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1. Introduction

Consider an investor who trades in equities and equity options, and
who operates in a market where equity returns are leptokurtic. This
model has one important feature typical of real financial markets — the
trading of options is a risky activity. No matter how frequently one
chooses to hedge there is no way of replicating a given option perfectly.
Furthermore, the market incompleteness is fundamental in that the
model remains incomplete after adding a finite number of derivative
assets (in contrast to e.g. Liu and Pan, 2003).

In this paper I think of the investor as an investment bank with
two trading desks: equity and options. But if one is predominantly
interested in dynamic equity trading, with relatively few option trades
on the side, my investor looks very much like a hedge fund, which is
the preferred interpretation in the existing literature on performance
measurement of multi-period investments (see references below).

It is well known (Schweizer 1994) that in an incomplete market
the optimal dynamic mean-variance trading strategy for the bank as
a whole introduces path dependency into the hedging strategy of the
option desk. This paper examines quasi-optimal strategies that pre-
serve the path-independent nature of Black—Scholes option hedging
coefficients without excessively compromising bank’s overall efficiency.

To paraphrase Dybvig (1988), my aim is to identify simple hedging
strategies that do not “throw away million dollars”. It is shown that
both the optimal and quasi-optimal strategies require close coordina-
tion between the equity and option desks, insofar as the optimal volume
of option sales depends crucially on the relative performance of the two
desks. The distribution of wealth between the equity and option desks
has some impact on the overall performance of quasi-optimal strategies,
but no bearing on the performance of the dynamically optimal strategy.

I present two ways of measuring the ex-ante performance of dy-
namic investment strategies — i) the unconditional Sharpe ratio of the
hedged portfolio at maturity; and ii) the certainty equivalent growth
rate of terminal wealth as measured by quadratic utility'. I provide
numerical results for a model calibrated to historical FTSE 100 equity
index returns for different combinations of equity trading and option
hedging strategies.

Much of the literature on Sharpe ratio evaluation in multiperiod set-
ting is in the spirit of complete markets, exploiting the duality between
the maximal Sharpe ratio and the standard deviation of the pricing
kernel (cf. Hansen and Jagannathan (1991)). In a complete market
the maximal unconditional Sharpe ratio can be attained by dynamic

I Dybvig (1988) presents a different metric based on the insightful observation
that agents, regardles of their specific preferences, should hold more wealth in states
with lower state price. Dybvig’s approach is preference-free but it relies entirely
on market completeness and implies that buy-and-hold strategies are efficient. In
contrast, my methodology requires specific preferences but it works for incomplete
markets and, in line with other researchers, identifies buy-and-hold strategies in a
dynamic setting as inefficient. However, like Dybvig (1988), I report efficiency loss
in money terms.
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trading in the underlying asset. Since any contingent claim is by default
redundant, adding a fairly priced option to the dynamically optimal
portfolio will not increase its unconditional Sharpe ratio. However, if
one considers only buy-and-hold equity strategies as a point of depar-
ture then the Sharpe ratio will naturally improve if one also uses static
option positions, see Leland (1999) and Goetzmann et al. (2002), since
each option trade acts as an imperfect substitute for dynamic trading
in the stock. In aforementioned papers this phenomenon is interpreted
as a failure of Sharpe ratio to capture the true nature of investment
opportunities?.

Cvitani¢ et al. (2004) concentrate on optimal dynamic equity trading
with different target horizons. They identify so-called horizon problem
in which an investor with, say, 1 year horizon will obtain inferior perfor-
mance if he or she delegates to a fund manager who maximizes quarterly
performance.

Evaluation of risk-adjusted ex-ante investment performance in an
incomplete market has received little attention to date. It is best tack-
led by solving the primal utility maximization® which leads to the
solution of a modified mean-variance hedging problem?. In fact, the
primal approach brings some advantages to a complete market because
it explicitly identifies the optimal dynamic trading in equities.

This paper extends the existing literature (cf. Leland 1999, Goetz-
mann et al. 2002, Nielsen and Vassalou 2004, Cvitani¢ et al. 2004) i) by
allowing for leptokurtic stock returns; and ii) by identifying the dynam-
ically optimal equity trading strategy. However, the scope of the paper

2 In reality, this phenomenon merely reflects investor’s failure to understand
that in a multi-period setting one is allowed to use dynamic strategies and that
optimal strategies as a rule require dynamic rebalancing, which makes buy-and-hold
strategies inefficient almost by default. Cochrane (2001) warns:

...keep in mind that the unconditional mean-variance frontier includes returns on
managed portfolios. This definition is eminently reasonable. If you are trying to
minimize variance for given mean, why tie your hands to fixed-weight portfolios?

This observation is not specific to Sharpe ratio and quadratic utility but holds
universally for any utility function and any performance measure derived from it,
cf. Cerny (2003). To put it differently, there is no reason why Sharpe ratio should
only be attached to static positions. Sharpe ratio of dynamic investment strategies is
computed exactly the same way as that of static multi-period investments, namely
as the unconditional mean excess return divided by its standard deviation. In this
context it is misleading to talk of different Sharpe ratios for the same asset (as in
Nielsen and Vassalou, 2004), when one really has in mind the unconditional Sharpe
ratio of different dynamic portfolios based on the same asset.

% In an incomplete market the Hansen and Jagannathan (1991) bound turns into
a duality between the maximal unconditional Sharpe ratio attainable by trading in
the basis assets and the variance of so-called variance-optimal measure (cf. Schweizer
(1996)).

* In a multi-period setting the link between risk minimization and quadratic
utility is exploited, for example, in Duffie and Richardson (1991) and Li and Ng
(2000). For a systematic analysis of the relationship between certainty equivalent
growth rate from quadratic utility and Sharpe ratio see Cerny (2004b, Chapter
3) and Theorems 2.1 and 2.3 in this paper. Cerny and Kallsen (2005) give an
extensive survey of the mean—variance hedging literature and evaluate the maximal
unconditional Sharpe ratio and the optimal equity trading strategy in a general
semimartingale model.
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is broader. My main motivation is to say something about the per-
formance of alternative option hedging strategies. As mentioned above
the optimal dynamic mean-variance hedging strategy introduces a path
dependency which is absent in the standard Black—Scholes model. Since
in practice no one uses path-dependent hedging coefficients, it is im-
portant to ask how much a Black—Scholes-like hedge would take away
from the optimal performance. As it turns out, one can only answer this
question meaningfully if option hedging is viewed as an incremental
activity to an already existing equity trading strategy. I evaluate the
investment performance in situations where neither the equity portfolio
nor the option hedging strategy are necessarily optimal and attribute
performance between equity and option trades as a function of option
price.

The paper is organized as follows. Section 2 introduces notation and
provides main theoretical results on multi-period ex-ante performance
measurement. In Section 3 I compare the performance of dynamically
optimal equity trading with static buy-and-hold strategy. Section 4 dis-
cusses the first best solution — optimal equity trading combined with
optimal option hedging. Section 5 combines optimal equity trades with
Black—Scholes-like hedging and gauges the magnitude of efficiency loss.
Section 6 looks at buy-and-hold equity positions combined with sub-
optimal hedging and Section 7 concludes. Longer proofs are relegated
to the appendix.

2. Setup

Consider an arbitrage-free market with two assets, stock and a risk-
free bank account. The stock bears no dividends and its price at time
t is denoted by S;. The one-period total risk-free return is denoted by
R > 0, the corresponding rate of return being R — 1. By X I denote
the excess return on the stock

Xt3:5t/5t—1 —R.

Gf’e denotes the value of financial portfolio generated by dynamic self-
financing strategy investing #; pounds in the stock at time ¢ and starting
with initial wealth Gog = =

0 =, X
0, _ pt Ralal/]
Gio=R o+ )05
j=0

For simplicity I assume that the state space in the model is finite®.
Admissible trading strategies are those adapted to stock price filtration.

Suppose an investment bank consists of two trading desks, equity
and options. Assume that the equity desk trades purely in the stock,
while the option desk issues a European option (or a book of options)
maturing at time 7. Once the option(s) are issued at time O there are

5 This represents no loss of generality as the results shown here extend naturally
to exponential Lévy models, see Cerny (2005)
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no additional option trades until maturity, that is the option position
is completely static. Suppose the investment bank starts with initial
financial capital z and wishes to maximize the expected quadratic
utility of its terminal capital Br at time T, given its coefficient of
relative local risk aversion at risk-free wealth equals 7. In other words,
as shown in Cerny (2004b, Chapter 3), the objective of the bank is to
minimize

r(r917177nE [((1 +4 YRTz — Br(z, 6, 77))2} (1)
Br(z,0,n):= (G?FWCO"9 — nH) (2)

where 7 is the volume of contingent claim with pay-off H, sold at time 0
at price Cy and held to maturity. The quantity (14+5!)R” 2 represents
the (unattainable) bliss point on the bank’s utility function.

It may seem at this stage that the results of my analysis depend
crucially on the initial level of capital z and the attitude to risk 7. I
will show shortly, however, that one can disentangle the influence of
both =z and 4 and it is enough to analyze a simpler problem that boils
down to the maximization of multiperiod Sharpe ratio®.

To measure the performance of a particular, not necessarily optimal,
investment strategy I compute the certainty equivalent growth rate

Wz(n,0)
RTgx

where W5(n,0) < (1 + 7 )RTz is the certainty equivalent wealth
determined implicitly from

CEG5 (1,0) = —1, (3)

B| (145 )R~ Br(e.0.) | = ((1+57)E s - Wi(0.0))°.

(4)

THEOREM 2.1 (Performance measures). The Certainty Equivalent Growth
Rate (CEG) is inversely proportional to local risk aversion

1 L
CEG5 (n,0) = §CEG1 (9n,79) - (5)
The initial wealth can be factored out from CEG as follows

CEG; (n,60) = i (1 - \/E {(1 - BT(o,é,m)?D | (6)

P i "

= Ypry =51, (7)
Furthermore, if SR (n,0) denotes the unconditional Sharpe ratio of the
terminal wealth distribution Br(x,0,n),
B [BT(:E,G’n) - RT:U} _E[Br(0,0,n)]
VVar (Br(z,0,7))  /Var (Br(0,0,7))’

6 Meaningful factorization of = and # is not specific to quadratic utility but can
be performed for any HARA utility, cf. Cerny (2004, Chapter 3).

SR (n,0): (8)
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then one obtains

max CEGy (an, af) =1 — \/ (1 + SR2 (n, 0))_1. (9)

Theorem 2.1 shows that one can fully characterize the quadratic
utility performance of any investment strategy if one can evaluate the
quadratic expectation in (6). Equation (5) shows that investor’s risk
aversion only affects the extent to which the investor benefits from the
risky investment. When the investment is scaled optimally to reflect
investor’s risk aversion (equation 9) the CEG has a one-to-one rela-
tionship with the Sharpe ratio of the investment strategy. Conversely,
one can gauge the Sharpe ratio of a given option hedging strategy from
the corresponding utility maximization. The latter is very convenient
for computation since it can be reduced to the well understood task of
mean-variance hedging.

Let me now relate the standard one-period CAPM results to quadratic
utility optimization.

THEOREM 2.2. Consider n investments with excess returns Y;, i =
1,...,n. Define p;:=E[X;],Q;;:=E[X;X,],¥i;:=Cov(X;, X;) and as-
sume Y is non-singular. Then ¥~ and Q1 exist and the mazimal
squared Sharpe ratio satisfies
/2 TQ—l
SR?:= sup O st o M
ack (o/Ea) 1—putQ 1y
Furthermore the optimal money amount &; to be invested into asset i

by an investor with quadratic utility, safe wealth Gz and local relative
risk aversiton v equals

o = argaien[gnE [(Gsafe (1 + f”y*l) — (Gsafe + a/X))q
G

= Gugeqy,  Gutep, (1+582)"
Y Y

Proof. See Appendix A. m
In the sequel I will use this result with n = 2, Y7 representing the
terminal wealth of equity investment and Y5 representing the option
hedging error, for a specific choice of dynamic investment and hedging
strategies.

I conclude this section with an explicit recipe for the maximization of
Sharpe ratio of dynamic trading strategies via the solution of a modified
mean—variance hedging problem.

THEOREM 2.3 (Maximization of multiperiod Sharpe ratio). Let © be
a linear (sub-)space of stock trading strategies. In the notation of The-
orem 2.1 define

{77'?7 9’77@} = arg r%%)é) CEGy (n,0),

CEG;e = max CEG5 (n,0) .
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Furthermo’f'e d@ﬁn@
h. 6 —a lll‘ll E 1—B 2 .
{77796} rgnﬁ'lé(;) {( T(O,@,J})) }

Then one has

. RTx . ~ RTg
ﬁ:”:y 050 =0o—
A 1
SR = SR*(7),0e) = -1,

2
min,cr mingce E (1 +nH — G%CO’O) }

and

CEGse = éCEGL@,

CEGro = 1— ,/(1+SR%9)_1,

that is one can rephrase the task of maximizing the Sharpe ratio as
a two-stage procedure where the inner optimization evaluates the ex-
pected squared hedging error of the optimal mean—variance hedge for a
contingent claim

Y =14+nH,

with initial wealth nCy and the outer optimization chooses the optimal
volume of option trade n as a function of the option price Cy.

Proof. Appendix A. =
From now on I will restrict my attention to a model with IID stock
returns, denoting

po= E[St11/S],
o = Var(Si11/5).

[\

3. Optimal equity trading vs. buy-and-hold strategy

THEOREM 3.1. Suppose the option position is zero. The optimal amount
of wealth to be invested in the stock is given by

QEIZCLR(VZ — Gt),
where

Vi == (144 YR,
w—R
0%+ (n—R)*’

_ 2
oo 1 (v — R)

o+ (u— R)*
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The performance in terms of CEG and the mazximal Sharpe ratio is

given by
-1
CEGs.e = 1—1/(1+85R2)

SR? := SR?(0,6°) =b"T —1.

Proof. Use Theorems 4.1 and 4.2 with Y = Vg, 0° := o(z, Vr),
noting that egw(VT) = 0 and V;(Vr) = V;. The certainty equivalent
growth and the Sharpe ratio of the optimal strategy are obtained from
Theorem 2.3. =

Let us examine the nature of the optimal equity investment in more
detail. Recall from Cerny (2004b, Chapter 3) that

_ -1 _ -1
- Vr Vi
Y L
can be interpreted as the investor’s coefficient of relative risk aversion
evaluated at risk-free wealth as perceived at time t. Specifically, at t = 0
one has 7y = 7. The wealth G; may be risky as of time 0 but once at
time ¢ the investor could deposit G} in the risk-free bank account and
finish with risk-free wealth G;RT~!. With (10) in hand one can write
the optimal strategy more naturally as
0y = aR~—Gt.
Vi

The parameter a represents the optimal proportion of risk-free wealth
invested in the stock for a myopic investor with unit local risk aversion.
Thus 67 is a constant proportion strategy with stochastically changing
risk aversion. It is a variation on the classical doubling strategy in which
the investor leverages up when the investment performs poorly, only to
switch back to safe assets when his or her wealth has risen sufficiently.
As the value of bank’s portfolio approaches the target value V; the
level of local risk aversion 7, steadily increases and the bank gradually
switches from equities to safe assets.

The quantity b is related to one-period Sharpe ratio of the stock
return b = (1 4+ SR?)~!. Thus the instantaneous Sharpe ratio is a
sufficient statistic for the ranking of dynamically optimal strategies in
a model with IID stock returns, and, by extension, for log stock price
driven by an arbitrary Lévy process’. In contrast, the instantaneous
Sharpe ratio does not provide enough information to rank buy-and-hold
strategies as shown in the following theorem.

THEOREM 3.2. Suppose the equity desk pursues a buy-and-hold strat-
eqy with initial capital x and a constant number of apy, shares, Gi’h::atht.
The quasi-optimal number of shares is given by

IRT HT o RT
:5/ (0-2 + M?)T _

apnSo = MQT (1 + SR%h)i

" This observation is made in a special case by Nielsen and Vassalou (2004) in a
complete market model where log returns follow a Brownian motion with drift.
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and the mean-variance performance of such a strateqy equals

()
(0.2 +M2)T _ MQT’

CEGsp = i <1 -+ ngh)—1> .

Proof. Since returns are IID one obtains

SRy, =

ElSr/Sol = u",  B[(Sr/s0)%] = (1 +0%)".

Apply Theorem 2.2 with n = 1 and Y7 = g—g — RT. CEGy#,pp, is then
given by Theorem 2.3 with © representing buy-and-hold strategies. m

3.1. MODEL CALIBRATION AND NUMERICAL RESULTS FOR EQUITY
TRADING STRATEGIES

I fix the performance of buy-and-hold strategy at the levels of Sharpe
ratio equal to 0.25,0.5,0.75,1.00 and let the volatility of annual stock
return take values 0.2,0.3,0.4 while the annualized interest rate equals
0%3. Thus I have
T =1 year
,U'T _ RT
\/(02 + )T — 27
owni=y/(02 + 1u2)T — p2T € {0.2,0.3,0.4},
R =1.0.

€ {0.25,0.5,0.75,1.00},

Numerical results are reported in Table I. For example, if the annual
buy-and-hold Sharpe ratio is 0.25 and the volatility of buy-and-hold
share return is 20% then the annual SR of the optimal strategy is 0.26.
In terms of certainty equivalent wealth this represents 3.3% — 3.0%
difference for an agent with unit risk aversion. The difference is applied
to the safe wealth R”z. For an agent with risk aversion 4 = 5, who
according to Grinold and Kahn (1999) would be an aggressive investor,
the difference is five times smaller. When the buy and hold volatility
doubles to 40% so does the gain from following the dynamic strategy.
For an agent with 4 = 5 the gain now stands at (3.6% — 3.0%)/5 equal
to 12 basis points out of risk-free wealth.

To compare the performance of alternative strategies in monetary
terms I assume as in Dybvig (1988) that the bank’s initial capital is
x = 2 billion. The risk-free rate is assumed to be zero and the risk
aversion is set to 5. The magnitude of losses is broadly comparable to
those computed by Dybvig (1988) who however uses a different metric
(see footnote 1).

® Tt makes very little difference when the interest rate is increased to 2.5 or even
5.0%.
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Table 1. Performance of dynamically optimal and
buy-and-hold equity trading strategies.

SRon Obh SRe CEGl,e CEGLbh

RTzx RTz

0.25 20% 0.26 3.3% 3.0% 1.37 1.8
0.25 40% 0.28 3.6% 3.0% 0.77  0.59
0.5 20% 057  13.0% 10.6% 293  2.00
0.5 40% 0.61  14.6% 10.6% 1.73  1.00
075 20% 096 27.9% 20.0% 4.67  2.40
0.75 40% 1.07 31.6% 20.0% 2.89 1.20
1.00  20% 1.53  45.4% 29.3% 6.61 2.50
1.00  40% 1.79  51.2% 29.3% 425 1.25

Table II. The inefficiency of buy-and-hold equity trading strategy
in money terms for an investor with x=2 billion and risk aversion

y = 5.
SRien o 2CEGs,e 2CEGspn 2 (CEGs,e — CEGs bn)
$ million  $ million $ million
0.25 20% 13.1 12.0 1.2
0.25 40% 14.4 12.0 2.4
0.5 20% 52.1 42.2 9.8
0.5 40% 58.3 42.2 16.0
0.75 20% 111.6 80.0 31.6
0.75  40% 126.3 80.0 46.3
1.00  20% 181.5 117.2 64.4
1.00  40% 205.0 117.2 87.8

4. Optimal trading in options and equities

To establish the necessary notation I start with the analysis of option
hedging in isolation. Denote by ) the variance-optimal measure in my
model, cf. Schweizer (1994), and define

T

Zy= ][] 1 —aXy). (11)

k=t+1

To visualize the economic significance of the non-adapted process Z;
it is shown in Corollary 4.3 that 1 — Zy is the realized excess return
of the dynamically optimal equity portfolio. Following Cerny (2005) I
define conditional expectation under the variance-optimal measure ()
as follows,

EZ[V]:=E, [V Z,/6"]

for any Fp-measurable random variable Y.
By construction @ is a martingale measure. Consider a contingent
claim Y and define the mean value process V(Y') by setting

Vi(Y):=E¢[Y/RT].
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When the market is complete V;(Y") gives the unique no-arbitrage price
of the contingent claim Y. In an incomplete market it is natural to
consider hedging strategies that in some way minimize the hedging
error. [ will call a hedging strategy 6 dynamically optimal if it minimizes

the expression
2
B| (63"~ v)’.

THEOREM 4.1 (Dynamically optimal hedging). The optimal hedging
strateqy for contingent claim Y with initial endowment x,

(2 -v)].

o(z,Y):=arg ire1fE

is of the form

oY) = &(Y) +aR(Vi(Y) =GP, (12)
_ Covi (Vi1 (Y), Xi41)

gt(y) L Vart(Xt+1) 9 (]‘3)

V(Y) = E [Ty (v /R| (14)

Proof. See Cerny (2005), Theorem 3.3. m

In this paper I consider a single derivative asset with pay-off H.
Occasionally, as in Theorem 4.5 below, it is convenient to allow for
assets with payoffs different from H, but in all situations the problem
at hand eventually boils down to Y = H. When there is no ambiguity as
to the contingent claim being hedged I write simply ¢, and V instead
of p(z,H),6(H) and V(H). I refer to ¢ as the locally optimal hedge®.
The strategy ¢ is optimal but path-dependent, whereas ¢ only depends
on S but it is dynammallg suboptimal. In a complete market there is
no tracking error (V; — G;*¥ = 0) and both strategies coincide.

In an incomplete market the hedging error of the optimal strategy
is given as follows.

THEOREM 4.2 (Minimal hedging error). Define the one-period real-
ized hedging error of a perfectly balanced position

et(Y)=RV,1(Y)+ & (WX — V(YY) fort=1,...,T, (15)
and set

(Covi—1 (Vi(Y), X))
Var;_1(Xy)

¥y (Y):=E[e; (V)] = E |Vari_y (Vi(Y)) —

 Thinking of ¢, as an explicit function of V;>% I define &, as the value of ¢,
at V"% = H,. In other words &, represents the optimal policy conditional on zero
tracking error. In an incomplete market the tracking error takes non-zero values and
a fortiori ¢ is suboptimal.
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Then
E{(G?“”(w )2} (57" (@ - o) + 2,0).  (16)
(Y }T:(bRZ)T " (Y), (17)
t=1

G;:Jga(az,Y) Y — RTZO(.’IJ - % + Z RT tZtet(Y) (18)

Proof. See Cerny (2005), Theorem 3.3. Statement (18) follows from
Gy — Vi = R(Gi—1 — Vie1)(1 — aXy) + ey,

multiplied on both sides by RT~*Z, and summed over ¢t. m

COROLLARY 4.3. The optimal wealth of the equity desk equals

_ T
Brp(x,0°, 0) = G?MLVT) =RTz + F;/JZ (1—2Zy). (19)

THEOREM 4.4. By SR, denote the Sharpe ratio of the dynamically
optimal option hedging strategy which invests the risk premium Cy —
Vo(H) in the risk-free bank account and hedges the option optimally to
maturity with initial capital Vo = Vo(H). Then

RT(Cy — W)

SRopi= 2o, ()

Proof. By Theorem 4.2 the terminal wealth of the above strategy
reads

G = RT(Cy — Vo(H ZRT tZves(H).
t=1

From Lemma 8.1 one obtains

E[G] = R"(Co — V),

(ZT: RTtZtet>

t=1

2

_ 2
= €0p-

|

It is tempting to claim that SR,, represents the Sharpe ratio of the
option hedging strategy. But such statement is, at this stage, mean-
ingless because one can come up with alternative “hedging” strategies
whose Sharpe ratio exceeds SR,,. This is essentially possible because
buying stock is inherently valuable to the investor even when there is
no contingent claim to be hedged.

To deal with this situation one has to consider the joint performance
of stock trading and option hedging, which is the subject of the next
theorem.
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THEOREM 4.5. The optimal strategy for the bank as a whole can be
implemented from a centralized trading desk that issues 1, options and
pursues the following investment-cum-hedging strategy

9?‘0 = (10(1" + 7]64,000) VT - ne@H) = 7]515 +aRk (‘Z‘/ + 77‘/;‘/ - Gtmﬂew) ’

77630 = W (1 + SR‘E(,D)

The unconditional Sharpe ratio of the bank’s optimal portfolio is given
by
SRZ, = SR? + SR,

in other words the certainty equivalent growth rate of the bank’s wealth

equals
1 / s\l
CEny’ew = % (1 — (1 + SRego) ) .

Proof. Use Theorems 4.1 and 4.2 with Y = Vp 4+ nH, noting that
eo,(Vr +nH) = n?eg,(H), (Ve +nH) = n&(H) and V,(Vy +nH) =
V; + nV;(H). The CEG and the Sharpe ratio of the optimal strategy
are obtained from Theorem 2.3. =

Theorem 4.5 identifies SR, as the incremental Sharpe ratio of the
option hedging strategy, in the sense that the Sharpe ratio of a pure

equity investment SR, will increase to /SR2 + Sng when an optimal
amount of an optimally hedged option trade is added to the initial

equity position'?. I will now examine the disaggregation of the optimal
strategy.

THEOREM 4.6. The optimal strategy of the bank can also be imple-
mented by means of two autonomous trading desks:

1. an equity desk with initial capital ¢ maximizing the multi-period
Sharpe ratio of its wealth,

0 = aR (Vi - G;");

2. an option trading desk with initial capital x° issuing 1., options and
hedging them to maturity to minimize the expected squared hedging
error

9? = negogt +aRk (negov;f - Gtz°,9 ) :

The performance of the decentralized trading strategy is independent
of the initial distribution of wealth between the two trading desks (as
long as z° + 2% = z + 1,,Co).

!0 The incremental Sharpe ratio is related to Dowd’s (1999) investment rule based
on the Sharpe ratio of a cumulative investment position. Dowd’s rule rephrased in my
terminology says “invest when the incremental Sharpe ratio of the new investment
opportunity is positive”.
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Proof. One has ¢ + §° = §°Y whereby the statement follows from
Theorem 4.5. =m

While the initial distribution of wealth has no effect on the overall
bank performance it impacts crucially on the correlation of returns
between the two trading desks. The next theorem examines the sepa-
ration of hedging and investment in more detail. Previously, separation
between optimal investment and hedging has been studied in Dyb-
vig (1992). Dybvig considers projections under the objective measure
P and as a result obtains very restrictive conditions for separation.
In this paper the projection is computed under the variance-optimal
measure () and the separation obtains generally.

THEOREM 4.7. The optimal strategy of the bank can be implemented
in (at least) three different ways.

1. Equity desk with initial capital x inherits the aggregate level of risk
aversion . Option desk runs a dynamically optimal hedge of 1.,
options, treating n.,Co as its initial wealth. In this case the excess
returns of equity and option desks are negatively correlated. The
Sharpe ratio of the equity desk equals SR, but the SR of the option
desk is lower than SR,.

2. Equity desk with initial capital x inherits aggregate level of risk
aversion 7. It also receives the risk premium n,.,(Co — Vo) from the
option desk, treating this sum as a gain from trading. The option
desk runs a dynamically optimal hedging strategy which is initially
perfectly balanced. In this case the excess returns are uncorrelated.
The Sharpe ratio of option desk is zero, but the Sharpe ratio of
equity desk is not necessarily equal to the aggregate Sharpe ratio

2 2
\/SRZ + SRZ,.

3. Fquity desk with initial capital x 1s assigned risk aversion

(. SR
L S

which is higher than the aggregate level of risk aversion 7. Option
desk deposits the risk premium 0,,(Co — Vo) into the bank account
and with the remaining amount n.,Vo it runs a dynamically optimal
hedging strategy which is initially perfectly balanced. The excess
returns of the two desks are uncorrelated and the individual Sharpe
ratios equal SR? and SRgW respectively.

Proof. See Appendix A. =

5. Optimal equity trading, locally optimal option hedging

Suppose now the equity desk still trades optimally, but the option desk
ignores the path-dependent portion of the dynamically optimal hedg-
ing strategy and simply uses the locally optimal hedging coefficient,
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which in my model only depends on the stock price and time. When
considering locally optimal hedging in isolation from stock investment
one obtains the following result!!,

T
Gt -y = RT(@ - (V) + Y. RT"e(Y)  (20)
t=1

E {(G;f(y) - Y>2 = R7(z — Vp(Y))? + 3 (Y), (21)

epe(Y) = ET:RZ(T*“%(Y% (22)
t=1

where the processes £, V' and v are given in equations (13), (14) and
(17).

By SR,¢ denote the Sharpe ratio of the locally optimal option hedg-
ing strategy which invests the risk premium Cy — Vj in the risk-free
bank account and hedges the option locally optimally to maturity with
initial capital Vp:

RT(Cy — Vp)
coe(H)

THEOREM 5.1. Suppose the equity desk starts with initial capital x
and inherits the aggregate risk aversion 7. If the option desk restricts
itself to locally optimal hedging of n options, with initial capital nCy
then the quasi-optimal number of options to issue equals

SRoe:=

B '_xRT(C’o - W)

-1
o= 1+ SRZ + SR + SRZSR
e eoe (H) ( ¢ §>

The Certainty Equivalent Growth Rate performance of the bank as
a whole equals

CEG. ~ = _—
3.8 1+ SR2

S

, , SR2SRZ\ '\
1— | [1+SR2+SR% 1+

However, unlike in previous theorems, the quantity

SR2SRZ%\
SR? 4+ SR [ 1+ —— %
¢ ot 1+ SR?
cannot be interpreted as the unconditional Sharpe ratio of the bank’s
aggregate position.

Proof. See Appendix A. =

THEOREM 5.2. Suppose the equity desk starts with initial capital
and inherits the aggregate risk aversion 7. If the option desk pursues
a locally optimal hedging of n options, then its quasi-optimal initial

1 See equation (12.76) in Cerny (2004).
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capital equals nVy, that is the option desk should hand the risk premium
n(Co — Vo) over to the equity desk. In such a case the quasi-optimal
number of options to issue equals

_RTQT(CO — Vo)

Nee: =" =
« VE%g(H)

The Certainty FEquivalent Growth Rate performance of the bank as a
whole equals

(1+SR2+SRZ)

CEC- ¢ = }Y (1 ~ 0+ SR3§)1> |

where SRe¢ is the unconditional Sharpe ratio of the bank’s quasi-optimal
portfolio,
2 2 2
SRe£ — SRe + SRO§

Proof. See Appendix A. m

Theorems 5.1 and 5.2 reveal that the distribution of initial capital
between the two trading desks has an impact on the overall performance
of the bank. If the option desk keeps the option premium then the cer-
tainty equivalent growth rate is observationally equivalent to incremen-
SR2sRZ\ V2. . .
TiSR? but if the option premium
is handed over to the equity desk then the incremental Sharpe ratio is
higher at SR,¢. The story here mirrors that of Theorem 4.6. In Theorem
5.1 the bank has taken on too much equity investment while the volume
of option trades is too low. If the equity position were reduced (by in-

flating the risk aversion of the equity desk to (1 + SRgg/ (1 + SRE)))

and simultaneously if the option position were increased from 7 % 0 7)ce

then the aggregate Sharpe ratio would increase to the quasi-optimal
level /SR? + SRgg (in analogy to Theorem 4.6, strategy 3). The redis-
tribution of initial wealth between the trading desks in Theorem 5.2
is an alternative way of achieving the quasi-optimal investment mix
(corresponding to Theorem 4.6, strategies 1 and 2, where “dynamically
optimal” hedging is to be replaced with “locally optimal” hedging).
Tables III and IV show numerical results for a 1 year horizon.
The stock return distribution is calibrated to historical FT100 daily

returns!?.

tal Sharpe ratio of SRe¢ <1 +

121 take the empirical distribution of nominal daily log returns from FT100 eq-
uity index using 100 equally-sized bins covering the entire range of observed values
(leading to a centi-nomial lattice of stock prices). I then re-scale and re-center the
distribution of log returns to match the theoretical annual values of mean and vari-
ance of returns used in the paper. This way the skewness and kurtosis of log returns
are not altered at all. The kurtosis of historical daily log-return distribution is 5.47 as
compared to 5.46 for its centinomial approximation. The kurtosis of historical daily
return distribution is 5.40 compared to 5.37 for the centinomial approximation.
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Table III. Performance of dynamically and locally optimal hedging. Incremental Sharpe ratio of optimal
option hedging strategy SRo, = 0.25

SRy 0w CEGie, CEGie CEG, ~  (CEGs., — CEGs.e) x(CEG5,e§fCEG5_E~§>

$ million $ million
0.25 20% 6.00% 5.94% 5.93% 0.24 0.04
0.25 40% 6.29% 6.22% 6.20% 0.28 0.04
0.5 20% 15.05% 14.86% 14.84% 0.76 0.09
0.5 40% 16.51% 16.30% 16.27% 0.84 0.10
0.75  20% 29.13% 28.88% 28.86% 1.03 0.08
0.75  40% 32.65% 32.40% 32.38% 1.02 0.07
1.00 20% 46.01% 45.80% 45.80% 0.81 0.03
1.00 40% 51.73% 51.57% 51.57% 0.65 0.02

Table IV. Performance of dynamically and locally optimal hedging. Incremental Sharpe ratio of optimal
option hedging strategy SRo, = 0.50

SRy 0w CEGie, CEGi CEG, 5 (CEGse, — CEGse) (CEG;,,eg — CEG, E)

$ million $ million
0.25 20% 12.94% 12.75% 12.62% 0.77 0.51
0.25 40% 13.16% 12.94% 12.80% 0.89 0.54
0.5 20% 20.28% 19.64% 19.33% 2.54 1.23
0.5 40% 21.48% 20.77% 20.46% 2.84 1.25
0.75 20% 32.25% 31.34% 31.07% 3.65 1.06
0.75  40% 35.35% 34.43% 34.20% 3.67 0.93
1.00 20% 47.42% 46.67% 46.56% 3.02 0.43
1.00 40% 52.75% 52.13% 52.06% 2.48 0.28

6. Buy-and-hold equity position, quasi-optimal option
hedging

The previous two sections assumed that the equity desk pursues optimal
investment strategy. Here I assume instead that the equity investment
in the form of a buy-and-hold strategy combined with locally optimal
hedging.

THEOREM 6.1. Suppose the equity desk follows a buy and hold strat-

egy with the number of shares given in Theorem 3.2,

xRT /.LT — RT
,7 (0-2 —{—,U,Q)T —

anSo = (1 SR2,)

If the option desk restricts itself to locally optimal hedging of n options,
then the quasi-optimal number of options to issue equals

B zRT(Cy — Vo)

-1
2 2 2 2
- (1+ SR, + SRZ + SR, SR )
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The CEG of the bank’s quasi-optimal portfolio equals

_ 1 2 \ 7

SRZ,SR%:\ 7
1+ SRZ, ’

SR12)~h£ := SR{), + SRZ. (1 +

however, SR][;;g is not the Sharpe ratio of the bank’s quasi-optimal

wealth.

THEOREM 6.2. If the option desk pursues a locally optimal hedging
of n options, and the equity desk buys and holds o shares then the
quasi-optimal values of n and o are given by

.’L‘RT NT _ RT

_ 2 2\
e = S G gy g (1 SR+ SRG)

"L’RT (C(] — ‘/0) 2 2\~
e = e L&0 - Y0) (1 SR2, + SR2
bh¢ 5 535 ( bh f)

The terminal wealth of the two trading desks is uncorrelated and the
unconditional Sharpe ratio of the bank’s quasi-optimal portfolio equals

SR%}f == SR%h + SR%&,
1 -1
CEG’y,bhf = % <1 — (1 + SRlz)hﬁ) ) .

Theorems 6.1 and 6.2 once again underline the degree of coordina-
tion between the equity and options trading desks. Moreover, Theorems
5.2 and 6.2 assert that SR,¢ can be interpreted as the incremental
Sharpe ratio of the locally optimal hedging strategy regardless of the
investment strategy adopted by the equity desk.

7. Conclusions

I have examined the performance of optimal and suboptimal equity
investment and option hedging strategies in a model with IID lep-
tokurtic returns and frictionless trading. My findings show that the
inefficiency of static equity positions compared to the optimal equity
trading is more significant than the inefficiency of Black—Scholes-like
hedging compared to dynamically optimal hedging. The inefficiency
generally increases with the stock volatility and with the size of option
risk premium.

I have considered two desks within an investment bank, trading in
derivatives and the underlying asset, respectively. I have shown that one
can separate the task of derivatives hedging from optimal investment
in the underlying. At the same time, my analysis suggests that for a
bank-wide optimal performance the two desks must coordinate trading
volumes in line with their relative risk-adjusted performance.
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There remains a significant value in future research into the impact
of transaction costs and stochastic volatility on the present conclusions.
8. Proofs

LEMMA 8.1. For process Z defined in (11) and for e(Y) defined in
(15) one has

B¢ [Zi] = Ey [ZE] =o', (23)
T 27
E (Z RTtet> = ege(Y) (24)
t=1
T 2]
E <ZRT_tZtet(Y)> = g5,(Y), (25)
t=1
T -
E lZOZRT_tZtet(Y) = 0, (26)
t=1 i
E [ZOET:RTtet(Y) =0, (27)
t=1 i
E [(ST/SO — RT) XT:RT_tZtet(Y) =0, (28)
t=1 i
E [(ST/SU - R") ZT:RT_tet(Y) = 0. (29)
t=1 i

Proof. I will illustrate the proof of equation (26), the remaining
statements are proved similarly. Using the law of iterated expectation
fort =1,...,T together with the definition of Z (11) one obtains

E[ZoZie] = E [f[u — aXp)eEy [ZEH
k=1

t—1
= 1K [Hu —aXp)Ei_q [es(1 — aXt)]] :
k=1

Now E;_1 [e;(1 — aX;)] = 0 since e, being an error from a least squares
regression of V; onto 1 and X, is by construction orthogonal to 1 as
well as X;. m

Proof. (Theorem 2.1) One can rewrite the argument of the utility
function as follows

(1+5 YRz — Bp(z,n,0) =3 *RTz — Br(0,1,6)
= 571 (R"s = Br(0,7m,30)) .
This implies
RTz —Ws(n,0) = 57 (R"x — Wi(im,50))

1 -
CEG5 (n,0) = §CEG1 (9m,79) -
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To show the correspondence between SR and CEG 1 define the “excess
return”

X:=Br(0,n,0)

and write

E

(RTl‘ — ozX)Q- - (QRTx ~ Wilam, ae))z

\/E {(RTJJ - aX)2: = Rlz - (W1 (an, ab) — RT(L‘)

o
«

max CEG;i (an,af) = 1 —miny/E [(1 — &X)Q}

=1- \/mdinE (1-ax)’]

— 11— (B[X)’/E[X2]

- \/(1 +SR2(X))

_E [BT(w,n,H)—RTx]

i — _ E[Br(0,n,0)] .
Finally, note that SR(X) = N Brond) A NarBrem ) which
completes the proof. m

Proof. (Theorem 2.2)From Theorem (2.1) I have
—— —minE[(1-AX)?]
1+ SR*(«/X) XeR
and therefore
1
min —————— = min E {(1 - )\O/X)Q}
acR” 1 4+ SR* (o’ X) AER,a€ER™
o . Y/ 2
= ;E%R%E{(l a'X) }
The first order conditions for the right hand side read
Qa = p,
whereby one obtains & = Q7 !z and
min SRS = 1—p
a€R™ 1+ SR?(o/X) ’
implying
1 W
201
X)=——F"—F-"1= ——""—. 30
%%%SR (@ X) 1— Q1 1— Q1 (30)

Finally, one has Q = ¥ + uy/, therefore Qb = b + pp’b which for
b:=Q 'y yields
= b+ pp'd,
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and after rearrangement
w(l — u'b) = Xb. (31)
On left-multiplying both sides by x/~~! one has
pE (= Q) = ',
which by virtue of (30) yields

max SR*(/ X) = p/S 7 p.
a€R™
Similarly, left-multiplication of (31) by 7! yields
) S
o= —="".
1+ /Y1y

[
Proof. (Theorem 2.3) From definition one has

2 _ 2
SR§ = A SR*(n,0). (32)

Use Theorem 2.1 to write

1
SR(n,0) = -1

minger E |:(1 - CVBT(Oa UR 0))2:|

1
_ T 1. (33)
min,er E {(1 — Br(0,an,ad)) }
(32) and (33) yield
1
SRE = — : !
min,cr pee Minger E {(1 — Br(0,an, ab)) ]

1
= —1

minyer,oco B [(1 = Br(0,1,6))*]

)

where the last equality follows from the fact that © is a linear (sub)space.
The rest follows from scaling properties proved in Theorem 2.1. =

LEMMA 8.2. Consider function f: R — R
f(z) = A(1 — Bx)? + Ca?

for A,C > 0. Then

= argmin f(2) = a0
veE AR T g o
R _ AC

@ = I =g o

Proof. Straightforward. m
Proof. (Theorem 4.7)
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1. Apply (18) with Y = Vg + 1, H

Co, e CoVr+n.,H - —
BT(:E, 967,'7890) — G;“l‘ne(p 0<P($+77<p 0 T+774,0 )_T’ESOH_VT_‘_VT

= Vr+ RTZ()(w + T]GSQC() — V()(VT + ne@H))
T
+Y R""Zie(Vr +nH)
t=1
= BTx (14+57) + BT Zo(=7 "2 + nCo — ne, Vo(H))

T
—|—7’]e¢ Z RT_tZtet(H)
t=1
= R'a+ 7 'R (1 — Zy) + n.,R" Zo(Co — Vo(H))
T
ey R Zyes(H). (34)
t=1

By virtue of Corollary 4.3 and (18) with Y = H the last expression
corresponds to an autonomous equity desk with initial wealth x and
risk aversion 4 and an autonomous option desk issuing n options
with initial wealth nCy and hedging them optimally to maturity.
The covariance between the two desks equals

T
Cov (RTm +5 "Rz (1= Zo) 0o, R Zo(Co = Vo) + ey Y RT_tZtet>
t=1

= 0,7 'R x(Co — Vo)Cov(1 — Zy, Zy)

T
—I—nwﬁ_lRT:UCOV (1 — Zo, Z RT_tZtet>
t=1
= e, R 2(Co — Vo) (B | Zo — 23] — E[1 - Z0] E [Z))
= e, "R a(Co— Vo) (1 — b <0

where the equality arises only in the trivial cases Cp = Vy or b = 1.
The Sharpe ratio of the option desk equals

RTHT(Cy — Vo)
\/RTbT(Co ~ Vo) (1 —b7) + €2,

< SRo,

and the equality once again arises only in the trivial cases Cp = V)
orb=1.

2. On rearranging (34) one has

T
RTw (145 )+R Zg (1,(Co = Vo) = 7)1, > BT Zier(H).
t=1

On setting & := x + 1,,(Co — Vo) equation (18) implies
GV = RTp(14+571) 4+ R Zo (1.,(Co — Vo) — 7~ '2),

which yields the claim.
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3. On rearranging (34) one has

T
Br(z,0°n,,) = R'z+ R" <& — e, (Co — V0)> (1— Zo)

T
Fey (RT (Co— Vo) + 2; RT_tZtﬁt) )
ti

which yields the claim if one sets 7,1 := 771 — Nep (Co — Vo) /.

|
Proof. (Theorem 5.1) In this proof all quantities V, ¢, e, e relate
to payoff H. By virtue of Theorem 2.1 one has to evaluate

£ = B |(1- Br. +ie.n)’]
60" = 46°/(R"z),7 = n/(R"x)

Using (19) and (20) one obtains

T 2
@) =B [(1 ~ (1= Z) — 1 (RT (Co — Vo) +ZR‘”et>> ] :

t=1

By virtue of (23), (26) and (9)

-2 9

71y = (B~ BT (Co — V&))" + 87 (1~ b7) + 7Pl

Using Lemma 8.2 with A = b*7 B = b= TRT (Cy — Vp),C = 6(2)5 the
optimal number of options to issue equals

n = argmax f(7) = AB bR (Co— Vo)
n: g F n C + AB? 8(2)E+R2T(CO_%)27
e AC T T
p2T o2
= e (0"

535 + R2T (CO - %)
be'fgs + R¥ (Co — Vo)? (1= b7)
e2, + R2T (Co — Vo)’

By Theorem 2.1 the CEG of the quasi-optimal strategy with R” z7) /¥
options satisfies

FCEG, & =1—/f(#). (35)
On defining
1 SR2,SR2\ !
SR .= ~1=SR24+SR2, (14 %" ¢
& F(7) et °5< + 1+ SR?

I conclude that a complete market with Sharpe ratio SRzAé would give

the same level of expected utility as the quasi-optimal strategy de-
scribed above. It is not true, however, that SR6~§ equals the Sharpe ratio
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of the bank’s aggregate excess return for this quasi-optimal strategy
because the proportion of equity investment is kept fixed and only the
number of options is optimized. m
Proof. (Theorem 5.2) Equity desk with initial wealth  and risk
aversion v, will earn excess return
e e RTzx
Gy =aE" —RTx = - (1-Z), (36)
&

by virtue of (19). On the other hand the option desk selling 1 options at
price Cy and hedging them locally optimally to maturity earns excess
return of

T
7 (Gg"’g - H) =1 (RT (Co— Vo) + ;RT_t€t> .

By virtue of Lemma 8.1 the excess returns (1 — Zj) and Gg°’£ — H are
uncorrelated, with mean and covariance matrix

_ [ BTa-b)
no= RT(CQ—V()) )

( RTpT(1—bT) 0 )
E — 2 .
0 €0¢

By virtue of Lemma 2.2 the maximal Sharpe ratio equals

2 2
SRZ = L1 4 2 _gR? 4 gR2
€T % T ¢ &

and the optimal amount invested in each asset is given by

RTz py 1 z 14 SR?
(0% = — —_— = = y
RTz yu, 1
oy = = Neg-

7 T2 1+SR%

In view of (36) the risk aversion of the equity desk should equal 74, =
- 1+SRZ,
v 1+SR2
optimal aggregate excess return can be rephrased as

to achieve quasi-optimal aggregate performance. The quasi-

RTy T d T—t
7 (1—Z0) +nee (R (Co— Vo) + > _R'"'e
e t=1
Rz I _
= (1 — Zo + e (Co — Vo) Zo) e Y RT e
t=1

where the first expression corresponds to the excess return of an equity
desk with risk aversion 7, initial wealth x and initial gains from trading
equal to (Cp — Vp) and the second expression is the hedging error of a
locally optimal strategy which is initially perfectly balanced. m
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Proof. (Theorem 6.1)By virtue of Theorem 2.1 one has to evaluate
- e . .\\2
£ = B |(1- Br." +ig.m)’
0, = FounSi/(R"x), i = 4n/(R"z)
Using (19) and (20) I obtain

1 ~2 2T 2 2 QﬁRT (CO B ‘/0)
= i (R (Co— Vo)2 +€3,) -
1+SRZ, (" (o= Vo)? + <) 1+ SRZ,

By virtue of (23), (26) and (9). First order conditions yield

. R" (Co — Vo) 2 \ 7!
) := argma = 1+ SR ,
7 g 7~7Xf(n) RQT(CO_VO)QJW_%&( bh)

max (i) = f(i) = — o — R (Co — Vo)
K 1+ SRp, (1 + Sth) (RQT (Co—Vo)? + 535)

(1+5R3,) (1+SR%) — SR
(1 + SRgh)2 (1 + SREE) '

f(@)

By Theorem 2.1 the CEG of the quasi-optimal strategy with RT z7)/¥

options satisfies
SCEG, e = 1 —/F(0). (37)

On defining

-1
SR§§SR§,L>

1
SR2_: —1=SR? +SR% (1
bh T 5 %og | 17 +SRZ,

bhe F (i)

one concludes, similarly as in the proof of Theorem 5.1, that a complete
market with Sharpe ratio SRiAh/é would give the same level of expected

utility as the quasi-optimal strategy described above. m
Proof. (Theorem 6.2) The excess return on « shares using buy
and hold strategy equals

aSo(St/So — RT)

while the excess return on selling 7 options at price Cy and hedging
them locally optimally to maturity earns excess return of

T
n (G - H) =n (RT (Co—Vo) +> R“et> .

t=1

By virtue of Lemma 8.1 the two returns are uncorrelated with mean

and variance
. ,U’T _ RT
RT(Co—Vp) )

5 _ (#2+0'2)T_M2T 0
0 6 |
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Theorem 2.2 then yields

and

2 M% M% 2 2
SR?, =%t + 2 —SR SR,
bhe = + p bh T OhGe,
H1 1
QppeSy = ———,
bRe=0 011 1 + SR%hf
Ha 1
Mohe =

0221+ SR,
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