) defined by Jafry and Schuermann (2004). 

 

It is worth noting that the three eigenvalue based metrics should lead to the same 

conclusions since they are based on the second largest eigenvalue of the transition 

matrix. Therefore, we will keep only one of these metrics for analysis in the following 

selection. Retaining the DEVA3 metric from this category looks the most judicious. 

 
2 By excluding the withdrawn issues, as mentioned above. 
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Our choice is just explained by the easy interpretation of the scalar obtained via such 

a metric. For our case, a DEVA3 standing at 20 indicates that we need 5 years (20 

quarters) to observe 50% of the initial firms of the sector defaulting (if we assume a 

Markovian behavior of the rating migration). 

 

Finally, we have to select one of the remaining metrics (DC3, DEVA3 and DSV). To 

do so, we will test the performance of these metrics via three transitions matrices, 

namely P1, P2 and P3 defined as follows: 
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where the values in bold indicate the modified transition probabilities with reference 

to those observed in P1. Thus, we notice that P2 (respec. P3) reveals more upgrades 

(respec. downgrades), if compared to P1. 

 

Next, we evaluate the mobility of each transition matrix in three different ways. In 

Table 2.3, we display the calculations of the mobility index of P1, P2 and P3 via the 

three remaining techniques. 
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(Table 2.3 about here) 

 

If we consider P1 as our reference, we remark that the DSV metric increases when 

applied to P2. This same metric increases also when applied to P3. In other words, 

the DSV metric does not allow us to distinguish between a matrix characterized by 

more upgraded firms (P2 compared to P1) and a matrix containing more downgraded 

firms (P3 compared to P1). Thus, the DSV metric should be discarded since it looks 

inappropriate to assess the default risk. 

 

However, DC3 and DEVA3 perform well when applied to different transition 

matrices. More upgrades should imply a longer time for firms to default and a higher 

DEVA3 metric. The results obtained in Table 2.3 indicate a higher (respec. lower) 

DEVA3 if we compare the transition matrices P1 and P2 (respec. P1 and P3).The 

analysis of the results obtained through the DC3 metric allows for the same 

conclusions. In fact, this last metric, by its construction, should distinguish between 

more upgrades and more downgrades. An increase in upgrades will imply a higher 

DC3 measure whereas an increase of downgrades will imply a lower DC3. Moreover, 

this mobility index treats the observed migrations differently: an issue migrating from 

Aaa to B will have an impact on the DC3 metric five times greater than an issue 

migrating from Aaa to Aa. Table 2.3 demonstrates the increase in DC3 when we 

compare P2 to P1. The opposite result is obtained when considering P3 and P1. Thus, 

we conclude that DC3 is a useful metric to assess the default risk of a whole group, 

namely the firms belonging to one of the U.S. business sectors. 

 

Theoretically, both DEVA3 and DC3 would be appropriate metrics. However, when 

confronted to our data, the DEVA3 presents some important shortcomings. Here is a 

sample drawn from our database that will help us explaining our selection of the DC3 

as the "best" metric and reasons compelling us to discard DEVA3. 

 

The estimated transition matrix for the first quarter of 1989 and relative to the 

banking sector is the following: 
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 Aaa Aa A Baa Ba B Caa-C D 

Aaa 1.00 - - - - - - - 

Aa - 1.00 - - - - - - 

A - - 0.99 0.01 - - - - 

Baa - - 0.04 0.92 0.04 - - - 

Ba - - - 0.10 0.86 0.04 - - 

B - - - - - 0.85 0.15 - 

Caa-C - - - - - - 0.50 0.50 

D - - - - - - - 1.00 

 

The eigenvalues of this matrix are: 

 

0.82 0.95 0.99 1.00 1.00 0.85 0.50 1.00 

 

We notice three absorbent states (Aaa, Aa and default) in this specific quarter and, 

consequently, three eigenvalues equal to unity. This statement implies a misleading 

interpretation of the DEVA3 metric. Recall that this index was built to gauge the 

convergence rate to the absorbent state. Then, this DEVA3 metric will give an idea 

about the convergence rate to all absorbent states. For our case, it will be impossible 

to assess the evolution of the default risk through this mobility metric. 

 

Having selected the mobility metric for our study, we apply it to the estimated 

transitions matrices for each U.S. business sector. The descriptive statistics of the 

obtained time series are displayed in Table 2.4. 

 

(Table 2.4 about here) 

     

We notice a negative mean of the selected mobility metric for each business sector. 

We should not be surprised by such a result. Indeed, a negative DC3 indicates a larger 

proportion of firms migrating to lower ratings compared to the proportion of 
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upgraded firms: a consequence of the unique absorbent state which corresponds to 

default. After a long horizon, all existing firms will default, even those rated Aaa 

presently3. Also, we reject the normality hypothesis for all times series (each business 

sector separately or pooled data) at the 1% significance level. Such result is provided 

by Lilliefors test which looks more suitable for small sample data. 

 

Figure 2.3 below displays the evolution of the DC3 metric during the 101 quarters 

considered for each U.S. business sector. 

 

(Figure 2.3 about here) 

 

These figures show a spike for the energy sector during the second quarter of 1988: 

the DC3 metric stands at 1.889. This is mainly due to 2 firms migrating from the Caa-

C class to the Baa class within the period4. A second remark concerns the lowest DC3 

metric for the banking sector. Our data reveals 8 banks defaulting during the first 

quarter of 1990. Moreover, all banks rated Caa-C at the beginning of the quarter fall 

into default at the end of the quarter: that was a consequence of the junk bonds crisis 

observed during 1989-1990. 

 

Finally, since we are analyzing interactions among the different U.S. business sectors, 

it is judicious to evaluate the dependence between mobility metrics relative to these 

sectors. Table 2.5 exhibits Pearson's linear correlation coefficients (upper elements) 

and Kendall's taus (lower elements). 
 

(Table 2.5 about here) 
 

Based on Table 2.5, we can conclude that the highest dependence is observed 

between the consumer products sector and industrial sector. Also, we notice that the 

 
3 From our sample, we notice 49 issuers rated Aaa during January 1980 and not withdrawn during the 
25 following years. Only 4 of these issuers keep the same rating in January 2005. The remaining 
issuers defaulted or downgraded. 
4 There is a total of 3 firms belonging to the energy sector and rated Caa-C at the beginning of the 
considered quarter. 



 41
 
 
majority of sectors show a positive dependence: only few sectors are negatively 

correlated and a coefficient nearing zero is generally obtained for these negative 

correlations. Thus, we should take an interest to analyze the possible default 

contagion between business sectors. 

2.5  Univariate analysis of mobility indexes 
 

In the present section, we will test if the selected mobility metric, namely the DC3 

metric, captures a crisis transmission phenomenon within the same business sector. 

Then, we discuss possible links between the business cycle and the default cycle. 

2.5.1 Crisis transmission 
 

We suspect that more downgrades for issues belonging to a business sector should 

induce more downgrades in the future for the same sector. In other words, the 

mobility metric of t-th quarter should have an impact on future mobility metrics. Such 

feature could be explained by rating momentum5 documented by Carty and Fons 

(1994) and Duffie and Singleton (2003). A second possible explanation relates to 

crisis transmission phenomenon within the same business sector: a downgrade of an 

issue may induce downgrades for others issues belonging to the same business sector, 

as a result of business linkage.  

 

In order to verify the autocorrelation of observed DC3 metrics for each business 

sector, we estimate the following model: 

 

 ttt DCDC εββ ++= −110 33   (R2.1) 

 

where corresponds to the mobility metric for a specific business sector during 

the  t-th quarter. 

tDC3

 

The results of the regression (R2.1) are displayed in Table 2.6: 

                                                 
5 Consecutive downgrades (or upgrades) for the same issuer. 
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(Table 2.6 about here) 
 

The results shown in Table 2.6 indicate that 5 of the 9 business sectors display a 

statistically significant positive autocorrelation. Also, none of the remaining sectors 

display a significantly negative dependence between current and previous rating 

migration. 
 

Results in Table 2.6 do not distinguish between both possible effects (rating 

momentum and crisis transmission). However, the crisis transmission effect should be 

much higher for our case. It is rare to observe a rating change for a specific issue 

during two consecutive quarters. By investigating our database, we found 7799 rating 

changes during the 101 quarters. Only 285 issuers of them changed their ratings 

during two consecutive periods. 
 

A second effect worth analyzing concerns asymmetric effects of a rating change. We 

suspect that effects of downgrades are more pronounced than effects of upgrades: 

several empirical studies show higher correlations during turbulent periods (Das et 

al.(2006)). Thus, we propose to test if the selected mobility metric captures this 

asymmetry via a two step methodology. As a first step, we estimate the models 

(R2.2.1) and (R2.2.2) for two different cases: the specific business sector was mainly 

downgraded during the previous quarter ( <0) or mainly upgraded ( >0). 13 −tDC 13 −tDC

 

 ttt DCDC 111,11,0 33 εββ ++= −    if <0    (R2.2.1) 13 −tDC

 

 ttt DCDC 212,12,0 33 εββ ++= −    if >0    (R2.2.2) 13 −tDC

 

The results of both regressions are displayed in the Table 2.7. 
 

(Table 2.7 about here) 
 

The second step for testing rating momentum asymmetry consists to check the 

following hypothesis: 
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 H0: 2,11,1 ββ =  

 H1: 2,11,1 ββ ≠  

 

Chow (1960) demonstrates that testing the equality among two coefficients in two 

regressions needs the examination of the statistic F  defined in (2.10). 
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where Q1 designates the sum of squares of the residuals (for both regressions R2.2.1 

and R2.2.2) under H0. Q2 corresponds to the sum of squares of the residuals under H1 

for both regressions. m (respec. n) represents the number of observations of the 

regression R2.2.1 (respec. R2.2.2). Finally, p corresponds to the total number of 

explanatory variables of each regression. 

 

Chow (1960) proves that, under H0, the statistic F follows a Fisher-Snedecor 

distribution with 1 and (m+n-2p) degrees of freedom. The application of this Chow 

(1960) test to our sample leads to the following results: 
 

(Table 2.8 about here) 
 

The results show that the asymmetric effects of a rating change are statistically 

significant only if we consider all sectors pooled together or if we focus on the energy 

sector6. 

 

Finally, we remark that the 5 business sectors displaying a rating autocorrelation in 

Table 2.6 correspond to the sectors with a statistically significant downgrade rating 

                                                 
6 In order to check if the asymmetric effect for the "all sectors" is only due to the energy sector, we 
apply the Chow (1960) test to all sectors pooled together except the energy sector. The results show up 
the existence of this asymmetric effect even after excluding the energy sector. 
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autocorrelation in Table 2.7. Also, none of them shows a statistically significant 

upgrade rating autocorrelation (except the banking sector at 10% level). 

2.5.2 Mobility metrics and the business cycle 
     

The linkage between rating transitions and the business cycle is well documented by 

previous studies. Nickell et al.(2000), among others, conclude that the transition 

probabilities differ from peak to trough periods. We propose the following regression 

to test if these linkages are still captured when we sum up the whole transition matrix 

by way of the selected mobility index: 
 

 ttt RGDPCDC εαα ++= 103   (R2.3) 

 

where RGDPG corresponds to the real GDP growth. Table 2.9 summarizes the results 

of regression (R2.3): 
 

(Table 2.9 about here) 
 

We notice that the selected mobility metric conforms to the previous studies: an 

increase of the real GDP growth implies, usually, a lower default risk. The rating 

migration of four U.S. business sectors (from the 9 studied) is positively linked to the 

business cycle with a 95% confidence level. None of the remaining business sectors 

shows a statistically negative relation between the mobility index and the real GDP 

growth. 
 

Adding three explanatory variables to the regression (R2.3) does not alter our 

previous conclusions. Indeed, if we take into account the real interest rate (Rinter), 

the unemployment rate (Uempl) and the inflation rate (Infl) to test the linkage 

between the business cycle and default risk, we can estimate the following model: 
 

 tttttt InflRGDPCUemplerintRDC εααααα +++++= 432103  (R2.4) 

 

The (R2.4) estimation results are shown in Table 2.10. 
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(Table 2.10 about here) 

 

We conclude that the statistically positive link between DC3 and the real GDP growth 

is obtained for the same four U.S. business sectors. Again, none of the remaining 

business sectors becomes more risky in presence of a positive real GDP growth. An 

increase of the real interest rate will imply, notably, a decrease of the mobility index 

relative to the banking sector and thus an increase of its default risk. Finally, we 

remark the negative effects of inflation on the solvability of the banking sector. The 

same effect is not observable for the remaining sectors at the 95% confidence level. 
 

In order to confirm our conclusions about the dependence between the business cycle 

and the default cycle, we propose another proxy for the state of the economy, namely 

the Chicago Fed National Activity Index (CFNAI). 
 

 ttt CFNAIDC εαα ++= 103    (R2.5) 

 

The results of regression (R2.5) are the following: 
 

(Table 2.11 about here) 
 

Again, the DC3 is positively related to the CFNAI for four business sectors. If 

compared to the (R2.3) results, the only difference concerns the banking and the 

miscellaneous sectors. The first becomes significantly dependent to the new proxy 

whereas the second becomes independent. Such similarity is mainly explained by the 

correlation among the two proxies (the real GDP growth and the CFNAI) standing at 

78.5%. 
 

Finally, we propose to follow Bangia et al.(2002) methodology to assess the evolution 

of our mobility metric through the contraction and expansion cycles defined by the 

National Bureau of Economic Research (NBER). The mean and the standard 
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deviation of the DC3 metric are first estimated for both cycles. Then, we test if the 

mean differs statistically among the cycles through the following t-stat: 
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where Mi,  and N2
is i  correspond, respectively, to the sample mean, the sample 

variance and the sample size of the cycle i(i = c, e). Table 2.12 displays the results. 

 

(Table 2.12 about here) 

 

Only two business sectors show a statistically different mean if we compare 

expansion and contraction periods. However, none of the remaining sectors displays a 

contradiction to the results of Bangia et al.(2002). In other words, we never observe 

more upgrades (higher DC3 indices) during the contraction periods. 

2.6  Migration dependence 
     

Having proved the utility of the DC3 as a measure of default risk for the U.S. 

business sectors, we will focus on the dependence that might exist between these 

entities. We suspect the existence of two patterns of linkage: a cross-sectional 

dependence explained by common factors affecting all the sectors at the same time 

(such as the economic policy, the expansion and contraction periods...) and a credit 

contagion phenomena, that is to say, a transmission of the shock observed in a 

particular business sector to one (or more) of the remaining sectors. This second 

feature of dependence is due to the business links between firms belonging to 

different sectors. 

 

At first sight, it seems judicious to use a vector autoregressions (VAR) model to 

estimate these two dependences. Such a model is generally used to capture 

comovements among many variables. However, we will favor a more generalized 
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model that allows for regime-switching. This generalization is needed as a 

consequence of our previous results and those obtained by past studies: the default 

risk increases during economic downturns. Thus, we propose to expose, as a first 

step, some regime-switching VAR models that are applicable to our context and 

discuss their estimations. The empirical results will follow. 

2.6.1 Regime-switching VAR models 
     

The common feature of regime-switching VAR models consists on a K dimensional 

time series vector ( )Kttt yyy ,,1 K=  defined conditional upon the regime 

. The general form of such processes is the following: { Mst ,,1K∈ }
 

( ) ( ) ( ) ( ) ( ) tqttqttpttptttt xsBxsBysAysAsy εν +++++++= +−−− 1111 KL    (2.12) 

 

where ( )tsν  is the vector of intercepts at regime , ts ( )ti sA  the matrix containing the 

autoregressive parameters at the same regime, tε  an error term vector such that 

( )( )∑→ ttt sIIDs ,0ε , ( )Nttt xxx ,,1 K=  the vector containing the N exogenous 

variables, and  the matrix containing the non autoregressive parameters at 

regime . 

( )tj sB

ts

 

The regime variable  can be observable or unobservable: an example of observable 

regimes is relative to structural change models. In such processes, the regime is 

determined as following: 

ts

 

   (2.13) 
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A second example of observable regimes concerns the threshold autoregressive 

models. In this case, the regime shifts are triggered by one or more exogenous 

variables crossing a specified threshold ( ). In other words, ic
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Such process could be used in our context: the rating migration is linked to some 

macroeconomic variables such as the real GDP growth, NBER cycles, and the 

CFNAI. However, Amato and Furfine (2004) found "no evidence that credit ratings 

are unduly influenced by the business cycle". Thus, we will favor a process with an 

unobservable regime changes called Markov-Switching VAR model (MSVAR 

hereafter). In these models, first introduced by Krolzig (1997), the unobservable 

regime variable is generated by an ergodic Markov chain defined by 

the transition probabilities  with: 
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A major advantage of MSVAR models consists on their flexibility since we can allow 

for some non switching estimators. For example, we can estimate an MSVAR model 

by assuming invariant autoregressive parameters and invariant intercepts of equation 

(2.12). Such particular specification is known as MSH VAR model. Also, we can 

consider the least constrained specification: the one allowing for varying intercepts, 

autoregressive parameters and conditional variance, usually known as the MSIAH 
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